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Curve singularities and multiplicity
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The tangent lines at Cad Tangent cone → KEX.tt/yz+y--grc*upR)
limit the positions of the
secant lines through the origin associated graded ring of R

w.
r. t . (x, y)

# tangent lines =
# intersection pts = degree ( y2×4--2 = multiplicity

at Cao ) of secant lines at Cao)
through Cao )
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multiplicity = 2 multiplicity = 2

caution : multiplicity captures the presence of a singularity
but alone it doesn't distinguish different kinds of singularities

→
only one maximal ideal

n

R Noetherian⑧ ring , dimension of R = d , I
= (fi . . . . . fn )

RE ) = ⑦ Ii I otitis = R [It ] = REF, t. . . . . . Et ] c- Rft )

⇐⇐ , a⇐¥a⇐; ¥,.±¥⇒⇒ = ¥. ±¥*)Hilbert
multiplicity ecgr.IR ) ) - ji;n• t.IE?Icd-D !
of 8¥42)

y and coincide with the multiplicity
Hilbert
multiplicity e£R) - tiny, k(?§ d ! f- length
of I Renmark : these

lengths are
I a power of m , or a primary ⇒ this is well-defined not always finite !



Cohen - Macaulay rings

Record i R local ring with unique maximal ideal m

{ x . . . .
.

.
xt 3 is a regutarseguence in R if

• none of x. , . . , Xt is a unit
• x

,
is a non - zerodivisor on R

• x, is a non- Zerodivisor on Rq× . )
:

• It is a non - Zerodivisor on Rdx. . -→ Xt- i )

R Noetherian local ring , then the maximal length of a regular
sequence in R is E olim R

.

Det Ris Cohen - Macaulay (CM ) if and only if drink =

max. length of a regular sequence .

• Equidimensional . locally connected in codin l .

# .
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Nice
"

sheaf cohomology
( interesting homological character it[

NON CM pt
ton )

Natural questions
• How do CM singularities behave under blow-up constructions ?

• What role does the Hilbert - Samuel multiplicity have in understanding
CM singularities ?



Abhyankar 's Inequality ( 1967 )

R CM local ring with maximal ideal m and dimension d
.

e (m ) = Mcm ) - d t I
Notice :

I Tin - singular curve
min

. number
of gen .

=
olim

. of
tangent R olim R-- I

space at Cao) Mcm ) = I

e cm) =/

t
minimal
multiplicity .

• (Sally , 1977- 1983 ] : R CM local ring with maximal ideal m ,
dim R = d

• If m
'
has minimal multiplicity elm) = µ@ I - dtl , then grm (R ) is CM

• If m has almost minimal multiplicity elm) =p@ I - dt2 , then

grm CR ) is almost CM
→ length of max. reg . Sef . Ed

- I

Conjecture : How far grm (
R) is from being CM is encoded in its

Hilbert↳mid

↳
ecgrm ( R)) = e (m) leading coefficient

of Hilbert polynomial

almost almost minimal → mcm ) -
d -13 = ecm )

Sally 's conj . is not solved
in this case

.

minimal multiplicity ⇐ F a
. . . . . ad e m so that m ( a .

.
. .

,
ad) = m2

and the images of a. . . ad in grm (R ) form a regular Seif .



The case of m - primary ideals
'

R CM local ring with maximal ideal m
,
dim R = d

I m-primary ideal → examples : powers Ms ,
I function is
weee- defined

• Halla ,
1979) : e I e HEE ) - Ld - t ) b CE )
If I

'
has minimal multiplicity then gr#R ) is CM

• [ Rossi -Vella , 1996 ; Rossi, 2000 ]

If I has almost minimal multiplicity then gr, CR ) is almost CM

(t s dim - l ) andsalljsconjectureholols-Notice.cl
( mhz ) = mm ,

↳ Ratliff- Rush filtration

When you blow up
a CM singularity ,

the exceptional set

( point / point with of the blow up is
multiplicity) still cm

- -
-
-

as long as you started with minimal multiplicity !

theorem : [ Huneke 1982
, Trung - Ikeda 1989]

R CM local ring , I an ideal containing a non - zerodivisor
.

Then :

• RCI) CM =3 gr, CR) CM

• gr, CR) CM t a (grit) )
so ⇒ RE ) CM

↳
a - invariant (numerical invariant

defined using local cohomology)



Application : defining ideal of Rees algebras

• [ Morey - Ulrich , 1996] : R -- k Ex
. .
.

,
Xa ]

,

be an infinite field

Iff
. . . . . .

fn ) R - ideal of codimension 2 with a linear presentation

0 → R
""

R
"
→
I
→ O .

Suppose that for all ie ol- l ht In
- i CA) > it 1 .

Then
,
I =L + Id (B)

,

where B is the Jacobian duel of A .
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Rft ) is CM and In -d CA ) = I, (A)

• [Boswell - Mukundan , 2016) : R = Ktx
. .
.

,
Xa ]

,

be an infinite field

Iff
. . . . . .

fn ) an R - ideal of codimension 2 ,

with a presentation

0 → R
""E

, R
"
→
I
→ O

,

where the entries of A- are

kit÷of degree m > l
.

Suppose that for all ie ol- l ht In - i CA) > it 1 and m# = dtl
.

Then
,
T = L t Ia ( Bm ) (Bm= mth iterated Jacobian duel of A)

Moreover
,
RCI) is almost CM

,

and not CM unless m =/
.


