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Problem Set 4 solutions

Problem 1. Prove that if f: G — H is a group homomorphism and K < H then the preimage of
K, defined as

F7UK) = {9 €G|f(9) € K}
is a subgroup of G.

Proof. Since f is a homomorphism, f(eq) = ey € K, and thus ey € f~1(K) # 0.
If z,y € f~1(K), then f(z) € K and f(y) € K. Since f is a homomorphism and K is closed under
multiplication and taking inverses,

flay™) =f@)fy™) = fla)fly) ' €K,

and thus zy~! € f~!(K). By the One-step subgroup test, we conclude that f~!(K) is a subgroup of
G. O

Problem 2. Let G be a group and a € G. Let
Cqgla) :={x € G | xa = ax}.
Prove that Cg(a), called the centralizer of a in G, is a subgroup of G.

Proof. First, note that e € Cg(a), and thus Cg(a) is nonempty. Let € Cg(a), so that za = az.
Multiplying on the left and right by =1, we obtain az~! = z~'a. Thus, 27! € Cg(a).
Now let z,y € Cg(a). Then

(zy)a = x(ya) by associativity
= z(ay) since y € Cg(a)
= (za)y by associativity

= (ax)y since z € Cg(a)
= a(xy) by associativity.

By the Two-step test, C(a) is a subgroup of G. O

Problem 3. Let G be a group and H and H' subgroups of G. Prove that H U H' is a subgroup of G
if and only if H C H or H' C H.

Proof. (<) We either have H U H' = H or HU H' = H', which are both subgroups.

(=) Suppose by way of contradiction that HU H' is a subgroup but H ¢ H' and H' ¢ H. Choose
a€ H\H and b e H'\H. Then a,b € HUH', and since HU H' must be closed for the multiplication,
we conclude that ab € H U H'. But if ab € H, then multiplying on the left by a~! gives b € H, a
contradiction. A similar contradiction holds if ab € H'. Thus ab¢ H U H'. O

Problem 4. Suppose H and K are subgroups of G of relatively prime (hence, finite) order. Prove
that H N K = {1}.

Proof. Let x € HN K. Then the order of x divides the orders of H and K by Lagrange’s Theorem.
But the orders of H and K are relatively prime, so the order of x must be 1. Therefore, x must be
the identity. O
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Problem 5. Let G be a group and x € G. Consider the map v, : G — G that for each a € G is given

by
Vz(a) = zax™".

(a) Prove that ¢, € Aut(G) for all x € G.

Proof. We first prove v, is a homomorphism. Given a,b € G, we have
Uz (ab) = z(ab)z™! = (zaz™ ) (xbz 1) = 1 (a) (D).

We have shown in class that z-a = zaz~! determines an action of G on G, so let p: G — Perm(G)
be the corresponding group homomorphism. Note that ¢, = p(z), and thus v, is a bijection.
We conclude that v, is an isomorphism.

Alternatively, we can prove that v, is a bijection by constructing an explicit inverse. First, we
claim that v, o ¢, = 1, for all x,y € G. Indeed, for all @ € G we have

(¥ 0 9y)(a) = Yu(Yy(a)) = Ya(yay™) = a(yay™)z™" = (zy)a(zy) ™" = Yuy(a).
Hence, v, 0 ¢y, = 1, € H. From this, it follows that
Yr o1 =1, =idg and vY,-1 0, =idg.

Hence, 1,-1 is an inverse for ,, so 1, is necessarily bijective and thus an isomorphism. O
(b) Prove that {¢, | x € G} is a subgroup of Aut(G).

Proof. Let H = {1, | x € G}. To show H is a subgroup, note first that H is nonempty since
e € H. We showed already above that for all 9,1, € H, 1, 01, = 1,y € H, so H is closed
for the product. Finally, we also proved already that for all z € G, (1) ™' =,-1 € H, so H is
closed under inverses. Thus, H is a subgroup of Aut(G) by the Two-step test. O

Problem 6. Prove Lagrange’s Theorem:

If H is a subgroup of a finite group G, then |H| divides |G].

Hint: Let H act on G by left multiplication, that is, define h - g = hg for any h € H and g € G. You
may use without checking that this is a group action. What is the size of each orbit?

Proof. Let H act on G by left multiplication. We show that every orbit of this action has size |H|.
Indeed, consider g € G and define a function

H f

Omulg)
g——=f(g) =h-g=hg.

I claim this function is bijective. First, note that it is surjective by construction. To see it is injective,
assume f(h) = f(h'). Then hg = h'g, and by the cancellation property we conclude that h = A/,
which shows f is injective. Now since f is bijective we conclude that |H| = |Og(g)|-

The orbits for this action form a partition of G. Since G is finite, there are finitely many orbits,
so we choose representatives g1, ..., gy for each distinct orbit, and we have a disjoint union

G=|]JOu(g).

=1

2
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Therefore we have
k k

Gl =) |Om(g)l =) |H| = k|H],

i=1 =1

and thus |H| divides |G]|. O



