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How would we describe it ?

M fg R-mod ⇒ fe
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Every element in M is of the form
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MCM ) = n = minimal number of generators
the map it is a (minimal) presentation of M

one of twothings will happen :

a) M is free ⇐ ME Rn ⇐ it is an iso

2) M is no free ⇒ her it fo

case 2) is more common (and more interesting )



Elements of Ker it ⇐ relation among the generators of M

re fat . - - tr
n fn = 0

Next to continue describing M
,
describe beer it

• How many relations are there ?

• what are the relations among those relations ?
O

:

keep going until there are no relations ⇐ find a free module

(side note A E B T c is exact tf im f= berg )
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A free resolution of M is an exact sequence
. . . → RM→ . . . → Rft→ Rho (→ M → o)

the free resolution of M is menaced if each ni is smallest possible



picM ) : = ni in a menuual free resolution (Betti numbers of M)
the pugethuedemenson of M is the length of a minimal resolution of M

Example I = Cry ,NZ,YZ) E K [By,Z) = R .
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o→ R- 123- I
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(I ga ) Cny nzyz)

- Z o Cny ) t yo Cnz ) = O

pdem (I) = I

BoCI ) =µCI )
= 3 B, CI ) = 2 13,2CI ) -0

Eixample M = RII (a cyclic module ⇒ MCM ) =L )
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R→ M → o
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all of degree 2
all of deg 1

pig = Ci, j ) th bette number
,
number of ri-relations of degree j

RC-a) = R
,
but t lives in degree a



Boo = I 1312 = 3 Baz = a pig -0 otherwise

wearing A fg R-module could have infinite pojduu !

Examine R= KENG,) M = KEMza) = Yea) cyclic !
. . . - R RE RE R Es M → o

pdem M = a 131 CM) = 1

theorem ( Hebert's syzygy theorem) k feed

Every fg R- module over R= KEG . . .

, nd] has projdeueEd .

Example f E R= k [Ny . . .

,Rd] , ffo , M = R/Cf)

o → R tf R → Rfef)
→ O

R isa

f - g
= 0

Iain 8=0
What mattered here was that f is regidor . (fgo ⇒ go)

A regular element in any sung R always has resolution

O→ R
if R → RIf → O



£ , . . ., fn is a regular sequence⇒ Cfa, fu ) is a complete intersection

• fe is regular Cfg = o ⇒ g
= o )

• f, is regular on 12k£ )

( fig in RICA )
⇐

fog C- Cfa )
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• fog is
.

regular on Rlcfn
, fa
,
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• fn is regular on R/Cfz . . .

, fue )

siderite How to think about complete intersections ?

In general, an ideal I = Cfn. . . -,fu) (in R= bike, . . -Md)
has height / codimension h E n =pCI )
what does that mean ?
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← Fun tightening
to this system

Adem Cfe , . . .,fn ) = d - dimension of the solution set

height (ft, . . . , fn ) = defined in terms of chains of primes



Example I = Cny, NZ, YZ) E QTR,y,Z]

{YzEz§o ⇐
to fend 2--0 E

ko and yoo
⇐ I

go Find zoo
/→

height = Codem =3 - 1=2 s z
Y

dem t

krulls'Haghheoom height CI ) EleCI)

FAI Coderre(f. . . . . , fu) =pCfa , . . ., fu)
⇒ fr , . -sfu is a regular sequence

Equivalently, the minimal free resolution of RlCf. . . . ,fu) is the
Kos2nd complex

O→ Rn → . . .
→ Rick )→ - - -

→ Rn
yfu,

R

the maps are also easy to describe Cup to signs)

Example 0 → R - 123- 123- R → o

(ft} ) fgofz.to
,
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Had I is a complete ⇐ the resolution of RII is the
intersection simplest possible


