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and '7§%

" rat.m.ae
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space lie chosen point * ex ) & path connected

it
,
H) = f maps (s ', *I→ IX.A }
-

homotopy
×

-

homotopy

this is a
group : f , g ETH )

⇒ fg :
→ •§tg in x

bae
g



But also there are

ion CX) = knaps (su * ) → (X * ) }
-

homotopy

* →

Also a group : f.ge In CX)

for : su→ x Igf, f. sagittatelike this
. .
.

pinch
eguatr fg→ x

- . - In IX ) - is abelian fo u>2

So sometimes write fig fatties operation
instead



Anyway: Topologists wart to understand Tuk)

of Tucson) = ? very complicated ?
=

THE (Hopf )
InCsm) = f

O
'

tf na m

z if n= on

car be nontrivial if n>m ?
eg Hopf fibration S3→ 5 ⇒ Tesco) =L

Wikipedia : homotopy group, of spheres

teary complicated→ . . -



it's impossible to say anything general excerpt - - -

Thur ( serve ) all Tucson ) are finitely generated=

abelian
groups and

rank In Csm ) = f
l

,

'f m -

- u (Hopf,

if m even aid n = 2cm - l

f 0 other wise
.

(* of copies of K)
+
u ( sm ) is finite
except along these
two lines

(finite part - is almost impossible to understand)
another

way to describe Sanne's thin is

In (Sm)@z IQ = { Of M
-
- n or menen n -- an - i

0/0 .

R theory (RH't) : ignore the finite part
work iuth In Higo instead

becomes much more computable

usually restrict attention to svinply connected spaces :

it
,
CX) -- o (since it, not always.abelian and thatwins things )



Note : rationalize an abelian group by - EQ
this can be done geometrically , car rakoiahze

a space by some construction X- Xa

and Tu (Xia) = In G) ago

(RHT is the study of natural spay)up to homotopy .

-

ohemaettuiy : X a siply connected based space

*
*
(x) ¥

,

TIX)⑨zQ is a graded vector space overQ

TMI (Whitehead ,lsamuelson ) Massey-Uehara)

there another product I- s- I : ti CN x Tj Cx) ⑦→ Teej . Ex) on

this makes
*
**
(x)
¢
into a graded lie

algebraicQluiw
, antisymmetric , and satisfies Jacobi identity .



toopspaces : X mo IX = ftnaps s '

→ X }

(not upto homotopy )

has a product rxxrx- ex

join loops together

I mention this for two reasons :
.
-

patt components ofRX to Lex) E IT,
CX)

'

:

Tn (rx) E Ine ,
CX )

-

*= I #=2

EE X= 52 I*Cars
') = T*

,

= Qa ④ Qb
.

with operation Ca
,ay -

- b .

-



Back to commutate algebra :

R= KIX .
- - - aid

f
a local ring

,

k field
c

and uelahoirs

fi E (x. . - - Xu}

R is Enter if c=o ( R = kex . - - *as )

R is ÷-idn if doin R= n - e
.

First-come
-

on ( Roos was interested cities )

- - - → P
,

→ Po → k X nice space (manifold )

free irresolution , no Rx loop space
each pi = RBI

← betti
numbers

homology H*CrxjQ)

Ptt) = I. piti Ii > o Gi = drinotticrx;Q)

Poicane
'

series of R betti numbers of x

Balt) = I. pitii > o

Poicane
'

series of X



eg R is aguilar
IS #

m

m odd

pact ) = Ion - i⇒ Peut = ¥" ↳ × , sun menuand R is complete
-

int

⇒ pacts . c P
,
Ct , =

?4-E)n l -tin
- 1

All rational fuckin lie Pp÷, )
so Kaplansky Herne asked

Quslnri
= must Pr always be rational ?

Sane for Px ?

NEB : Kaplansky was interested in the mind ofotosed
geodesics in X = hyperbolic manifold

,
with a geier bugt

closed geodesics are loops
-

⇒ line in ex

⇒ Px tells you abort Ani .



Roos (a commutative algebraist) creolized these

questions were actually connected
,
not just simile .

Ah , ik la topologist ) poured the answer is he fo spaces .

=

⇒ the answer is use for amiss too .

[ workof Robs

Rugs R sit . Pr is irrational are called bad craigs
and the first examples were constructed using topology .

-

Next connection
←

: Avramone constructed the

homotopy Lie algebra ITR) ofa local nuig !

this is a graded lie algebra one k (residue field of R)
instead of Q

Always #IR) = IT
'
IR) to it

'
CRI ④ Es CR) - - -

Ils Ils

kn ko



the numbers Eitel = din ti IR) are the

deviations of R .

deviations ⇒ betti numbers : there is

-

-

a formula

Pr Itt = IeuaiEi
IT ( I - ti )

Ei

1-odd

-

Them
(Gullikson)

R -

is regular ⇐ EEO ⇐ 9,2=0 .

R is complete -int ⇐ Eg -- o ⇒ E
>3=0 .

-

from the formula above

you see if Esso
-

- o ther Petti is rational

- -
. but this never happens except for ci 's !!
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Thin ( Felix - tealpenni
-Thomas

,
Gullikson

,
Halperin ,Aurand)

(the Elliptic - hyperbolic dydeotouy )

pug , [
if R is complete int ther TEN -it,#

If R
-

is not coup.

-

int ther THR) grows exp .

E- Fc> I at dint si Cr) sci for all i
-

→
E. t - - - te :

-

etc unknown
'

if the deviations are
eventually increasing . a

← elliptic

Spaces (
'either In Svt. It

>mix )@ - o spaces
"

x

Smitty can.
OR THX) grows exponentially

← "

hyperbolic
manifold spaces "(same sense as alone)

-

Avram used this result to prove a

big cayeitme of Quiller about
Andie -Quillin cohomology



• 2

⇐are nasty ⇒ I.E. 7. Goons
Example kex

,
ya

← - ⇒ it -_ free Lie algebra
lays
'

on 2 gens degree't .
-

other similarities : if F→ X- B

-

is a

"

fibre sequence
"

there
-

u a long exact sequence

-
.
.
-stiff) →

IT
;
( X )→ Ti B) → Ii

. .
CF ) → .

-
-

if R-s s is a flat map F= 5qk

⇒ R→ s → F
"

fibre sequence
"

⇒ long exact sequence

.
. c- title ) ←Ti IR )← tics)←Tile )← . -

-



Avramon used #* (Rt to Solie "Grothendieck's localization
problem

"

Thing if Ris complete intersection ad per pie

then Rp - is complete intersection too
.

I

Finally More hints on the looking glass :
-

(emit fully explain what these things are)

Ext# 1h,ki a- H* tex; Q)

pi -

- du Extincts as ← BY = dniteifrx,Q)

*
* ( R) ← I

*
(rx)

@

loagexact sequence ← long exact sapience
lcohomo logical) (homological )

Ut 't CR) I Ut
# CHAE Hxlrx, - Q)

E Ext 'Tk k)
R Milum - Moone the .

Mifune - Morone
,
Asschuss

,
Lenin , Shocker

Andrei
, Sjodin Sangita

R - H #(X ; Q) cohomology


