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Warning!

Proceed with caution. These notes are under construction and are 100% guaranteed to
contain typos. If you find any typos or incorrections, I will be most grateful to you for
letting me know. If you are looking for a place where to learn commutative algebra, I
strongly recommend the following excellent resources:

e Mel Hochster’s Lecture notes

Jack Jeffries’ Lecture notes (either his UMich 614 notes or his CINAT notes)

Atiyah and MacDonald’s Commutative Algebra [ANGY)]

Matsumura’s Commutative Ring Theory [Mat&89], or his other less known book
Commutative Algebra [Mat80]

Eisenbud’s Commutative Algebra with a view towards algebraic geometry [Fis95]

The notes you see here are adapted from Jack Jeffries’ notes, Alexandra Seceleanu’s
Spring 2020 Commutative Algebra notes, and inspired by all the other resources above.


http://www.math.lsa.umich.edu/~hochster/614F20/614.html
http://www-personal.umich.edu/~jackjeff/CAnotes.pdf
https://jack-jeffries.github.io/CAnotes.pdf
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Chapter 0O

Setting the stage

In this chapter we set the stage for what’s to come in the rest of the class. The
definitions and facts we collect here should be somewhat familiar to you already, and
so we present them in rapid fire succession. You can learn more about the basic
theory of (commutative) rings and R-modules in any introductory algebra book, such
as [DF04].

0.1 Basic definitions: rings and ideals

Roughly speaking, Commutative Algebra is the branch of algebra that studies commu-
tative rings and modules over such rings. For a commutative algebraist, every ring is
commutative and has a 1 # 0.

Definition 0.1 (Ring). A ring is a set R equipped with two binary operations + and
- satisfying the following properties:

1) R is an abelian group under the addition operation +, with additive identity 0.'
Explicitly, this means that

a+ (b+c¢)=(a+b)+cforall abceR,
a+b=b+aforall a,b € R,
there is an element 0 € R such that 0+ a = a for all a« € R, and

for each a € R there exists an element —a € R such that a + (—a) = 0.

2) Ris a commutative monoid under the multiplication operation -, with multiplicative
identity 1.7 Explicitly, this means that

e (a-b)-c=a-(b-c)forall a,b,c € R,
e a-b=b-aforallabe R, and

LOr O if we need to specify which ring we are talking about.
2If we need to specify the corresponding ring, we may write 1z.
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e there exists an element 1 € R such that 1-a=a-1 for all a € R.
3) multiplication is distributive with respect to addition, meaning that
a-(b+c)=a-b+a-c
for all a,b,c € R.
4) 1#0.
We typically write ab for a - b.

While in some branches of algebra rings might fail to be commutative, we will
explicitly say we have a noncommutative ring if that is the case, and otherwise all
rings are assumed to be commutative. There also branches of algebra where rings
might be assumed to not necessarily have a multiplicative identity; we recommend
[Poo19] for an excellent read on the topic of Why rings should have a 1.

Example 0.2. Here are some examples of the kinds of rings we will be talking about.
a) The integers Z.
b) Any quotient of Z, which we write compactly as Z/n.

¢) A polynomial ring. When we say polynomial ring, we typically mean R = k[xq, ..., x,],
a polynomial ring in finitely many variables over a field k.

d) A quotient of a polynomial ring by an ideal I, say R = k[z1,...,x,]/I.

e) Rings of polynomials in infinitely many variables, R = k[xy, s, .. .].

f) Power series rings R = k[z1,...,2,]. The elements are (formal) power series
ail a
E Cay,.vanlq " 'xnn-
a; >0

g) While any field & is a ring, we will see that fields on their own are not very exciting
from the perspective of the kinds of things we will be discussing in this class.

Definition 0.3 (ring homomorphism). A map R—1~ 5 between rings is a ring
homomorphism if f preserves the operations and the multiplicative identity, meaning

e f(a+b)= f(a)+ f(b) for all a,b € R,
o f(ab) = f(a)f(b) for all a,b € R, and
e f(1)=1.

A bijective ring homomorphism is an isomorphism. We should think about a ring
isomorphism as a relabelling of the elements in our ring.



Definition 0.4. A subset R C S of a ring S is a subring if R is also a ring with the
structure induced by S, meaning that the each operation on R is the restrictions of
the corresponding operation on S to R, and the 0 and 1 in R are the 0 and 1 in 5,
respectively.

Often, we care about the ideals in a ring more than we care about individual
elements.

Definition 0.5 (ideal). A nonempty subset [ of a ring R is an ideal if it is closed for
the addition and for multiplication by any element in R: for any a,b € [ and r € R,
we must have a +b € [ and ra € 1.

The ideal generated by fi,..., f,, denoted (f1,...,f.), is the smallest ideal
containing fi,..., f,, or equivalently,

(fi,- s fu)={rifi+--rofa|ri € R}.

Example 0.6. Every ring has always at least 2 ideals, the zero ideal (0) = {0} and
the unit ideal (1) = R.

We will follow the convention that when we say ideal we actually mean every ideal
I # R.
Exercise 1. The ideals in Z are the sets of multiples of a fixed integer, meaning every

ideal has the form (n). In particular, every ideal in Z can be generated by one element.

This makes Z the canonical example of a principal ideal domain.

A domain is a ring with no zerodivisors, meaning that rs = 0 implies that » =0
or s = 0. A principal ideal is an ideal generated by one element. A principal ideal
domain or PID is a domain where every ideal is principal.

Exercise 2. Given a field k, R = k[z] is a principal ideal domain, so every ideal in R
is of the form (f) = {fg|g € R}.

Exercise 3. While R = k[z, y| is a domain, it is not a PID. We will see later that every
ideal in R is finitely generated, and yet we can construct ideals in R with arbitrarily
many generators!

Example 0.7. While Z[z] is a domain, it is also not a PID. For example, (2, z) is not
a principal ideal.

Finally, here is an elementary fact we will need, known as the Chinese Remainder
Theorem:

Theorem 0.8. Let R be a ring and 14, . .., I, be pairwise coprime ideals in R, meaning
Ii+1; =R foralli # j. ThenI :=1LiN---N1I, =1, ---1,, and there is an isomorphism
of rings

R/I—==R/I, x ---x R/I, .

r+I—r+1L,...,r+1,)



0.2 Basic definitions: modules

Similarly to how linear algebra is the study of vector spaces over fields, commutative
algebra often focuses on the structure of modules over a given commutative ring R.
While in other branches of algebra modules might be left- or right-modules, all our
modules are two sided, and we refer to them simply as modules.

Definition 0.9 (Module). Given a ring R, an R-module (M, +) is an abelian group
equipped with an R-action that is compatible with the group structure. More precisely,
there is an operation - : R X M — M such that

er-(a+b)=r-a+r-bforalreRanda,be M,
e (r+s)-a=r-a+s-aforallr,se Randaé€ M,
e (rs)-a=r-(s-a)forallr,s€ Rand a€ M, and
e l-a=aforallae M.

We typically write ra for r - a. We denote the additive identity in M by 0, or 0,; if we
need to distinguish it from Og.

The definitions of submodule, quotient of modules, and homomorphism of modules
are very natural and easy to guess, but here they are.

Definition 0.10. If N C M are R-modules with compatible structures, we say that
M is a submodule of M.

Amap M L~ N between R-modules is a homomorphism of R-modules if it is
a homomorphism of abelian groups that preserves the R-action, meaning f(ra) = rf(a)
for all r € R and all a € M. We sometimes refer to R-module homomorphisms as R-
module maps, or maps of R-modules. An isomorphism of R-modules is a bijective
homomorphism, which we really should think about as a relabeling of the elements in
our module. If two modules M and N are isomorphic, we write M = N.

Given an R-module M and a submodule N C M, the quotient M/N is an R-
module whose elements are the equivalence classes determined by the relation on M
given by a ~ b < a—b € N. One can check that this set naturally inherits an R-
module structure from the R-module structure on M, and it comes equipped with a
natural canonical map M — M /N induced by sending 1 to its equivalence class.

Example 0.11. The modules over a field k are precisely all the k-vector spaces. Linear
transformations are precisely all the k-module maps.

While vector spaces make for a great first example, be warned that many of the basic
facts we are used to from linear algebra are often a little more subtle in commutative
algebra. These differences are features, not bugs.

Example 0.12. The Z-modules are precisely all the abelian groups.



Example 0.13. When we think of the ring R as a module over itself, the submodules
of R are precisely the ideals of R.

Exercise 4. The kernel ker f and image im f of an R-module homomorphism M SN
are submodules of M and N, respectively.

Theorem 0.14 (First Isomorphism Theorem). Given a homomorphism of R-modules

M- N, M/ker f~imf.

The first big noticeable difference between vector spaces and more general R-
modules is that while every vector space has a basis, most R-modules do not.

Definition 0.15. A subset I' C M of an R-module M is a generating set, or a set
of generators, if every element in M can be written as a finite linear combination of
elements in M with coefficients in R. A basis for an R-module M is a generating set
I" for M such that ), a;y; = 0 implies a; = 0 for all ¢. An R-module is free if it has a
basis.

Remark 0.16. Every vector space is a free module.

Remark 0.17. Every free R-module is isomorphic to a direct sum of copies of R.
Indeed, let’s construct such an isomorphism for a given free R-module M. Given a
basis I' = {;},., for M, let

Qi B——M

(ri)ier — Z Ti%i

The condition that I' is a basis for M can be restated into the statement that 7 is an
isomorphism of R-modules.

One of the key things that makes commutative algebra so rich and beautiful is that
most modules are in fact not free. In general, every R-module has a generating set
— for example, M itself. Given some generating set I' for M, we can always repeat
the idea above and write a presentation @;c;R—— M for M, but in general the
resulting map 7 will have a nontrivial kernel. A nonzero kernel element (r;);c; € ker
corresponds to a relation between the generators of M.

Remark 0.18. Given a set of generators for an R-module M, any homomorphism of
R-modules M — N is determined by the images of the generators.

We say that a module is finitely generated if we can find a finite generating set
for M. The simplest finitely generated modules are the cyclic modules.



Example 0.19. An R-module is cyclic if it can be generated by one element. Equiv-
alently, we can write M as a quotient of R by some ideal I. Indeed, given a generator
m for M, the kernel of the map R —"= M induced by 1 — m is some ideal I. Since
we assumed that m generates M, m is automatically surjective, and thus induces an
isomorphism R/I = M.

Similarly, if an R-module has n generators, we can naturally think about it as a
quotient of R™ by the submodule of relations among those n generators.

0.3 Why study commutative algebra?

There are many reasons why one would want to study commutative algebra. For
starters, it’s fun! Also, modern commutative algebra has connections with many fields
of mathematics, including;:

Combinatorics

e Algebra Geometry

e Algebraic Topology Invariant Theory

e Homological Algebra e Representation Theory
e Category Theory e Differential Algebra

e Number Theory e Lie Algebras

e Arithmetic Geometry e Cluster Algebras



Chapter 1

Finiteness conditions

1.1 Noetherian rings and modules

The most common assumption in commutative algebra is to require that our rings be
Noetherian. Noetherian rings are named after Emmy Noether, who is in many ways
the mother of modern commutative algebra. Many rings that one would naturally want
to study are noetherian.

Definition 1.1 (Noetherian ring). A ring R is Noetherian if every ascending chain of

ideals
LCLCI;C---

eventually stabilizes: there is some N for which I,, = I,,,; for all n > N.
This condition can be restated in various equivalent forms.
Proposition 1.2. Let R be a ring. The following are equivalent:
1) R is a Noetherian ring.
2) Every nonempty family of ideals has a maximal element (under C).
3) Every ascending chain of finitely generated ideals of R stabilizes.
4) Given any generating set S for an ideal I, I is generated by a finite subset of S.
5) Every ideal of R is finitely generated.

Proof.

(1)=-(2): We prove the contrapositive. Suppose there is a nonempty family of ideals
with no maximal element. This means that we can keep inductively choosing larger
ideals from this family to obtain an infinite properly ascending chain.

(2)=(1): An ascending chain of ideals is a family of ideals, and the maximal ideal
in the family indicates where our chain stabilizes.



(1)=(3): Clear.

(3)=-(1): Let’s prove the contrapositive. Suppose that there is an ideal I and a
generating set S for I such that no finite subset of S generates I. So for any finite
S" C S we have (S') C (S) = 1, so there is some s € S~ (5'). Thus, (S") C (S"U{s}).
Inductively, we can continue this process to obtain an infinite proper chain of finitely
generated ideals, contradicting (3).

(1)=(5): Clear.

(5)=-(1): Given an ascending chain of ideals

LCLCI;C---

let I = J,en In- In general, the union of two ideals might fail to be an ideal, but the
union of a chain of ideals is an ideal (exercise). By assumption, the ideal [ is finitely
generated, say I = (ay,...,a;), and since each q; is in some I, there is an N such
that every a; is in Iy. But then Iy = I, and thus I,, = [, for all n > N. O

Remark 1.3. When we say that every non-empty family of ideals has a maximal
element, that maximal element does not have to be unique in any way. An ideal I
is maximal in the family F if I C J for some J € F implies I = J; we might have
many incomparable maximal elements in F. For example, every element in the family
of ideals in Z given by

F ={(p) | p is a prime integer}

1s maximal.

Remark 1.4. If R is a Noetherian ring and S is a non-empty set of ideals in R, not
only does S have a maximal element, but every element in S must be contained in a
maximal element of S. Given an element I € S, the subset T" of S of ideals in .S that
contain I is nonempty, and must then contain a maximal element J by Proposition 1.2.
It JCLforsome L €S, then I C L,so L €T, and thus by maximality of J in T', we
must J = L. This proves that J is in fact a maximal element in S, and by construction
it contains I.

Example 1.5.

1) If R = k is a field, the only ideals in k are (0) and (1) = k, so k is a Noetherian
ring.

2) Z is a Noetherian ring. More generally, if R is a PID, then R is Noetherian. Indeed,
every ideal is finitely generated!

3) As a special case of the previous example, consider the ring of germs of complex
analytic functions near 0,

C{z} :={f(2) € C[z] | f is analytic on a neighborhood of z = 0}.

This ring is a PID: every ideal is of the form (2"), since any f € C{z} can be written
as z"¢g(z) for some g(z) # 0, and any such g(z) is a unit in C{z}.



4) A ring that is not Noetherian is a polynomial ring in infinitely many variables over
a field k, R = k[z1, x9,...]: the ascending chain of ideals

(1) C (21,22) C (21,29, 23) C - -+
does not stabilize.

5) Thering R = K[z, z'/? 2'/3 /4 2'/5 . .]is also not Noetherian . A nice ascending

chain of ideals is
(I) C (1,1/2> C <x1/3> C (1,1/4> C -

6) The ring of continuous real-valued functions C(R,R) is not Noetherian: the chain

of ideals
I ={f (@) | fli=inam = 0}

is increasing and proper. The same construction shows that the ring of infinitely
differentiable real functions C*(R,R) is not Noetherian: properness of the chain
follows from, e.g., Urysohn’s lemma (though it’s not too hard to find functions
distinguishing the ideals in the chain). Note that if we asked for analytic functions
instead of infinitely-differentiable functions, every element of the chain would be
the zero ideal!

Remark 1.6. If R is Noetherian, and [ is an ideal of R, then R/I is Noetherian as
well, since there is an order-preserving bijection

{ideals of R that contain I} <— {ideals of R/I}.

This gives us many more examples, by simply taking quotients of the examples
above. We will also see huge classes of easy examples once we learn about localization.
Similarly, we can define noetherian modules.

Definition 1.7 (Noetherian module). An R-module M is Noetherian if every ascending
chain of submodules of M eventually stabilizes.

There are analogous equivalent definitions for modules as we had above for rings,
so we leave the proof as an exercise.

Proposition 1.8 (Equivalence definitions for Noetherian module). Let M be an R-
module. The following are equivalent:

1) M is a Noetherian module.
2) Every nonempty family of submodules has a maximal element.
3) Every ascending chain of finitely generated submodules of M eventually stabilizes.

4) Given any generating set S for a submodule N, the submodule N is generated by a
finite subset of S.
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5) Every submodule of M is finitely generated.
In particular, a Noetherian module must be finitely generated.

Remark 1.9. A ring R is a Noetherian ring if and only if R is Noetherian as a
module over itself. However, a Noetherian ring need not be a Noetherian module over
a subring. For example, consider Z C Q. These are both Noetherian rings, but Q is not
a noetherian Z-module; for example, the following is an ascending chain of submodules
which does not stabilize:

1 1 1 1 1 1
0C-ZC -Z2+-2< -2+ -0+ -LC---.
2 T2 +3 . +3 +5 -

Definition 1.10. An exact sequence of R-modules is a sequence

fn fn+1

frn-1
RIS N VLI, /S LS

of R-modules and R-module homomorphisms such that im f,, = ker f,,,; for all n. An
exact sequence of the form

0 A B C 0

is a short exact sequence.

Remark 1.11. The sequence
0—= M- N

is exact if and only if f is injective. Similarly,
M-t N——0
is exact if and only if f is surjective. So

0—sAJoB 9.0+

is a short exact sequence if and only if

e f is injective e ¢ is surjective e im f = kerg.

So when this is indeed a short exact sequence, we can identify A with its image f(A),
and A = ker g. Moreover, since g is surjective, by the First Isomorphism Theorem we
conclude that C' = B/A, so we might abuse notation and identify C' with B/A.

Lemma 1.12 (Noetherianity in exact sequences). In an exact sequence of modules

0—sAJoB 90—+

B is Noetherian if and only if A and C' are Noetherian.
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Proof. Assume B is Noetherian. Since A is a submodule of B, and its submodules are

also submodules of B, A is Noetherian. Moreover, any submodule of B/A is of the

form D/A for some submodule D O A of B. Since every submodule of B is finitely

generated, every submodule of C'is also finitely generated. Therefore, C' is Noetherian.
Conversely, assume that A and C' are Noetherian, and let

M, C My, C M3z C---
be a chain of submodules of B. First, note that
MiNACMNAC---
is an ascending chain of submodules of A, and thus it stabilizes. Moreover,
g(My) C g(M;) C g(M3) C -

is a chain of submodules of C, and thus it also stabilizes. Pick a large enough index
n such that both of these chains stabilize. We claim that M,, = M, ., so that the
original chain stabilizes as well. To show that, take z € M,, 1. Then

9(v) € g(Mpy1) = g(M,)

so we can choose some y € M, such that g(x) = g(y). Then x —y € kerg = im f = A.
Now note that x —y € M,,11, so

r—y € M, 1 NA=M,NA.
Then z — y € M, and since y € M,,, we must have x € M,, as well. O

Corollary 1.13. If A and B are Notherian R-modules, then A @ B is a Noetherian
R-module.

Proof. Apply the previous lemma to the short exact sequence
00— A——ApB—B——0. m

Corollary 1.14. A module M is Noetherian if and only if M™ is Noetherian for some
n. In particular, if R is a Noetherian ring then R"™ is a Noetherian module.

Proof. We will do induction on n. The case n =1 is a tautology. For n > 1, consider
the short exact sequence

00— M"t M™ M 0

Lemma 1.12 and the inductive hypothesis give the desired conclusion. ]

Proposition 1.15. Let R be a Noetherian ring. Given an R-module M, M is a Noethe-
rian R-module if and only if M is finitely generated. Consequently, any submodule of
a finitely generated R-module is also finitely generated.
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Proof. 1f M is Noetherian, M is finitely generated by the equivalent definitions above,
and so are all of its submodules.

Now let R be Noetherian and M be a finitely generated R-module. Then M is
isomorphic to a quotient of R™ for some n, which is Noetherian. O

Remark 1.16. The Notherianity hypothesis is important: if M is a finitely generated
R-module over a non-Noetherian ring, M might not be Noetherian. For a dramatic
example, note that R itself is a finitely generated R-module, but not Noetherian.

David Hilbert had a big influence in the early years of commutative algebra, in
many different ways. Emmy Noether’s early work in algebra was in part inspired by
some of his work, and he later invited Emmy Noether to join the Gottingen Math
Department — many of her amazing contributions to algebra happened during her
time in Gottingen. Unfortunately, some of the faculty was opposed to having a woman
joining the department, and for her first two years in Gottingen Noether did not have an
official position nor was she paid. Hilbert’s contributions also include three of the most
fundamental results in commutative algebra — Hilbert’s Basis Theorem, the Hilbert
Syzygy Theorem, and Hilbert’s Nullstellensatz. We can now prove the first.

Theorem 1.17 (Hilbert’s Basis Theorem). Let R be a Noetherian ring. Then the rings
Rlzy, ..., z4] and R[zy,...,x4] are Noetherian.

Remark 1.18. We can rephrase this theorem in a way that can be understood by
anyone with a basic high school algebra (as opposed to abstract algebra) knowledge:

Any system of polynomial equations in finitely many variables can be writ-
ten in terms of finitely many equations.

Proof. We give the proof for polynomial rings, and indicate the difference in the power
series argument. By induction on d, we can reduce to the case d = 1. Given I C R[x],
let

J={a € R | there is some ax" + lower order terms (wrt z) € I}.

So J C R consists of all the leading coefficients of polynomials in I. We can check
(exercise) that this is an ideal of R. By our hypothesis, J is finitely generated, so let
J = (a1,...,a;). Pick fi,..., fi € R[z] such that the leading coefficient of f; is a;, and
set N = max{deg f;}.

Given afny f € I of degree greater than N, we can cancel off the leading term of f by
subtracting a suitable combination of the f;, so any f € I can be written as f =g+ h
where h € (fi1,..., f;) and g € I has degree at most N, so g € IN(R+Rx+---+Raz™).
Note that since I N (R+ Rz + -- -+ RaY) is a submodule of the finitely generated free
R-module R + Rz + --- + Ra", it is also finitely generated as an R-module. Given
such a generating set, say I N (R+ Rz + -+ + Rx™) = (fiy1,. .., fs), we can write any
such f € I as an R[z]-linear combination of these generators and the f;’s. Therefore,
I="(f1,--, ft; fra1,-- -, [s) is finitely generated, and R[z] is a Noetherian ring.

In the power series case, take .JJ to be the coefficients of lowest degree terms. O
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1.2 Algebra finite-extensions

If R is a subring of S, then S is an algebra over R, meaning that S is a ring with a
(natural) structure of an R-module that also satisfies

r(s182) = (rs1)sy for all r € R and s1, 9 € S.

More generally, given any ring homomorphism ¢ : R — S, we can view S as an algebra
over R via ¢ by setting r - s = ¢(r)s. We may abuse notation and write r € S for
its image (r) € S. We will see that in a lot of situations we want to study, it is
enough to consider the case when ¢ is injective, so this abuse of notation makes sense.
Giving a ring homomorphism R — S is the same as giving an R-algebra structure to
S. In particular, a ring S can have different R-algebra structures given by different
homomorphisms R — S.

A set of elements A C S generates S as an R-algebra if the following equivalent
conditions hold:

e The only subring of S containing ¢(R) and A is S itself.
e Every element of S admits a polynomial expression in A with coefficients in ¢(R).

e Given a polynomial ring R[X] on |A| indeterminates, the ring homomorphism

R[X] Y-S

T =\

is surjective.

Let S be an R-algebra and A C S be a set of algebra generators for S over R. The
ideal of relations on the elements A over R is the kernel of the map ¢ : R[X] ——= S
above. This ideal consists of the polynomial functions with R-coefficients that the
elements of A satisfy. Given an R-algebra S with generators A and ideal of relations
I, we have a ring isomorphism S = R[X]/I by the First Isomorphism Theorem. If we
understand the ring R and generators and relations for S over R, we can get a pretty
concrete understanding of S. If a sequence of elements has no nonzero relations, we
say they are algebraically independent over R.

Remark 1.19. If 51,..., s, € S are algebraically independent over R, then R[s1, ..., s,]
is isomorphic to the polynomial ring in n variables obver R.

We say that ¢ : R — S is algebra-finite, or S is a finitely generated R-algebra,
or S is of finite type over R, if there exists a finite set of elements f1,..., f; € S that
generates S as an R-algebra. A better name might be finitely generatable, since to
say that an algebra is finitely generated does not require knowing any actual finite set
of generators. From the discussion above, we conclude that S is a finitely generated
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R-algebra if and only if S is a quotient of some polynomial ring R[z1, ..., x4 over
R in finitely many variables. If S is generated over R by fi,..., fq, we will use the
notation R|[fi,..., fa] to denote S. Of course, for this notation to properly specify a
ring, we need to understand how these generators behave under the operations. This
is no problem if A and f are understood to be contained in some larger ring.

Remark 1.20. Any surjective ring homomorphism ¢ : R — S is algebra-finite, since S
must then be generated over R by 1. Moreover, we can always factor ¢ as the surjection
R —s R/ ker(p) followed by the inclusion R/ ker(y) < S, so to understand algebra-
finiteness it suffices to restrict our attention to injective homomorphisms.

Example 1.21. Every ring is a Z-algebra, but generally not a finitely generated one.
Remark 1.22. Let A C B C C be rings. It follows from the definitions that

A C B algebra-finite
. and — A C C algebra-finite
B C C algebra-finite

e A C (' algebra-finite = B C (' algebra-finite.
However, A C (' algebra-finite =& A C B algebra-finite.
Example 1.23. Let k be a field and

B = kﬂlazxy7ityzuzxy37"‘] g; C= k[x7ZA7

where x and y are indeterminates. While B and C' are both k-algebras, C'is a finitely
generated k-algebra, while B is not. Indeed, any finitely generated subalgebra of B is
contained in k[x, zy, . .., zy™] for some m, since we can write the elements in any finite
generating set as polynomial expressions in finitely many of the specified generators
of B. However, note that every element of k[z,zy,...,zy™] is a k-linear combination
of monomials with the property that the y exponent is no more than m times the x
exponent, so this ring does not contain zy™*!. Thus, B is not a finitely generated
A-algebra.

There are many basic questions about algebra generators that are surprisingly dif-
ficult. Let R = Clzy,...,x,] and f1,..., f, € R. When do f1,..., f, generate R over
C? It is not too hard to show that the Jacobian determinant

O ... Oh
ox1 Oxn
det | : oo
Ofn ... Ofn
8:171 8In

must be a nonzero constant. It is a big open question whether this is in fact a sufficient
condition!

Finally, note that an easy corollary of the Hilbert Basis Theorem is that finitely
generated algebras over noetherian rings are also noetherian.
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Corollary 1.24. If R is a Noetherian ring, then any finitely generated R-algebra is
Noetherian. In particular, any finitely generated algebra over a field is Noetherian.

Proof. By our discussion above, a finitely generated R-algebra is isomorphic to a quo-
tient of a polynomial ring over R in finitely many variables; polynomial rings over
noetherian rings are Noetherian, by Hilbert’s Basis Theorem, and quotients of Noethe-
rian rings are Noetherian. [

The converse to this statement is false: there are lots of Noetherian rings that are
not finitely generated algebras over a field. For example, C{z} is not algebra-finite
over C. We will see more examples of these when we talk about local rings.

1.3 Module-finite extensions

Given a ring homomorphism ¢ : R — 5, saying that S acquires an R-module structure
via ¢ by a - r = ¢(a)r is a particular case of restriction of scalars. By restriction of
scalars, we mean that any S-module M also gains a new R-module structure given by
r-m = p(r)m." We may write ,M for this R-module if we need to emphasize which
map we are talking about.

Given an R-algebra S, we can consider the algebra structure of S over R, or its
module structure over R. So instead of asking about how S is generated as an algebra
over R, we can ask how it is generated as a module over R. Recall that an A-module
M is generated by a set of elements I' C M if the following equivalent conditions hold:

e The smallest submodule of M that contains I' is M itself.
e Every element of M can be written as an A-linear combination of elements in I'.

e Given a free R-module on |I'| basis elements R®Y | the homomorphism

R®Y s M

Yy—=7%

is surjective.

We use the notation M = Zwer A~ to indicate that M is generated by I' as a
module. We say that ¢ : A — R is module-finite if R is a finitely-generated A-module.
This is also called simply finite in the literature, but we’ll stick with the unambiguous
“module-finite.”

As with algebra-finiteness, surjective maps are always module-finite in a trivial way,
and it suffices to understand this notion for ring inclusions.

The notion of module-finite is much stronger than algebra-finite, since a linear
combination is a very special type of polynomial expression.

!This gives a functor from the category of S-modules to the category of R-modules.
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Example 1.25.

a) If K C L are fields, saying L is module-finite over K just means that L is a finite
field extension of K.

b) The Gaussian integers Z[i| satisfy the well-known property (or definition, depend-
ing on your source) that any element z € Z[i] admits a unique expression z = a+bi
with a,b € Z. That is, Z][i] is generated as a Z-module by {1,i}; moreover, they
form a free module basis!

c) If Ris aring and  an indeterminate, R C R[z] is not module-finite. Indeed, R|x]
is a free R-module on the basis {1,z,z% x3,...}.

d) Another map that is not module-finite is the inclusion k[z] C k[z,1/x]. First,
note that any element of k[x,1/z] can be written in the form f(z)/a™ for some
f € klz] and some n > 0. Since k[z] is a Noetherian ring, k[z, 1/x] is a finitely-
generated k[z]-module if and only if it is a Noetherian k[x]-module. But here is
an infinite chain of submodules of k[, £]:

Lo L cip 2

C Bl
T 2 3

Remark 1.26. If R is an A-algebra,
e A C R is algebra-finite if R = A[fi,..., f,] for some fi,..., f, € R.
e A C R is module-finite if R = Af; +--- + f, for some fi,..., f, € R.

Lemma 1.27. If R C S is module-finite and N 1is a finitely generated S-module,
then N is a finitely generated R-module by restriction of scalars. In particular, the
composition of two module-finite ring maps s module-finite.

Proof. Let S = Rai + ---+ Ra, and N = Sb; + --- 4+ Sb,. Then we claim that

T S

N = ZZRGJ)J

i=1 j=1

Indeed, given n =377, s;b;, rewrite each s; = > i, r;a; and substitute to get

T s
n = E E ’f‘i]’aibj

i=1 j=1
as an R-linear combination of the a;b;. O

Remark 1.28. Let A C B C C be rings. It follows from the definitions that

A C B module-finite
° and = A C C module-finite
B C C module-finite
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e A C C module-finite = B C C' module-finite.

However, A C C module-finite =5 A C B module-finite. Note that if A is
Noetherian, then A C C module-finite does in fact imply A C B module-finite, so
to find an example of this bad behavior we need A to be non-Noetherian. You will
construct an example in the next problem set.

1.4 Integral extensions

In field theory, there is a close relationship between (vector space-)finite field extensions
and algebraic equations. The situation for rings is similar.

Definition 1.29 (Integral element/extension). Let R be an A-algebra. The element
r € R is integral over A if there are elements aq,...,a,_1 € A such that

P+ "+ ag = 0;

i.e., r satisfies an equation of integral dependence over A. We say that R is
integral over A if every r € R is integral over A.

Integral automatically implies algebraic, but the condition that there exists an
equation of algebraic dependence that is monic is stronger in the setting of rings.

Again, we can restrict our focus to inclusion maps A C R.

Remark 1.30. An element r € R is integral over A if and only if r is integral over the
subring ¢(A) C R, so we might as well assume that ¢ is injective.

Definition 1.31. Given an inclusion of rings A C R, the integral closure of A in R
is the set of elements in R that are integral over A. The integral closure of a domain R
in its field of fractions is usually denoted by R. We say A is integrally closed in R if
A is its own integral closure in R; a normal domain is a domain R that is integrally
closed in its field of fractions, meaning R = R.

Example 1.32. The ring of integers Z is a normal domain, meaning its integral closure
in its fraction field Q is Z itself.

Example 1.33. The ring Z[\/E], where d € 7Z is not a perfect square, is integral over
Z. Indeed, v/d satisfies the monic polynomial 72 — d, and since the integral closure of
Z is a ring containing Z and v/d, every element in Z[\/&] is integral over Z.
Proposition 1.34. Let A C R be rings.

1) If r € R is integral over A then A[r] is module-finite over A.

2) If ri,...,1ry € R are integral over A then Alry,... 1| is module-finite over A.
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Proof.

1) Suppose r is integral over A, and " + a, 17" ' + -+ + a;r + ap = 0. Then
we claim that Alr] = A+ Ar + --- + Ar"~!. First, note that to show that any
polynomial p(r) € Afr] is in A+ Ar + --- + Ar"~! it is enough to show that
rm e A+ Ar + - + Ar"! for all m. Using induction on m, the base cases
Lr,...,rm Y€ A+ Ar+--- 4 Ar" ! are obvious. On the other hand, we can use
induction to conclude that r™ € A+ Ar +---+ Ar"~! for all m > n — 1, since we
can use the equation above to rewrite r as

=", " e agr + ap),

which has degree m — 1 in 7.

2) Write
Ag:=ACA =A[n]| CAyi=Alry,m C--- CA = Alry, . 1y

Note that r; is integral over A;_1, via the same monic equation of r; over A. Then,
the inclusion A C Ary,...,r] is a composition of module-finite maps, and thus
it is also module-finite. n

The name “ring” is roughly based on this idea: in an extension as above, the powers
wrap around (like a ring).

We will need a linear algebra fact. The classical adjoint of an n x n matrix
B = [bj;] is the matrix adj(B) with entries adj(B);; = (—1)""7 det(B;;), where Bj; is
the matrix obtained from B by deleting its jth row and ith column. You may remember
this matrix from linear algebra.

Lemma 1.35 (Determinantal trick). Let R be a ring, B € M,x,(R), v € R®", and
r e nR.

1) adj(B)B = det(B)I,xn-

2) If Bv = rv, then det(rl,x, — B)v = 0.

Proof.
1) When R is a field, this is a basic linear algebra fact. We deduce the case of a
general ring from the field case.

The ring R is a Z-algebra, so we can write R as a quotient of some polynomial ring
Z1X]. Let 9 : Z[X]—= R be a surjection, a;; € Z[X] be such that ¢ (a;;) = b;,
and let A = [a;;]. Note that

Y(adj(A)iy) = adj(B)y;  and  ¥((adj(A)A)i;) = (adj(B)B)s;,
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since v is a homomorphism, and the entries are the same polynomial functions of
the entries of the matrices A and B, respectively. Thus, it suffices to establish

adj(B)B = det(B)Ixn

in the case when R = Z[X], and we can do this entry by entry. Now, R = Z[X] is
an integral domain, hence a subring of a field (its fraction field). Since both sides

of the equation
(adj(B)B>ij = (det(B)Inxn)

live in R and are equal in the fraction field (by linear algebra) they are equal in
R. This holds for all 7, j, and thus 1) holds.

2) We have (rl,x, — B)v =0, so by part 1)

ij

det(rl,xn — B)v = adj(rl,xn, — B)(rlyx, — B)v = 0. O

Theorem 1.36 (Module finite implies integral). Let A C R be module-finite. Then R
1s integral over A.

Proof. Given r € R, we want to show that r is integral over A. The idea is to show
that multiplication by r, realized as a linear transformation over A, satisfies the char-
acteristic polynomial of that linear transformation.

Write R = Ary + - - - Ar,. We may assume that ry = 1, perhaps by adding module
generators. By assumption, we can find a;; € A such that

t
rr, = E aijrj
=1

for each 7. Let C' = [a;;], and v be the column vector (rq,...,r). We have rv = Cu,
so by the determinant trick, det(rl,x, — C)v = 0. Since we chose one of the entries of
v to be 1, we have in particular that det(r/,x, — C) = 0. Expanding this determinant
as a polynomial in 7, this is a monic equation with coefficients in A. O

Collecting the previous results, we now have a useful characterization of module-
finite extensions:

Corollary 1.37 (Characterization of module-finite extensions). Let A C R be rings.
R is module-finite over A if and only if R is integral and algebra-finite over A.

Proof. (=): A generating set for R as an A-module serves as a generating set as an
A-algebra. The remainder of this direction comes from the previous theorem. (<=):
If R = Alry,...,r] is integral over A, so that each r; is integral over A, then R is
module-finite over A by Proposition 1.34. O

Corollary 1.38. If R is generated over A by integral elements, then R is integral.
Thus, if A C S, the set of elements of S that are integral over A form a subring of S.
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Proof. Let R = A[A], with X\ integral over A for all A € A. Given r € R, there is a
finite subset L C A such that r» € A[L]. By the theorem, A[L] is module-finite over A,
and r € A[L] is integral over A.

For the latter statement, the first statement implies that

{integral elements} C A[{integral elements}| C {integral elements},
so equality holds throughout, and {integral elements} is a ring. O

Definition 1.39. If A C R, the integral closure of A in R is the set of elements of
R that are integral over A.

So the previous result says that the integral closure of A in R is a subring of R
(containing A).
Example 1.40.

1) Let R = Clz,y] C S = Clz,y, 2]/(2* + y* + 2?). Then S is module-finite over R:
indeed, S is generated over R as an algebra by one element, 2z, and z satisfies the
monic equation 72 + 2% 4 y? = 0, so it is integral over R.

2) Not all integral extensions are module-finite. Consider
A =k[z] C R = k[z,z'/? 23 24 215, ]
R is generated by integral elements over k[z], but it is not algebra-finite over k[z].

Finally, we can prove a technical sounding result that puts together all our finiteness
conditions in a useful way. We will then be able to answer a classical question using
this result.

Theorem 1.41 (Artin-Tate Lemma). Let A C B C C be rings. Assume that
e A is Noetherian,
e (' is module-finite over B, and
e C is algebra-finite over A.

Then, B s algebra-finite over A.

Proof. Let C = Alfy,...,f,] and C = Bg; + - -+ + Bgs. Then,
fi= Z bijgj and 9i9; = Z bijkgk:
j k

j
for some b;;, b, € B. Let By = A[{b;;, bijx}] € B. Since A is Noetherian, so is B,.

We claim that C' = Bygy + -+ + Bogs. Given an element ¢ € C, write ¢ as a
polynomial expression in fi,..., f,, and since the f; are linearly combinations of the
gi, we can rewrite ¢ € A[{b;;}][g1,...,9s]. Then using the equations for g;g; we can
write ¢ in the form required.

Now, since By is Noetherian, C' is a finitely generated By-module, and B C C', then
B is a finitely generated By-module, too. In particular, By C B is algebra-finite. We
conclude that A C B is algebra-finite, as required. O
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1.5 An application to invariant rings

Historically, commutative algebra has roots in classical questions of algebraic and ge-
ometric flavors, including the following natural question:

Question 1.42. Given a (finite) set of symmetries, consider the collection of polyno-
mial functions that are fixed by all of those symmetries. Can we describe all the fixed
polynomials in terms of finitely many of them?

To make this precise, let G be a group acting on a ring R, or just as well, a group of
automorphisms of R. The main case we have in mind is when R = k[z1,...,24] and k
is a field. We are interested in the set of elements that are invariant under the action,

RY:={rec R|g(r)=rforall g G}.
Note that R is a subring of R. Indeed, given r, s € RY, then
r+s=g(r)+g(s)=g(r+s) and rs=g(r)g(s)=g(rs) for all g € G,

since each ¢ is a homomorphism. Note also that if G = (g1, ..., g;), then r € R if and
only if g;(r) =r for i = 1,...,t. The question above can now be rephrased as follows:

Question 1.43. Given a finite group G acting on R = k[x,...,z4], is R® a finitely
generated k-algebra?

Proposition 1.44. Let k be a field, R be a finitely-generated k-algebra, and G a finite
group of automorphisms of R that fix k. Then R® C R is module-finite.

Proof. Since integral implies module-finite, we will show that R is algebra-finite and
integral over RC.

First, since R is generated by a finite set as a k-algebra, and k C R, it is generated
by the same finite set as an R%-algebra as well. Extend the action of G on R to R|[t]
with G fixing t. Now, for 7 € R, consider the polynomial F,.(t) = [ co(t—g(r)) € R[t].
Then G fixes F.(t), since for each h € G,

WE0) =h [t =g(r) = T](h-t = hg(r)) = F.(1)
geG geG
Thus, F,(t) € (R[t])¢. Notice that (R[t])¢ = RC[t], since
glant" + -+ ag) = apt"+---+ag = (g-a)t"+---+(9-a9) = apt" + -+ ap.
Therefore, F,(t) € RE[t]. The leading term (with respect to t) of F,.(t) is tI®l, so F.(t)
is monic, and 7 is integral over R. Therefore, R is integral over R®. [

Theorem 1.45 (Noether’s finiteness theorem for invariants of finite groups). Let k be
a field, R be a polynomial ring over k, and G be a finite group acting k-linearly on R.
Then R is a finitely generated k-algebra.

Proof. Observe that k C R® C R, that k is Noetherian, £ C R is algebra-finite, and
R% C R is module-finite. Thus, by the Artin-Tate Lemma, we are done! O



Chapter summary

e R is a Noetherian ring <= every ideal I in R is Noetherian

general

e ) is a Noetherian R-module M is a finitely generated R-module
R Noeth

A C R extension of rings:

e A C R module-finite <= R=Afit-+Af — R= A"/N

for some f; € R N C A" submod
C _ ) Y
* AC R algebrafinite < for some f; € R = x; indeterminates

e A C R algebra-finite <= R=A[f1,....fa], i € R
e A C R algebra-finite, A Noetherian = R Noetherian ring

e A C R module-finite <— algeb.r afinite =5 module-finite
and integral =&

cBCC

mod-fin

Artin-Tate

Noeth
Lemma:

alg-fin
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Chapter 2
Graded rings

2.1 Graded rings

When we think of a polynomial ring R, we often think of R with its graded structure,
even if we have never formalized what that means. Other rings we have seen also have
a graded structure, and this structure is actually very powerful.

Definition 2.1. A ring R is N-graded if we can write a direct sum decomposition of
R as an abelian group indexed by N

R=DR..

a=0

where R, R, C R,y for every a,b € N, meaning that for any r € R, and s € R;, we
have rs € R,.p. More generally, given a monoid T'. The ring R is T-graded if there
exists a direct sum decomposition of R as an abelian group indexed by 7"

R=ER.

a€eT

satisfying R, Ry C Ryp.
An element that lies in one of the summands R, is said to be homogeneous of
degree a; we write |r| or deg(r) to denote the degree of a homogeneous element 7.

By definition, an element in a graded ring is a unique sum of homogeneous elements,
which we call its homogeneous components or graded components. One nice
thing about graded rings is that many properties can usually be sufficiently checked
on homogeneous elements, and these are often easier to deal with.

Remark 2.2. Note that whenever R is a graded ring, the multiplicative identity 1
must be a homogeneous element whose degree is the identity in T'. In particular, if R
is N or Z-graded, then 1 € Ry and Ry is a subring of R.

I'We follow the convention that 0 is a natural number.

23
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Example 2.3.

a)
b)

Any ring R is trivially an N-graded ring, by setting Ry = R and R,, = 0 for n # 0.

If k£ is a field and R = k[xy,...,z,] is a polynomial ring, there is an N-grading
on R called the standard grading where R, is the k-vector space with basis given
by the monomials of total degree d, meaning those of the form z{*--- x5 with
> a; = d. Of course, this is the notion of degree familiar from middle school. So
22 + rox3 is homogeneous in the standard grading, while 22 + x5 is not.

If k£ is a field, and R = k[zy,...,,] is a polynomial ring, we can give different
N-gradings on R by fixing some tuple (f1,...,03,) € N" and letting x; be a
homogeneous element of degree [3;; we call this a grading with weights (B4, ..., Bn)-

For example, in k[xy, 2], 23 + 23 is not homogeneous in the standard grading, but
it is homogeneous of degree 6 under the N-grading with weights (3, 2).

A polynomial ring R = k[zy,...,x,] also admits a natural N"-grading, with
Ry, ) = k- o' - x%. This is called the fine grading.

Let I' € N” be a subsemigroup of N". Then

@/«f@k[@] = kl[z1,...,x,]

vel’
is an N"-graded subring of k[zy,...,z,]. Conversely, every N"-graded subring of
klxy, ..., z,)] is of this form.

Polynomial rings in Macaulay2 are graded with the standard grading by default.
To define a different grading, we give Macaulay2 a list with the grading of each
of the variables:

il : R = ZZ/101[a,b,c,Degrees=>{{1,2},{2,1},{1,0}}];

We can check whether an element of R isHomogeneous, and the function degree
applied to an element of R returns the least upper bound of the degrees of its
monomials:

i2 : degree (a+b)
02 {2, 2}
02 : List

i3 : isHomogeneous(a+b)
o3 = false

Remark 2.4. You may have seen the term homogeneous polynomial used to refer to
a polynomial f(xy,...,z,) € klxy,...,z,] that satisfies

fzy, ..o ) = M (2, ..., xn)
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for some d. This is equivalent to saying that all the terms in f have the same total
degree, or that f is homogeneous with respect to the standard grading.

Similarly, a polynomial is quasi-homogeneous, or weighted homogeneous, if there
exist integers wy, ..., w, such that he sum w = a;w; + - - - + a,w, is the same for all

monomials z{* - - - x% appearing in f. So f satisfies

FOA g, o A, = N f (2, . 2),

and f(xy*,...,z%) is homogeneous (in the previous sense, so with respect to the
standard grading). This condition is equivalent to asking that f be homogeneous with

respect to some weighted grading on k[xy, ..., x,].

Definition 2.5. An ideal [ in a graded ring R is called homogeneous if it can be
generated by homogeneous elements.

Remark 2.6. Observe that an ideal is homogeneous if and only if I has the following
property: for any element f € R we have f € [ if and only if every homogeneous
component of f lies in /. We can repackage this by saying that I is homogeneous if

=P

a€eT

where I, = I N R,.

Indeed, if I has this property, take a generating set {fy}a for I; by assumption,
all of the homogeneous components of each fy lie in I, and since each f) lies in the
ideal generated by these components, the set of all the components generates I, and [
is homogeneous. On the other hand, if all the components of f lie in I/ then so does
f, whether or not I is homogeneous. If I is homogeneous and f € I, write f as a
combination of the (homogeneous) generators of I, say fi,..., fu:

f=rfi+-+r.fa

Now by writing each r; as a sum of its components, say r; = r;1 + -+ 4+ 1;,,, each
ri;fi € I, and these contain all the components of f (and potentially some redundant
terms).

Example 2.7. Given an N-graded ring R, then R = @,., Rq is a homogeneous ideal.
We now observe the following:

Lemma 2.8. Let R be an T-graded ring, and I be a homogeneous ideal. Then R/I
has a natural T-graded structure induced by the T-graded structure on R.

Proof. The ideal I decomposes as the direct sum of its graded components, so we can
write

R, R,
Olia o ol 0

R/I =
/ ®l, I,
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Example 2.9.

a) The ideal I = (w?z +wyz + 2%, 2% + 3wy + dxz + Tyz + 112%) in R = k[w, x,y, 2] is
homogeneous with respect to the standard grading on R, and thus the ring R/I
admits an N-grading with |w| = |z| = |y| = |z| = 1.

b) In contrast, the ring R = k[z,y, z]/(2* + y* + 2°) does not admit a grading with
|z| = |y| = |2| = 1, but does admit a grading with |z| = 15, |y| = 10, |z| = 6.

Definition 2.10. Let R be a T-graded ring, and M an R-module. The module R is
T-graded if there exists a direct sum decomposition of M as an abelian group indexed
by T
M = EP M, such that R,M, C My,
acT

for all a,b € T.

The notions of homogeneous element of a module and degree of a homogeneous
element of a module take the obvious meanings. A notable abuse of notation: we will
often talk about Z-graded modules over N-graded rings, and likewise.

We can also talk about graded homomorphisms.

Definition 2.11. Let R and S be T-graded rings with the same grading monoid 7.
A ring homomorphism ¢ : R — S is graded or degree-preserving if ¢(R,) C S, for
alla € T

Note that our definition of ring homomorphism requires 1z +— 1g, and thus it does
not make sense to talk about graded ring homomorphisms of degree d # 0. But we
can have graded module homomorphisms of any degree.

Definition 2.12. Let M and N be Z-graded modules over the N-graded ring R. A
homomorphism of R-modules ¢ : R — S is graded if p(M,) C N, 4 for all @ € Z and
some fixed d € Z, called the degree of p. A graded homomorphism of degree 0 is also
called degree-preserving.

Example 2.13.
a) Consider the ring map k[z,y,2] — k[s,t] given by z +— s* y > st,z — 2. 1If
k[s,t] has the fine grading, meaning |s| = (1,0) and |¢| = (0, 1), then the given
map is degree preserving if and only if k[x,y, z] is graded by

|J7| = (2’0)’ |y| = (17 1)7 |Z| = (072)'

b) Let k be a field, and let R = k[xy, ..., z,] be a polynomial ring with the standard
grading. Given ¢ € k = Ry, the homomorphism of R-modules R — R given by
f — cf is degree preserving. However, if instead we take g € k = Ry for some
d > 0, then the map
R——R

J—qf
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is not degree preserving, although it is a graded map of degree d. We can make
this a degree-preserving map if we shift the grading on R by defining R(—d) to
be the R-module R but with the Z-grading given by R(—d); = R;_4. With this
grading, the component of degree d of R(—d) is R(—d)q = Ry = k. Now the map

R(~d)——R

fr——y9f
is degree preserving.

We observed earlier an important relationship between algebra-finiteness and Noethe-
rianity that followed from the Hilbert basis theorem: if R is Noetherian, then any
algebra-finite extension of R is also Noetherian. There isn’t a converse to this in gen-
eral: there are lots of algebras over fields K that are Noetherian but not algebra-finite
over K. However, for graded rings, this converse relation holds.

Proposition 2.14. Let R be an N-graded ring, and consider homogeneous elements
fi,--, fa € R of positive degree. Then fi,..., fn generate the ideal Ry = @@, Raq if
and only if f1,..., [, generate R as an Ry-algebra.

Therefore, an N-graded ring R is Noetherian if and only if Ry is Noetherian and R
1s algebra-finite over Ry.

Proof. If R = Ry[f1,-.-, fn], then any element r € R, can be written as a polyno-
mial expression r = P(fi,..., f,) for some P € Ry[z] with no constant term. Each
monomial of P is a multiple of some x;, and thus r € (f1,..., f,).

To show that Ry = (fi,..., f,) implies R = Ry[fi, ..., fa], it suffices to show that
any homogeneous element r € R can be written as a polynomial expression in the f’s
with coefficients in Ry. We induce on the degree of r, with degree 0 as a trivial base
case. For r homogeneous of positive degree, we must have r € R, , so by assumption we
can write r = ay f1+- - -+a, f,; moreover, since r and fi, ..., f, are all homogeneous, we
can choose each coefficient a; to be homogeneous of degree |r| — | f;|. By the induction
hypothesis, each a; is a polynomial expression in the f’s, so we are done.

For the final statement, if Ry is Noetherian and R algebra-finite over Ry, then R
is Noetherian by the Hilbert Basis Theorem. If R is Noetherian, then Ry = R/R, is
Noetherian. Moreover, R is algebra-finite over R, since R, is generated as an ideal by
finitely many homogeneous elements by Noetherianity, so by the first statement, we
get a finite algebra generating set for R over R. m

There are many interesting examples of N-graded algebras with Ry = k; in that
case, R, is the largest homogeneous ideal in R. In fact, Ry is the only maximal ideal
of R that is also homogeneous, so we can call it the homogeneous maximal ideal; it
is sometimes also called the irrelevant maximal ideal of R. This ideal plays a very
important role — in many ways, R and R, behave similarly to a local ring R and its
unique maximal ideal. We will discuss this further when we learn about local rings.
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2.2 Another application to invariant rings

If R is a graded ring, and G is a group acting on R by degree-preserving automorphisms,
then R® is a graded subring of R, meaning R is graded with respect to the same
grading monoid. In particular, if G acts k-linearly on a polynomial ring over k, the
invariant ring is N-graded.

Using this perspective, we can now give a different proof of the finite generation of
invariant rings that works under different hypotheses. The proof we will discuss now
is essentially Hilbert’s proof. To do that, we need another notion that is very useful in
commutative algebra.

Definition 2.15. Let S be an R-algebra corresponding to the ring homomorphism
p: R—S. We say that R is a direct summand of S if the map ¢ splits as a map
of R-modules, meaning there is an R-module homomorphism

such that 7wy is the identity on R.

First, observe that the condition on 7 implies that ¢ must be injective, so we can
assume that R C S, perhaps after renaming elements. Then the condition on 7 is that
n(rs) = rn(s) for all € R and s € S and that 7| is the identity. We call the map 7
the splitting of the inclusion. Note that given any R-linear map 7 : S — R, if m(1) =1
then 7 is a splitting: indeed, 7(R) = 7(r-1) = rn(1) = r for all r € R.

Being a direct summand is really nice, since many good properties of S pass onto
its direct summands.

Notation 2.16. Let R C S be an extension of rings. Given an ideal [ in S, we write
INR for the contraction of R back into R, meaning the preimage of I via the inclusion
map R C S. More generally, we may use the notation I N R to denote the preimage of
I via a given ring map R — 5, even if the map is not injective.

Given a ring map R — S, and an ideal I in R, the expansion of I in S is the ideal
of S generated by the image of I via the given ring map; we naturally denote this by
IS.

Lemma 2.17. Let R be a direct summand of S. Then, for any ideal I C R, we have
ISNR=1.

Proof. Let m be the corresponding splitting. Clearly, I C IS N R. Conversely, if
r € ISNR, we can write r = sy f1 + - -+ + s.f; for some f; € I, s; € S. Applying 7, we

have
r = 71'(7’) =T <281f1> == Z’/T(Szfl) == ZW(Si) fz el

i=1
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Proposition 2.18. Let R be a direct summand of S. If S is Noetherian, then so is R.

Proof. Let
L ClLCI3C

be a chain of ideals in R. The chain of ideals in S
LSCLSCI3SC---

stabilizes, so there exist J, N such that I,R = J for n > N. Contracting to R, we get
that I, = [,SNR=JNR for n > N, so the original chain also stabilizes. O

Proposition 2.19. Let k be a field, and R be a polynomial ring over k. Let G be a
finite group acting k-linearly on R. Assume that the characteristic of k does not divide
|G. Then R is a direct summand of R.

Remark 2.20. The condition that the characteristic of k£ does not divide the order of
G is trivially satisfied if k has characteristic zero.

Proof. We consider the map p: R — RY given by

I

gGG

First, note that the image of this map lies in R%, since acting by ¢ just permutes the
elements in the sum, so the sum itself remains the same. We claim that this map p is
a splitting for the inclusion R C R. To see that, let s € R% and r € R. We have

(s7) |G|Zg |G|ng |G|Z“ |G|Z“_Sp

geG geG geG

so p is R%-linear, and for s € R,

Zg 5 =S5.

gGG
]

Theorem 2.21 (Hilbert’s finiteness theorem for invariants). Let k be a field, and R
be a polynomial ring over k. Let G be a group acting k-linearly on R. Assume that G
is finite and |G| does not divide the characteristic of k, or more generally, that R® is
a direct summand of R. Then RY is a finitely generated k-algebra.

Proof. Since G acts linearly, R is an N-graded subring of R with Ry = k. Since RY is
a direct summand of R, RY is Noetherian by Proposition 2.18. By our characterization
of Noetherian graded rings, R® is finitely generated over R, = k. O

One important thing about this proof is that it applies to many infinite groups. In
particular, for any linearly reductive group, including GL,(C), SL,(C), and (C*)", we
can construct a splitting map p.



Chapter 3

Algebraic Geometry

Colloquially, we often identify systems of equations with their solution sets. We will
make this correspondence more precise for systems of polynomial equations, and de-
velop the beginning of a rich dictionary between algebraic and geometric objects.

Question 3.1. Let k£ be a field. To what extent is a system of polynomial equations

fi=0
fr="0
where polynomials fi, ..., f; € k[z1,..., 24|, determined by its solution set?

Let’s consider one polynomial equation in one variable. Over R, Q, or other fields
that are not algebraically closed, there are many polynomials with an empty solution
set; for example, 22 4 1 has an empty solution set over R. On the other hand, over C,
or any algebraically closed field, if aq,..., a4 are the solutions to f(z) = 0, we know
that we can write f in the form f(z) = a(z — a1)™ -+ (2 — aqg)™, so f is completely
determined up to scalar multiple and repeated factors. If we insist that f have no
repeated factors, then (f) is uniquely determined.

More generally, given any system of polynomial equations

fi=0

fi=0

where f; € k[z] for some field k, notice that that z = a is a solution to the system
if and only if it is a solution for any polynomial g € (fi,..., f;). But since k[z] is a
PID, we have (f1,...,f;) = (f), where f is a greatest common divisor of fi,..., f;.
Therefore, z = a is a solution to the system if and only if f(a) = 0.

30
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3.1 Varieties

Definition 3.2. Given a field k, the affine d-space over k, denoted AY, is the set
Ag = {(al,...,ad) | a; € k’}
Definition 3.3. For a subset T of k[xy, ..., z4], we define Z(T) C A¢ to be the set of
common zeros or the zero set of the polynomials (equations) in 7"
Z(T) ={(a1,...,aq) € AL | f(ar,...,aq) =0 forall f €T}

Sometimes, in order to emphasize the role of k, we will write this as Z,(T).

A subset of A¢ of the form Z(T) for some subset T is called an algebraic subset
of A, or an affine algebraic variety. So a variety A¢ is the set of common solutions
of some (possibly infinite) collection of polynomial equations. A variety is irreducible
if it cannot be written as the union of two proper varieties.

Note that some authors use the word variety to refer only to irreducible algebraic
sets. Note also that the definitions given here are only completely standard when k is
algebraically closed.

Example 3.4. Here are some simple examples of algebraic varieties:

a) For k =R and n =2, Z(y* + z%(x — 1)) is a “nodal curve” in A%, the real plane.
Note that we've written = for z; and y for z5 here.

o/
v/




c)

d)
e)
f)
g)
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For k=Rand n=3, Z(z —2? — y* 3x — 2y + 7z — 7) is circle in A3.

For k =R, Zg(z? +y*> + 1) = 0. Note that Z¢c(2? +y* + 1) # 0.
The subset A7 \ {(0,0)} is not an algebraic subset of A? if k is infinite. Why?
The graph of the sine function is not an algebraic subset of A%Z. Why not?

For k = R, Z(y — 2%, 22 — y*, 2 — xy) is the so-called twisted cubic (affine)
curve. It is the curve parametrized by (¢,¢%,¢3), meaning it is the image of the
map

R R3
t—— (t,1%,13)

We can check this with Macaulay2:

il : k = RR;
i2 : R = k[x,y,2z];
i3 : f = map(k[t],R,{t,t"2,t"3});

i4 : ker f
2 2
04 = ideal (y - x*z, X*xy - 2z, X — ¥y)

o4 : Ideal of R

So in our computation above, f sets v = t, y = t2, and z = t3, and its kernel
consists precisely of the polynomials that vanish at every point of this form. Note
that computations over the reals in Macaulay?2 are experimental, and yet we obtain
the correct answer; we can also run the same computation over k = Q.

For any field k& and elements ay,...,aq € k, we have

Z(xy—ay,...,xq—aq) = {(ar,...,aq)}

So, all one element subsets of A¢ are algebraic subsets.
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We can consider the equations that a subset of affine space satisfies.
Definition 3.5. Given any subset X of A¢ for a field k, define
Z(X) ={g(z1,...,2q) € k[x1,...,24] | g(as,...,aq) =0 for all (aq,...,aq) € X}.
Exercise 5. Z(X) is an ideal in k[z1,...,z4) for any X C A{.
Example 3.6.
a) Z({(ay,...,aq)}) = (x1 — ay,..., x4 — aq), for any field k.
b) Z(graph of the sine function in A2) = (0).
Exercise 6. Here are some properties of the functions Z and Z:
a) For any field, we have Z(0) = A} and Z(1) = 0.
Z(0)= (1) = k[x1, ..., x4 (the improper ideal).
Z(A%) = (0) if and only if k is infinite.

b)
)

d) If I CJ Cklxy,...,zq) then Z(1) D Z(J).
)
)

C

e) If S C T are subsets of A} then Z(S) 2 Z(T).

f) If I = (T) is the ideal generated by the elements of T C klxy,..

Z(T)=Z(I).
So we will talk about the solution set of an ideal, rather than of an arbitrary set.
Hilbert’s Basis Theorem implies that every ideal in k[z1, ..., x,] is finitely generated,

so any system of equations in k[xq,...,x4] can be replaced with a system of finitely
many equations.

Example 3.7. Let

., X4, then

|1 X2 T3
Y1 Y2 Y3
be a 2 x 3 matrix of variables — we usually call these generic matrices — and let
R=kX]=k [3“"1 2 ”“"3} .
Y1 Y2 Y3

Let Ay, Ay, Az the 2 x 2-minors of X. Consider the ideal I = (A, Ag, A3). Thinking
of these generators as equations, a solution to the system corresponds to a choice of
2 x 3 matrix whose 2 x 2 minors all vanish — that is, a matrix of rank at most one.
So Z(I) is the set of rank at most one matrices. Note that I C (z1, 22, 23) =: J, and
Z(J) is the set of 2 x 3 matrices with top row zero. The containment Z(J) C Z(I) we
obtain from I C J translates to the fact that a 2 x 3 matrix with a zero row has rank
at most 1.

Finally, the union and intersection of varieties is also a variety.
Exercise 7. Suppose that [ and J are ideals in k[z1, ..., x4
a) Z(IONZ(J)=Z(1+J).
b) Z(HUZ(J)=Z2(InNnJ)=Z(1J).
However, note that in general I.J £ I N J.
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3.2 Prime and maximal ideals

Before we talk more about geometry, let’s recall some basic facts about prime and
maximal ideals. As we will discover through the rest of the course, prime ideals play a
very prominent role in commutative algebra.

Definition 3.8. An ideal P # R is prime if ab € P implies a € P or b € P.
Exercise 8. An ideal P in a ring R is prime if and only if R/P is a domain.

Example 3.9. The prime ideals in Z are those of the form (p) for p a prime integer,
and (0).

Example 3.10. When £ is a field, in k[z] are easy to describe: k[x] is a principal ideal
domain, and (f) # 0 is prime if and only if f is an irreducible polynomial. Moreover,
(0) is also a prime ideal, since k[z] is a domain.

The prime ideals in k[xy, ..., z4] are, however, not so easy to describe. We will see
many examples throughout the course; here are some.

Example 3.11. The ideal P = (2® — 4?) in R = k[z,y] is prime; one can show that
R/P = k[t? t3] C k[t], which is a domain.

Example 3.12. The k-algebra R = k[s3, s°t, st t?] C ks, t] is a domain, so its defining
ideal I in k[xq, 9, w3, x4] is prime. This is the kernel of the presentation of R sending
X1, To, T3, T4 to each of our 4 algebra generators, which we can compute with Macaulay?2:

1k =QQ;

i2 : f = map(k[s,t],k[x_1 .. x_4],{s"3,872%t,s*t"2,t"3})
3 2 2 3

02 = map(QQ[s..t],QQ[x ..x J,{s , s t, sxt , t })

1 4

02 : RingMap QQ[s..t] <-—- QQlx ..x ]
1 4
i3 : I = ker £
2 2
03 =ideal (x - xxXx , XX - XX ,X —XX)
3 2 4 2 3 14 2 13

03 : Ideal of QQIx ..x]
1 4

Later we will show that prime ideals correspond to irreducible varieties; more pre-
cisely, that X is irreducible if and only if Z(X) is prime.
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Definition 3.13 (maximal ideal). An ideal m in R is maximal if for any ideal I
ID2m — I=morl=R.

Exercise 9. An ideal m in R is maximal if and only if R/m is a field.

Given a maximal ideal m in R, the residue field of m is the field R/m. A field k
is a residue field of R if £ = R/m for some maximal ideal m.

Remark 3.14. A ring may have many different residue fields. For example, the residue
fields of Z are all the finite fields with prime many elements, I, = Z/p.

Exercise 10. Every maximal ideal is prime.

However, not every prime ideal is maximal. For example, in Z, (0) is a prime ideal
that is not maximal.

Theorem 3.15. Given a ring R, every proper ideal I # R is contained in some
mazimal ideal.

Fun fact: this is actually equivalent to the Axiom of Choice. We will prove it (but
not its equivalence to the Axiom of Choice!) using Zorn’s Lemma, another equivalent
version of the Axiom of Choice. Zorn’s Lemma says that

Every non-empty partially ordered set in which every chain (i.e., totally
ordered subset) has an upper bound contains at least one maximal element.

So let’s prove that every ideal is contained in some maximal ideal.

Proof. First, we will show that Zorn’s Lemma applies to proper ideals in any ring R.
The statement will then follow by applying Zorn’s Lemma to the non-empty set of
ideals J O I, which is partially ordered by inclusion.

So consider a chain of proper ideals in R, say {I;};. Now I = |J, ; is an ideal as
well, and I # R since 1 ¢ I; for all i. Note that unions of ideals are not ideals in
general, but a union of totally ordered ideals is an ideal. Then I is an upper bound
for our chain {/;};, and Zorn’s Lemma applies to the set of proper ideals in R with
inclusion C. O

3.3 Nullstellensatz

Lemma 3.16. Let k be a field, and R = k[xq,...,xq4] be a polynomial ring. There is a
bijection

mazximal ideals m of R
with R/m = k

(al,...,ad)l—> (xl_alv"wxd_a’d)
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Proof. Eachm = (z1—ay,...,rq4—a,) is a maximal ideal satisfying R/m = k. Moreover,
these ideals are distinct: if z; —a;, x; — a} are in the same ideal for a; # a, then the unit
a; — a} is in the ideal, so it is not proper. Therefore, our map is injective. To see that it
is surjective, let m be a maximal ideal with R/m = k. Each class in R/m corresponds
to a unique a € k, so in particular each x; is in the class of a unique a; € k. This means

that x; — a; € m, and thus (1 — aq,...,2z4 — ag) € m. Since (x1 — a;,...,Tq — a;) is a
maximal ideal, we must have (z1 — aq,...,zq — aq) = m. O
Example 3.17. Not all maximal ideals in k[z1, ..., z,] are necessarily of this form.

For example, if k = R and d = 1, the ideal (2® + 1) is maximal, but
klx]/(x* +1) =2 C 2 k.
But this won’t happen if k is algebraically closed.

Theorem 3.18 (Zariski’s Lemma). Consider an extension of fields k C L. If L is a
finitely generated k-algebra, then L is a finite dimensional k-vector space. In particular,
if k is algebraically closed then L = k.

This is a nice application of the Artin-Tate Lemma, together with some facts about
transcendent elements. We will skip the proof, but you can find it in Jeffries’ notes.

Corollary 3.19 (Nullstellensatz). Let S = k[xy,...,x4] be a polynomial ring over an
algebraically closed field k. There is a bijection

AY {mazimal ideals m of S}

(ala"‘aad)'ﬁ (xl_alan'axd_ad)

If R is a finitely generated k-algebra, we can write R = S/I for a polynomial ring S,
and there is an induced bijection

Zp(I) C AY <— {mazimal ideals m of R}.

Proof. The first part follows immediately from Lemma 3.16 and Lemma 3.18.

To show the second statement, fix an ideal I in S, and R = S/I. The maximal
ideal ideals in R are in bijection with the maximal ideals m in S that contain I; those
are the ideals of the form (z1 —aq,..., 24 — aq) with I C (x; —aq,...,x4 — aq). These
are in bijection with the points (ai, ..., aq) € A¢ satisfying (ay,...,aq) € Zx(I). O

Theorem 3.20 (Weak Nullstellensatz). Let k be an algebraically closed field. If I is a
proper ideal in R = k[xq, ..., x4, then Z,(I) # .

Proof. If I C R is a proper ideal, there is a maximal ideal m D I, so Z(m) C Z(I).
Sincem = (x1—ay, . ..,xq—aq) for some a; € k, Z(m) is a point, and thus nonempty. [


https://jack-jeffries.github.io/CAnotes.pdf
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Over an algebraically closed field, maximal ideals in k[zy,...,x4] correspond to
points in A?. So we can start from the solution set — a point — and recover an ideal
that corresponds to it. What if we start with some non-maximal ideal I, and consider
its solution set Z;(I) — can we recover [ in some way?

Example 3.21. Many ideals define the same solution set. For example, in R = k[x],
the ideals I,, = (2™), for any n > 1, all define the same solution set Z;(I,) = {0}.

To attack this question, we will need an observation on inequations.

Remark 3.22 (Rabinowitz’s trick). Observe that, if f(z) is a polynomial and a € A4,
f(a) # 0if and only if f(a) € k is invertible; equivalently, if there is a solutiony = b € k
to yf(a) — 1 = 0. In particular, a system of polynomial equations and inequations

filz) =0 gi(z) #0

: and :
fm(l) =0 gn(@) #0

has a solution z = @ if and only if the system

filz) =0 hgi(z) —1=0

: and :
fm(z) =0 Yngn(z) —1=0

has a solution (z,y) = (a,b). In fact, this is equivalent to a system in one extra variable:

filz) =0
fm(ﬂ) =0
ygr(z) -+ gn(z) —1=0

Theorem 3.23 (Strong Nullstellensatz). Let k be an algebraically closed field, and
R = Elxy,...,2z4] be a polynomial ring. Let I C R be an ideal. The polynomial f
vanishes on Zi(I) if and only if f™ € I for some n € N.

Proof. Suppose that f" € I. For each a € Z,(I), f(a) € k satisfies f(a)"” =0 € k.
Since k is a field, f(a) = 0. Thus, f € Z,(I) as well.

Suppose that f vanishes along Zj (). This means that given any solution a € A?
to the system determined by I, f(a) = 0. In other words, the system

{g(g):OforallgEI
f#0

has no solutions. By the discussion above, Z(I + (yf — 1)) = & in a polynomial ring
in one more variable. By the Weak Nullstellensatz, we have IR[y] + (yf — 1) = R]y],
and equivalently 1 € IR[y| + (yf — 1). Write I = (¢1(2), ..., gm(z)), and
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1=ro(z,y)(1 —yf(@) +ri(z, y)g(@) + -+ rul@, y)gm(z).
We can map y to 1/f to get

1= Tl(@a 1/f)gl(£) +eeet Tm(g, 1/f)gm(§)

in the fraction field of R[y|]. Since each r; is polynomial, there is a largest negative
power of f occurring; say that f™ serves as a common denominator. We can multiply
by f™ to obtain f" as a polynomial combination of the ¢’s. m

Definition 3.24. The radical of an ideal [ in a ring R is the ideal
VI:={feR| f* eI for somen}.

An ideal is a radical ideal if I = /1.

To see that /T is an ideal, note that if f, ¢" € I, then

(f + g>m+n71 — ZO )fingrnli

:fm (fn—1+ (m+f_1)fn—29++ (mZ_fl_l)gn—l)
+gn((m+:_1>fm—l+(m+n_1)fm—29++gm—1) GI,

m+4n—1 m+n—1
1

n+1
and (rf)™ =rmfm e l.
Example 3.25. Prime ideals are radical.

Exercise 11. A nonzero element f € R is nilpotent if f* = 0 for some n > 1; a ring
R is reduced if it has no nilpotent elements. If R is a ring and I an ideal, then R/I
is reduced if and only if I is a radical ideal.

Using this terminology, we can rephrase the Strong Nullstellensatz: if k = k, then
f € Z(Z,(I)) if and only if f € v/I. Given any ideal I in k[z1,...,zq4], Z(Z(I)) = V1.

We can now associate a ring to each subvariety of A%

Definition 3.26. Let k be an algebraically closed field, and X = Z,(I) C A% be a
subvariety of A%. The coordinate ring of X is the ring k[X] := k[xy,. .., 24 /Z(X).

Since k[X] is obtained from the polynomial ring on the ambient A? by quotienting
out by exactly those polynomials that are zero on X, we interpret k[X] as the ring of
polynomial functions on X. Note that every reduced finitely generated k-algebra is a
coordinate ring of some zero set X.

Remark 3.27. We showed before that Z(1.J) = Z(I N J), despite the fact that we
often have I.J # I N J. The Strong Nullstellensatz implies that v/ 1J # /I + J.
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Remark 3.28. Observe that Z,(v/J) = Z;(J) whether or not k is algebraically closed,
by the same proof we used above. The containment C is immediate since J C v/.J from
the definition. Moreover, if f*(a) = 0 then f(a) = 0, so if a € Z,(J) and f € v/J then
f(a) =0, and the equality of sets follows.

What might fail when the field is not algebraically closed is that Z(Z([)) is not
necessarily vI. For example, Zr(2®> +1) =g, so

T(Za(a® + 1) = Z(0) = Rla] # /(@ + 1) = (a? + 1).

In fact, the ingredient that is missing is precisely the fact that the Weak Nullstellensatz
is not satisfied over non-algebraically closed fields. If k is not algebraically closed, there
exists some irreducible polynomial f € k[x] with no roots, so Z(f) = @.

Remark 3.29. Note that if I is a radical ideal and I C J, then Z(J) C Z(I). Indeed,
there is some f € J such that f ¢ v/T = I, and thus Z(I) € Z(f). Since Z(J) C Z(f),
we conclude that Z(I) Z Z(J).

Each variety corresponds to a unique radical ideal.

Corollary 3.30. Let k be an algebraically closed field and R = k|xy,...,z4] a polyno-
mial ring. There is an order-reversing bijection between the collection of subvarieties
of A¢ and the collection of radical ideals of R:

{subvarieties of A4} < {radical ideals I C R}

X = {feR|XCZ(NH
Z,(I) o I

In particular, given ideals I and J, we have Z,(I) = Z,(J) if and only if VT = \/J.

Proof. The Strong Nullstellensatz says that Z(Z(.J)) = +/J for any ideal J, hence
Z(Z(J)) = J for a radical ideal J. Conversely, given X we can write X = Z(J)
for some ideal J, and we without loss of generality we can assume J is radical, since
Zu(J) = 2,(\/J). Then Z(Z(X)) = Z(Z(Z(J))) = Z2(J) = X.

This shows that Z and Z are inverse operations, and we are done. O

Under this bijection, irreducible varieties correspond to prime ideals.
Lemma 3.31. A variety X C A% is irreducible if and only if Z(X) is prime.

Proof. Suppose that X is reducible, say X = V; UV, for two varieties V; and V5 such
that Vi,V € X. Note that this implies that Z(X) € Z(V3), Z(X) € Z(V,), and
Z(X) =Z(V1)NZ(V3). Then we can find f € Z(V]) such that f ¢ Z(V3), and g € Z(V%)
such that ¢ ¢ Z(V}). Notice that by construction fg € Z(Vi) N Z(V5)Z(X), while
f¢Z(X) and g ¢ Z(X). Therefore, Z(X) is not prime.
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Now assume that Z(X) is not prime, and fix f, g ¢ Z(X) with fg € Z(X). Then

X CZ(fg)=2Z(f)UZ(g).
The intersections
Vi=Z(f)NX =Z(Z(X) + (f))

and
Vo=2Z(g)NX = Z(Z(X) + (9))

are varieties, and X = V; U V,. Finally, since f ¢ Z(X), then X ¢ V. Similarly,
X € V. Thus X is reducible. O

Given a variety X, we can decompose it in irreducible components by writing it as
aunion X = V3 U---UV,. We can do this decomposition algebraically, by considering
the radical ideal I = Z(X) and writing it as an intersection of its minimal primes.

Definition 3.32. A prime P is a minimal prime of an ideal I if the only prime @
with I C @Q C P is Q = P. The set of minimal primes over [ is denoted Min(7).

Soon we will show that

vVi= (Y P= (] P
(1

P prime PeMin
P2I

Later, we will prove that the set of minimal primes of an ideal in a Noetherian ring is
finite, so in particular we can write Z(X) as a finite intersection of prime ideals, say

I(X)=P NNk,

Then
X=Z(P)U---UZ(F)

is a decomposition of X into irreducible components.

Example 3.33. In k[z,y, 2], the radical ideal I = (zy,xz,yz) corresponds to the
variety X given by the union of the three coordinate axes.

Each of these axes is a variety in its own right, corresponding to the ideals (z,y), (z, 2)
and (y,z). The three axes are the irreducible components of X. And indeed, (z,y),
(x,z) and (y, z) are the three minimal primes over I, and

(zy, z2,y2) = (z,y) N (z,2) N (y, 2).
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We will come back to this decomposition when we discuss primary decomposition.

In summary, Nullstellensatz gives us a dictionary between varieties and ideals:

Algebra -~ Geometry
algebra of ideals -~ geometry of varieties
algebra of R = klz1, ..., z4] - geometry of A?
radical ideals - varieties
prime ideals I irreducible varieties
maximal ideals -~ points
(0) = variety A?
klxy, ..., z4] -~ variety @
(x1—ay,...,xq — aq) -~ point {(aq,...,aq)}
smaller ideals B —— larger varieties
larger ideals D smaller varieties

We now know that the subvarieties Z(I) of A? satisfy the following properties:
e The sets @ and A? are varieties.

e The finite union of varieties is a variety.

e The arbitrary intersection of varieties is a variety.

These are the axioms of closed sets in a topology. So there is a topology on A? whose
closed sets are precisely all the subvarieties Z(I) of A?. This topology is called the
Zariski topology.

As a consequence, every variety inherits the Zariski topology, and this is the topol-
ogy that algebraic geometers usually consider.

Exercise 12. A topological space X is Noetherian if it satisfies the descending chain
condition for closed subsets: any descending chain of closed subsets

X1 2X 2

stabilizes. Show that a variety with the Zariski topology is Noetherian.
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Exercise 13. Show that if X is a Noetherian topological space, every open subset of
X is quasicompact.

This topology is a little weird. In particular, it is never Hausdorff, unless the space
we are considering is finite. The word compact is usually taken to include Hausdorff,
so algebraic geometers say quasicompact to mean compact but maybe not Hausdorff.

Exercise 14. Show that A% with the Zariski topology is T; but not Hausdorff.

3.4 The prime spectrum of a ring

In modern algebraic geometry, on e often studies schemes instead of varieties. We will
now introduce the simplest scheme: the spectrum Spec(R) of a ring R. The spectra of
rings are to schemes as R™ is to manifolds: while a manifold is a topological space that
locally looks like R™, a scheme is, roughly speaking, a topological space that locally
looks like Spec(R) for some ring R.

The mazimal spectrum of a ring R, denoted mSpec(R), is the set of maximal ideals
of R endowed with the topology with closed sets given by

Wiax(I) := {m € Max(R) | m D I}

as I varies over all the ideals in R. By the Nullstellensatz, for polynomial rings S over
an algebraically closed field k, this space mSpec(S) has a natural homeomorphism to
A™ with its Zariski topology, and for an ideal I in S = k[z1,...,x4), mSpec(S/I) has
a natural homeomorphism to Z;(/) € A" with the subspace topology coming from
the Zariski topology. Moreover, this is functorial: for any map of finitely generated
k-algebras, there is an induced map on maximal ideals.

This is not quite the right notion to deal with general rings, for at least two rea-
sons. First, there are many many interesting rings with only one maximal ideal! The
topological space with one element, in contrast, is not that exciting. Second, we would
like to have a geometric space that is assigned functorially to a ring, meaning that ring
homomorphisms induce continuous maps of spaces (in the other direction). For the
inclusion A = k[z,y| = k[z — 1,y] into B = k(x)[y] = k(z — 1)[y|, what maximal ideal
in A would we assign to (y) € B? How could one of (z,y) or (x — 1,y) have a better
claim than the other?

Definition 3.34. Let R be a ring. The prime spectrum, or spectrum of R is the
set of prime ideals of R, denoted Spec(R). This is naturally a poset, partially ordered
by inclusion. We also endow it with the topology with closed sets

V(I):={p € Spec(R) | p D I}

for (not necessarily proper) ideals I C R. In particular, @ = V(R) is closed.
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Soon we will justify that this indeed forms a topology.

We will illustrate posets with Hasse diagrams: if an element is below something
with a line connecting them, the higher element is > the lower one.

Example 3.35. The spectrum of Z is the following poset:

2) (3) (5) (7) (11) .
\\\@///

The closed sets are of the form V((n)), which are the whole space when n = 0, the
empty set with n = 1, and any finite union of things in the top row.

Example 3.36. Here are a few elements in C[z, y]:

(I7y) (l’—l,y—l) (13—77T,y) (Z‘—Z'\/ihy—l)

K_y (x> + 9>+ 1) (v)

Note that Max(R) is a subspace of Spec(R) (that may be neither closed nor open).

Proposition 3.37. Let R be a ring, and let I, J, and I, be ideals (possibly improper).
a) If I C J, then V(J) C V(I).
b) VIHUV(J)=V{InNnJ)=V(J).
¢) WV(L) =V

d) Spec(R) has a basis given by open sets of the form
D(f) := Spec(R) N V(f) = {p € Spec(R) | f ¢ p}.
e) Spec(R) is quasicompact.
Proof.

a) Clear from the definition.

b) Tosee V(I)UV(J) CV(INJ), just observe that ifp O [ orp DO J, thenp D INJ.
Since IJ C INJ, we have V(I NJ) C V(IJ). To show V(IJ) CV(I)UV(J),if
p2Il.J let fel~p andge J~p. Then fg € IJ p since p is prime.
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c) Ideals are closed for sums, so if p D I, for all A, then p D >, I\. Moreover, if
p O >, I), then in particular p D 1.

d) We can write any open set as the complement of V({fi\}») = (1, V(f\), which is
the union of D(f)).

e) Given a sequence of ideals Iy, if >, Iy = R, then 1 is in the sum on the left, and
thus 1 can be realized in such a sum over finitely many indices, so

R=> ILi=IL,+ - +1,.
A

Thus, if we have a family of closed sets with empty intersection,

o=V =V <Z [A> =V, 4-+1,)=V(,)N---nV(I,),

so some finite subcollection has an empty intersection. O

Definition 3.38 (Induced map on Spec). Given a homomorphism of rings R —— S,
we obtain a map on spectra

Spec(S) , Spec(R) .
p———=¢"'(p)

The key point here is that the preimage of a prime ideal is also prime. We will
often write p N R for ¢~!(p), even if the map is not necessarily an inclusion.

This is not only an order-preserving map, but also continuous: if U C Spec(R) is
open, say U is the complement of V(1) for some ideal I, then for a prime q of S,

g€ (¢) ' (U) < gqNRPI < q2IS <<= q¢V(I9).
So (¢*)~Y(U) is the complement of V(IS), and thus open.

Example 3.39. Let R—"= R/I be the canonical projection. Then

Spec(R/I) — Spec(R)

corresponds to the inclusion of V' (I) into Spec(R), since primes of R/I correspond to
primes of R containing /.

We can use the spectrum of a ring to give an analogue of the strong Nullstellensatz
that is valid for any ring. To prepare for this, we need a notion that we will use later.

Definition 3.40. A subset W C R of a ring R is multiplicatively closed if 1 € W
and a,b € W = abe W.
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Lemma 3.41. Let R be a ring, I an ideal, and W a multiplicatively closed subset. If
W NI =g, then there is a prime ideal p withp D [ and pN'W = .

Proof. Consider the family of ideals F = {J | J 2 I,J NW = &} ordered with
inclusion. This is nonempty, since it contains I, and any chain J; C J; C --- has an
upper bound U;J;. Therefore, F has some maximal element A by a basic application
of Zorn’s Lemma. We claim A is prime. Suppose f, g ¢ A. By maximality, A+ (f) and
A+ (g) both have nonempty intersection with W, so there exist r1 f +ay, rog+as € W,
with ay,a0 € A. If fg € A, then

(T1f+a1)(7‘29+az) —7“17"2f9+7“1faz+7“29a11%+a122 e WnNA,
S S

a contradiction. O

Proposition 3.42 (Spectrum analogue of strong Nullstellensatz). Let R be a ring,
and I be an ideal. For f € R,

V() CV(f) <= feVI

Equivalently,

[ p=VI

pev ()
Proof. First to justify the equivalence of the two statements we observe:

V) CV(f) <= fepforallpe V()< fe [) »
peV(I)

We prove that ﬂ p= VI
peV(I)
(D): It suffices to show that p D I implies p D VI, and indeed

ffelcCp = fep.

(C): If f ¢ V1, consider the multiplicatively closed set W = {1, f, f2, f3,...}. We
have W NI = @ by hypothesis. By the previous lemma, there is a prime p in V(I)
that does not intersect W, and hence does not contain f. O]

The following corollary follows in exactly the same way as the analogous statement
for subvarieties of A", Corollary 3.30.

Corollary 3.43. Let R a ring. There is an order-reversing bijection

{closed subsets of Spec(R)} {radical ideals I C R}

In particular, for two ideals I1,.J, V(1) =V (J) if and only if VI =+/J.



Chapter 4

Local Rings

The study of local rings is central to commutative algebra. As we will see, life is easier
in a local ring, so much so that we often want to localize so we can be in a local ring. A
lot of the things we will say in this chapter also apply to N-graded k-algebras and their
homogenous maximal ideal — with some appropriate changes, such as considering only
homogeneous ideals.

4.1 Local rings

Definition 4.1. A ring R is a local ring if it has exactly one maximal ideal. We often
use the notation (R, m) to denote R and its maximal ideal, or (R, m, k) to also specify
the residue field k = R/m. Some people reserve the term local ring for a Noetherian
local ring, and call what we have defined a quasilocal ring; we will not follow this
convention here.

Lemma 4.2. A ring R is local if and only if the set of nonunits of R forms an ideal.
Proof. If the set of nonunits is an ideal, that must be the only maximal ideal. O]

Example 4.3.
a) The ring Z/(p") is local with maximal ideal (p).

b) The ring Z,) = {5 € Q | p{ b when in lowest terms} is a local ring with maximal
ideal (p).

¢) The ring of power series k[z] over a field k is local. Indeed, a power series has an
inverse if and only if its constant term is nonzero. The complement of this set of
units is the ideal ().

d) More generally, k[x1,...,z4] is local with maximal ideal (x1,...,zq).

e) The ring of complex power series holomorphic at the origin, C{z}, is local. In the
above setting, one proves that the series inverse of a holomorphic function at the
origin is convergent on a neighborhood of 0.

46
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f) A polynomial ring over a field is certainly not local; we have seen it has so many
maximal ideals!

We start with a comment about the characteristic of local rings.

Definition 4.4. The characteristic of a ring R is, if it exists, the smallest positive
integer n such that
I1+---+1=0.
—_——
n times

If no such n exists, we say that R has characteristic 0. Equivalently, the characteristic
of R is the integer n > 0 such that
(n) = ker < z i ) :

a—a-1lp

Proposition 4.5. Let (R,m, k) be a local ring. Then one of the following holds:
a) char(R) = char(k) = 0. We say that R has equal characteristic zero.
b) char(R) = 0, char(k) = p for a prime p, so R has mixed characteristic (0,p).
c¢) char(R) = char(k) = p for a prime p, so R has equal characteristic p.
d) char(R) = p", char(k) = p for a prime p and an integer n > 1.
If R is reduced, then one of the first three cases holds.

Proof. Since k is a quotient of R, the characteristic of R must be a multiple of the
characteristic of k, since the map Z —— k factors through R. We must think of 0 as
a multiple of any integer for this to make sense. Now k is a field, so its characteristic
is 0 or p for a prime p. If char(k) = 0, then necessarily char(R) = 0. If char(k) = p, we
claim that char(R) must be either 0 or a power of p. Indeed, if we write char(R) = p"-a
with a coprime to p, note that p € m, so if a € m, we have 1 € (p,a) C m, which is a
contradiction. Since R is local, this means that a is a unit. But then, p"a = 0 implies
p™ = 0, so the characteristic must be p". O

Remark 4.6. If R is an N-graded k-algebra with Ry = k, and m = €, _, Ry is the
homogeneous maximal ideal, R and m behave a lot like a local ring and its maximal
ideal, and we sometimes use the suggestive notation (R, m) to refer to it. Many prop-
erties of local rings also apply to the graded setting, so given a statement about local
rings, you might take it as a suggestion that there might be a corresponding statement
about graded rings — a statement that, nevertheless, still needs to be proved. There
are usually some changes one needs to make to the statement; for example, if a theorem
makes assertions about the ideals in a local ring, the corresponding graded statement
will likely only apply to homogeneous ideals, and a theorem about finitely generated
modules over a local ring will probably translate into a theorem about graded modules
in the graded setting.
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4.2 Localization

Recall that a multiplicative subset of a ring R is a set W > 1 that is closed for products.
The three most important classes of multiplicative sets are the following:
Example 4.7. Let R be a ring.

a) For any f € R, the set W = {1, f, f2, f3,...} is a multiplicative set.

b) If p C Ris a prime ideal, the set W = R~ p is multiplicative: this is an immediate
translation of the definition.

¢) The set of nonzerodivisors in R — elements that are not zerodivisors — forms a
multiplicatively closed subset.

Remark 4.8. An arbitrary intersection of multiplicatively closed subsets is multiplica-
tively closed. In particular, for any family of primes {p,}, the complement of (J, py is
multiplicatively closed.

Definition 4.9 (Localization of a ring). Let R be a ring, and W be a multiplicative
set with 0 ¢ W. The localization of R at W is the ring

r
W’lR::{— ‘T‘ER,UJEW}/N
w
where ~ is the equivalence relation

/
r
— ~ — if there exists u € W : u(rw’ — r'w) = 0.
woow
The operations are given by

r S rTw + Sv TS s
-4 = — and - =
vow W VW VW

The zero in W™1R is % and the identity is % There is a canonical ring homomorphism

R—=W™R.

"t
Given an ideal I in W™'R, we write I N R for its preimage of I in R via the canonical
map R——=W™'R.

Note that we write elements in W~!R in the form — even though they are equiva-
lence classes of such expressions.

Remark 4.10. Observe that if R is a domain, the equivalence relation simplifies to
rw’ = r'w, so R C W™'R C Frac(R), and in particular W~'R is a domain too. In
particular, Frac(R) is a localization of R.
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In the localization of R at W, every element of W becomes a unit. The following
universal property says roughly that W—'R is the smallest R-algebra in which every
element of W is a unit.

Proposition 4.11. Let R be a ring, and W a multiplicative set with 0 ¢ W. Let
S be an R-algebra in which every element of W is a unit. Then there is a unique
homomorphism « such that the following diagram commutes:

R——=W™R

A

S

where the vertical map is the structure homomorphism and the horizontal map is the
canonical homomorphism.

Example 4.12 (Most important localizations). Let R be a ring.
a) For f € Rand W = {1, f, f%, f3,... }, we usually write R; for W~'R.

b) For a prime ideal p in R, we generally write R, for (R~ p)~'R, and call it the
localization of R at p. Given an ideal I in R, we sometimes write I, to refer to
IR,, the image of I via the canonical map R — R,.

c) When W is the set of nonzerodivisors on R, we call W~'R the total ring of
fractions of R. When R is a domain, this is just the fraction field of R, and in
this case this coincides with the localization at the prime (0).

Remark 4.13. Notice that when we localize at a prime p, the resulting ring is a local
ring (Ry,pp). We can think of the process of localization at p as zooming in at the
prime p. Many properties of an ideal I can be checked locally, by checking them for
IR, for each prime p € V(I).

If R is not a domain, the canonical map R — W 'R is not necessarily injective.

Example 4.14. Consider R = k[z,y|/(zy). The canonical maps R —— R, and

R—— R, are not injective, since in both cases y is invertible in the localization, and
thus
. T 0
X —_——= — = - =
1 y

We can now add some more local rings to our list of examples.

Example 4.15.

a) A local ring one often encounters is k[xq, . .. ,xd](zh“_@ .- We can consider this as
the ring of rational functions that in lowest terms have a denominator with nonzero

constant term. Note that we can talk about lowest terms since the polynomial
ring is a UFD.
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b) Extending the following example, we have local rings like (k[x1, ..., 24]/I)(@,,...00)-
If k is algebraically closed and [ is a radical ideal, then k[zy,...,z4]/] = k[X]
is the coordinate ring of some affine variety, and (z1,...,24) = mg is the ideal

defining the origin (as a point in X C A¢). Then we call

k[X]mg = (k[xlw"vxd]/l)(zl ,,,,, zq)

the local ring of the point 0 € X; some people write Ox . The radical ideals
of this ring consist of radical ideals of k[X] that are contained in mgy, which by
the Nullstellensatz correspond to subvarieties of X that contain 0. Similarly, we
can define the local ring at any point a € X.

We state an analogous definition for modules, and for module homomorphisms.

Definition 4.16. Let R be a ring, W be a multiplicative set, and M an R-module.
The localization of M at W is the W~!R-module

W_lM::{g’mEM,wGW}/N

/
: : ..om m
where ~ is the equivalence relation — ~ — if u(mw' — m'w) = 0 for some u € W.

w w
The operations are given by
m n mw + nv rm. o rm
-t —=— and —_— =
voow vw vw  vw

If M % N is an R-module homomorphism, then there is a W~'R-module homo-
-1
morphism WM X% W-1N given by the rule W la(®) = ofm),

w

We will use the notations My and M, analogously to Ry and R,.

To understand localizations of rings and modules, we will want to understand better
how they are built from R. First, we take a small detour to talk about colons and
annihilators.

Definition 4.17. The annihilator of a module M is the ideal
ann(M) :={r € R|rm =0 for all m € M}.
Definition 4.18. Let I and J be ideals in a ring R. The colon of [ and J is the ideal
(J:I):={reR|rlICJ}
More generally, if M and N are submodules of some R-modules A, the colon of N and

M is
(N:gM):={reR|rM C N}.
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Exercise 15. The annihilator of M is an ideal in R, and
ann(M) = (0 :p M).
Moreover, any colon (N :g M) is an ideal in R.

Remark 4.19. If M = Rm is a one-generated R-module, then M = R/I for some
ideal I. Notice that I-(R/I) = 0, and that given an element g € R, we have g(R/I) =0
if and only if g € I. Therefore, M = R/ann(M).

Remark 4.20. Let M be an R-module. If I is an ideal in R such that I C ann(M),
then IM = 0, and thus M has is naturally an R/I-module with the same structure it
has as an R-module, meaning

(r+1)-m=rm

for each r € R.

Remark 4.21. If N C M are R-modules, then ann(M/N) = (N :g M).

Lemma 4.22. Let M be an R-module, and W a multiplicative set. The class

m
— eWIM iszero <= vm =0 for somev €W <= anng(m)NW # @.
w

Note in particular that this holds for w = 1.

Proof. For the first equivalence, we use the equivalence relation defining W1 R to note
that 2 = 2 in W' M if and only if there exists some v € W such that 0 = v(Im—0w) =
vm. The second equivalence just comes from the definition of the annihilator. O]

Remark 4.23. It follows from this lemma that if N -2~ M is injective, then W'«
is also injective, since

0:I/V_loz<£>:M = 0 =ua(n) = a(un) for some u € W = un=0= " =0.
w w w

We want to collect one more lemma for later.

Lemma 4.24. Let M be a module, and Ny, ..., N; be a finite collection of submodules.
Let W be a multiplicative set. Then,

W YN N AN) =W N n---NnWIN, CW M.

Proof. The containment W~=Y(N;N---NN;) C WIN;N---NWTLN, is clear. Elements
of WIN; N ---NW™IN, are of the form mLlo= ... = " we can find a common

denominator to realize this in W= (N; N --- N Ny). O

Later we will show that localization has good homological properties: it’s an exact
functor.
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Theorem 4.25. Given a short exact sequence of R-modules

0 A B C 0

and a multiplicative set W, the sequence
0—WIA——-WI'B—W1C—0
s also exact.

Remark 4.26. Given a submodule N of M, we can apply the statement above to the
short exact sequence

0—>N—>M—>M/N—=0

and conclude that that W~ (M/N) = W—'M/W~IN.

Proposition 4.27. Let W be multiplicatively closed in R.
a) If I is an ideal in R, then W' INR={r € R| wr € I for some w € W}.
b) If J is an ideal in W'R, then W=Y{(JNR) = J.
c) If p is prime and W Np = &, then Wlp = p(W™R) is prime.
d) The map Spec(W ™' R) — Spec(R) is injective, with image

{p € Spec(R) | pNW = &}.

Proof.

a) Since W—Y(R/I) & W~'R/WI, we have ker(R — W (R/I)) = RNW'I.
The equality is then clear.

b) The containment W~(J N R) C J holds for general reasons: given any map f,
and a subset J of the target of f, f(f~'(J)) € J. On the other hand, if £ € J,
then § € J, since its a unit multiple of an element of J, and thus a € J N R, so
L e W (JNR).

c) First, since WNp = &, and p is prime, no element of W kills 1 = 1+p in R/p, so
1/1 is nonzero in W=Y(R/p). Thus, W R/W~1p = W~(R/p) is nonzero, and a
localization of a domain, hence is a domain. Thus, W~!p is prime.

d) First, by part b), the map p — W=tp, for S = {p € Spec(R) | pNW = &} sends
primes to primes. We claim that
Spec(W™'R) S
q > 4NR
W1t 1 p
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are inverse maps.
We have already seen that J = (J N R)W 'R for any ideal J in W™!R.
If WNp =g, then using part a) and the definition of prime, we have that

WlpNnR={reR|rwepforsomeweW}={reR|rcpl=p O

Corollary 4.28. Let R be a ring and p be a prime ideal in R. The map on Spectra
induced by the canonical map R — R, corresponds to the inclusion

{9 € Spec(R) | g € p} € Spec(R).

4.3 NAK

We will now show a very simple but extremely useful result known as Nakayama’s
Lemma. As noted in [Mat&9, page 8], Nakayama himself claimed that this should be
attributed to Krull and Azumaya, but it’s not clear which of the three actually had
the commutative ring statement first. So some authors (eg, Matsumura) prefer to refer
to it as NAK. There are actually a range of statements, rather than just one, that go
under the banner of Nakayama’s Lemma a.k.a. NAK.

Proposition 4.29. Let R be a ring, I an ideal, and M a finitely generated R-module.
If IM = M, then

a) there is an element r € 1+ I such that rM =0, and

b) there is an element a € I such that am = m for allm € M.

Proof. Let M = Rmy + --- + Rmg. By assumption, we have equations
mp = aiimy =+ -+ QMg , ... , Mg = As1M1 + -+ + AssMg,

with a;; € I. Setting A = [a;;] and v = [z;] we have a matrix equations Av = v. By
the determinantal trick, Lemma 1.35, the element det(I;xs — A) € R kills each m;, and
hence M. Since det(lyws — A) = det(I,xs) = 1 mod I, this determinant is the element
r we seek for the first statement.

For the latter statement, set a = 1 — r; this is in I and satisfies am = m —rm =m
for all m € M. O

Proposition 4.30. Let (R, m, k) be a local ring, and M be a finitely generated module.
If M =mM, then M = 0.

Proof. By the Proposition 4.29, there exists an element » € 1 + m that annihilates M.
Notice that 1 ¢ m, so any such r must be outside of m, and thus a unit. Multiplying
by its inverse, we conclude that 1 annihilates M, or equivalently, that M = 0. [

Proposition 4.31. Let (R, m, k) be a local ring, and M be a finitely generated module,
and N a submodule of M. If M = N +mM, then M = N.
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Proof. By taking the quotient by N, we see that
M/N =(N+mM)/N =m(M/N).
By Proposition 4.30, M = N. O

Proposition 4.32. Let (R, m, k) be a local ring, and M be a finitely generated module.
Formq,...,m, € M,

mi, ..., ms generate M <= Ty, ..., M, generate M/mM.

Thus, any generating set for M consists of at least dimy(M/mM) elements.

Proof. The implication (=) is clear. If my,...,my € M are such that my,...,m;
generate M /mM, let N = Rmy + ---+ Rmg C M. By Proposition 4.30, M/N = 0 if
and only if M/N = m(M/N). The latter statement is equivalent to M = mM + N,
which is equivalent to saying that M/mM is generated by the image of N. O

Remark 4.33. Since R/m is a field, M/mM is a vector space over the field R/m.

Definition 4.34. Let (R,m) be a local ring, and M a finitely generated module. A
set of elements {my,...,m;} is a minimal generating set of M if the images of
mi, ..., my form a basis for the R/m vector space M/mM.

As a consequence of basic facts about basis for vector spaces, we conclude that
any generating set for M contains a minimal generating set, and that every minimal
generating set has the same cardinality.

Definition 4.35. Let (R,m) be a local ring, and N an R-module. The minimal
number of generators of M is

p(M) = dimpm (M/mM).
Equivalently, this is the number of elements in a minimal generating set for M.

We commented before that graded rings behave a lot like local rings, so now we
want to give graded analogues for the results above.

Proposition 4.36. Let R be an N-graded ring, and M a Z-graded module such that
M_, =0 for some a. If M = (R;y)M, then M = 0.

Proof. On the one hand, the homogeneous elements in M live in degrees at least a,
but (R, )M lives in degrees strictly bigger than a. If M has a nonzero element, it has
a nonzero homogeneous element, and we obtain a contradiction. O]

This condition includes all finitely generated Z-graded R-modules.
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Remark 4.37. If M is finitely generated, then it can be generated by finitely many
homogeneous elements, the homogeneous components of some finite generating set. If
a is the smallest degree of a homogeneous element in a homogeneous generating set,
since R lives only in positive degrees we must have M C RM-, C M-,, so M., = 0.

Just as above, we obtain the following:

Proposition 4.38. Let R be an N-graded ring, with Ry a field, and M a Z-graded
module such that M., = 0 for some degree a. A set of elements of M generates M if
and only if their images in M /(Ry)M spans as a vector space. Since M and (Ry)M
are graded, M /(Ry)M admits a basis of homogeneous elements.

In particular, if k is a field, R is a positively graded k-algebra, and [ is a homoge-
neous ideal, then I has a minimal generating set by homogeneous elements, and this
set is unique up to k-linear combinations.

Definition 4.39. Let R be an N-graded ring with Ry a field, and M a finitely generated
Z-graded R-module. The minimal number of generators of M is

u(]\/[) = dimR/R+ (M/R+M) .

We can use Macaulay2 to compute (the) minimal (number of ) generators of graded
modules over graded k-algebras, using the commands mingens and numgens.

Note that we can use NAK to prove that certain modules are finitely generated in
the graded case; in the local case, we cannot.



Chapter 5

Decomposing ideals

We will consider a few ways of decomposing ideals into pieces, in three ways with in-
creasing detail. The first is the most directly geometric: for any ideal I in a Noetherian
ring, we aim to write V(1) as a finite union of V' (p;) for prime ideals p;.

5.1 Minimal primes and support

Recall the definition of minimal primes that we mentioned before.

Definition 5.1. The primes that contain I and are minimal with the property of
containing [ are called the minimal primes of /. That is, the minimal primes of [
are the minimal elements of V(I). We write Min(/) for this set.

Exercise 16. Let R be a ring, and [ an ideal. Every prime p that contains I contains
a minimal prime of /. Consequently,

Vi= ] »

peMin([)

Remark 5.2. If p is prime, then Min(p) = {p}. Also, since V(1) = V(v/I), we have
Min(I) = Min(v/1).

As a special case, the nilpotent elements of a ring R are exactly the elements in
every minimal prime of R, or equivalently, in every minimal prime of the ideal (0). The
radical of (0) is often called the nilradical of R, denoted N'(R).

Lemma 5.3. Whenever I = py N ---Np, for some p, L p; for each i,j, we have
Min(I) = {p1,...,pn}-

Proof. 1f q is a prime containing I, then q 2 (p1N---Np,,). Butif q 2 p; for each 7, then
there are elements f; € p; such that f; ¢ g, and the product f;--- f, € (p1 NN p,)
but fi---f. ¢ q. Therefore, any minimal prime of I must be one of the p;. Since

we assumed that the p; are incomparable, they are exactly all the minimal primes of
I. O

56
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Remark 5.4. If I =p;N---Np, for some primes p;, we can always delete unnecessary
components until no component can be deleted. Therefore, Min(I) C {py,--- ,pn}.

Theorem 5.5. Let R be a Noetherian ring. Then any ideal I has finitely many minimal
primes, and thus /I is a finite intersection of primes.

Proof. Let S = {ideals I C R | Min([]) is infinite}, and suppose, to obtain a contra-
diction, that S # @. Since R is Noetherian, S has a maximal element .J, by Proposi-
tion 1.2. If J was a prime ideal, then Min(J) = {J} would be finite, by Remark 5.2,
so .J is not prime. However, Min(JJ) = Min(v/J), and thus v/J D J is also in S, so
we conclude that J is radical. Since J is not prime, we can find some a,b ¢ J with
abe J. Then J C J+ (a) C\/J+ (a) and J C /J + (b). Since J is maximal in S,
we conclude that y/J + (a) and /J + (b) have finitely many minimal primes, so we
can write
J+(a)=p1N---Npgand J + (b) = par1 N--- Ny

for some prime ideals p;. Let f € \/J + (a) N y/J + (b). Some sufficiently high power
of f is in both J + (a) and J + (b), so there exist n,m > 1 such that

f"=J+(a)and f™ € J+ (b)

frme (J+ () (J + (b)) € T+ J(a) + T (b) + (ab ) € J.

eJ
Therefore, f € v/J = J. This shows that
J=(J+@)N(J+bd)=p1N---NpagNPay1 N - NPy

By Lemma 5.3, we see that Min(J) must be a subset of {py,...,p,}, so it is finite.
[

Remark 5.6. Lemma 5.3, Theorem 5.5, and Exercise 16 imply that an ideal I is equal
to a finite intersection of primes if and only if I is radical.

We now can describe the relationship between the poset structure of Spec(R) and
the topology.

Proposition 5.7. Let R be a ring, and X = Spec(R).
a) The poset structure on X can be recovered from the topology: p C q < q € m

b) If R is Noetherian, the topology on X can by recovered from the poset structure
by the rule

Y C Xis closed<—=Y ={q € X | p; C q for some i} for some p1,...,p, € X.

Proof.
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a) By definition of closure, we have

=) V).

peV(I)

If p € V(I) then I C p, which implies V(p) C V(I). It follows that {p} = V(p),

and thus the claim.

b) If Y is closed, we have Y = V/(I) = V() = V(p1N---Npp) = V(p1)U---UV ().

For the converse, we can work backwards. O
We now wish to understand modules in a similar way.
Definition 5.8. If M is an R-module, the support of M is
Supp(M) := {p € Spec(R) | M, # 0}.
Proposition 5.9. Given M a finitely generated R-module over a ring R,
Supp(M) = V(anng(M)).
In particular, Supp(R/I) =V (I).
Proof. Let M = Rm; + ---+ Rm,. We have
anng(M) = ﬁannR(mi),

i=1

SO
n

V(anng(M)) = | JV(annp(m;)).

=1

Notice that we need finiteness here. Also, we claim that
Supp(M) = | Supp(Rm.).
i=1
To show (D), notice that (Rm;), C M,, so
p € Supp(Rm;) = 0# (Rm;), € My, = p € Supp(M).

On the other hand, the images of m,,...,m, in M, generate M, for each p, so
p € Supp(M) if and only if p € Supp(Rm;) for some m;. Thus, we can reduce to the
case of a cyclic module Rm. Now % = 0 in M, if and only if (R \ p) Nanng(m) # @,
which happens if and only if anng(m) Z p. O

The finite generating hypothesis is necessary!
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Example 5.10. Let &k be a field, and R = k[z]. Take

M =R,/R=EPk -«

1>0

With this k-vector space structure, the action is given by multiplication in the obvious
way, then killing any nonnegative degree terms.

On one hand, we claim that Supp(M) = {(z)}. Indeed, any element of M is killed
by a large power of x, so WM = 0 whenever z € W, so Supp(M) C {(z)}. We will
soon see that the support of a nonzero module is nonempty, and thus Supp(M) = {(z)}.

On the other hand, the annihilator of the class of 7" is 2", so

anng(M) C ﬂ(x”) = 0.

n>1
In particular, V(anng(M)) = Spec(R).
Example 5.11. Let R = C[z], and M = @R/(w —n).

nez
First, note that M, = @(R/(w —n))p, SO
neZ
Supp(M USuppR/x—n UV z—mn))={(x—n)|neZ}
nez neZ

On the other hand,

annp(M) = () anng(R/(z —n)) = [ )(x —n) = 0.

neZ ne”L

Note that in this example the support is not even closed.
Lemma 5.12. Let R be a ring, M an R-module, and m € M. The following are
equivalent:
1) m=0in M.
2) % =0 in M, for all p € Spec(R).
8) & =0 in M, for all p € mSpec(R).
Proof. The implications 1) = 2) == 3) are clear. If m # 0, its annihilator is

a proper ideal, which is contained in a maximal ideal, so V(anngm) = Supp(Rm)
contains a maximal ideal, so T # 0 in M, for some maximal ideal p. O]

Lemma 5.13. Let R be a ring, L, M, N be modules. If

0 L M N 0

is exact, then Supp(L) U Supp(N) = Supp(M).
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Proof. Localization is exact, by Theorem 4.25, so for any p,

is exact. If p € Supp(L)USupp(XV), then L, or N, is nonzero, so M, must be nonzero as
well. On the other hand, if p ¢ Supp(L)USupp(N), then L, = N, =0,s0 M, =0. O

Remark 5.14. As a corollary, Supp(L) C Supp(M) for any submodule L of M.

Corollary 5.15. If M s a finitely generated R-module,
1) M =0.
2) My, =0 in M, for all p € Spec(R).
3) My, =0 in M, for all p € mSpec(R).

Proof.

The implications = are clear. To show the last implies the first, we show the contra-
positive. If m # 0, consider Rm C M. By Lemma 5.12, there is a maximal ideal in
Supp(Rm), and by Lemma 5.13 applied to the inclusion Rm C M, this maximal ideal
is in Supp(M) as well. O

So we conclude that Supp(M) # & for any R-module M # 0.

5.2 Associated primes

Remark 5.16. Let R be a ring, I be an ideal in R, and M be an R-module. To give
an R-module homomorphism R — M is the same as choosing an element m of M
(the image of 1 via our map) or equivalently, to choose a cyclic submodule of M (the
submodule generated by m).

To give an R-module homomorphism R/I — M is the same as giving an R-
module homomorphism R — M whose image is killed by I. Thus giving an R-module
homomorphism R/I — M is to choose an element m € M that is killed by I, meaning
I C ann(m).

Definition 5.17. Let R be a ring, and M a module. We say that p € Spec(R) is an
associated prime of M if p = anng(m) for some m € M. Equivalently, p is associated
to M if there is an injective homomorphism R/p — M. We write Assg(M) for the
set of associated primes of M.

If 7 is an ideal, by the associated primes of [ we (almost always) mean the
associated primes of R/I. To avoid confusion, we will try to write Assg(R/I).

Lemma 5.18. Let R be a Noetherian ring and M be an R-module. A prime P is
associated to M if and if and only if Pp € Ass(Mp).
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Proof. Localization is exact, so any inclusion R/P C M localizes to an inclusion
Rp/Pp C Mp. Conversely, suppose that Pp = ann(Z) for some ™ € Mp. Let
P = (fi,..., fa). Since %% = %, there exists u; ¢ P such that u;f;m = 0. Then
U =uj--- Uy, is not in P, since P is prime, and u f;m = 0 for all 7. Since the f; generate
P, we have P(um) = 0. On the other hand, if € ann(um), then 3 € ann() = Pp.
We conclude that ru € Pp N R = P. Since u ¢ P, we conclude that r € P. O

Lemma 5.19. If p is prime, Assg(R/p) = {p}.

Proof. For any nonzero 7 € R/p, we have anng(7) = {s € R | rs € p} = p by definition
of prime ideal. O

Let’s recall the definition of zerodivisors on M.

Definition 5.20. Let M be an R-module. An element r € R is a zerodivisor on M
if rm = 0 for some m € M. We sometimes write the set of zerodivisors of M as Z(M).

Lemma 5.21. If R is Noetherian, and M is an arbitrary R-module, then
1) For any nonzero m € M, anng(m) is contained in an associated prime of M.
2) Ass(M) =@ <= M =0, and
9 U p=2(M).

peAss(M)
Additionally, if R and M are Z-graded and M # 0, M has an associated prime that is
homogeneous.

Proof. Even if R is not Noetherian, M = 0 implies Ass(M) = @ by definition. So we
focus on the case when M ## 0.

First, suppose that we have shown 1. If M # 0, then M contains a nonzero element
m, and ann(m) is contained in an associated prime of M. In particular, Ass(M) # 0,
and 2 holds. Now if r € Z(M), then by definition we have r € ann(m) for some
nonzero m € M. Since ann(m) is contained in some associated prime of M, so is r.
On the other hand, if p is an associated prime of M, then by definition all elements in
p are zerodivisors on M. This shows that 3 holds. So all that is left is to prove 1.

Now we show | for any M # 0. The set of ideals S := {anng(m) | m € M, m # 0} is
nonempty, and any element in S is contained in a maximal element, by Noetherianity.
Note in fact that any element in S must be contained in a maximal element of S.
Let I = ann(m) be any maximal element, and let rs € I, s ¢ I. We always have
ann(sm) 2 ann(m), and equality holds by the maximality of ann(m) in S. Then
r(sm) = (rs)m =0, so r € ann(sm) = ann(m) = I. We conclude that [ is prime, and
therefore it is an associated prime of M.

For the graded case, replace the set of zerovisisors with the annihilators of homo-
geneous elements. Such annihilator is homogeneous, since if m is homogeneous, and
fm =0, writing f = fo, + -+ fs, as a sum of homogeneous elements of different
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degrees a;, then 0 = fm = f,,m+ --- + f,,m is a sum of homogeneous elements of
different degrees, so f,,m = 0 for each 7. The same argument above works if we take
{anng(m) | m € M, m # 0 homogeneous }, using the following lemma. O

Lemma 5.22. If R is Z-graded, an ideal with the property
for any homogeneous elementsr,s € R rsel=recl orsel
1S prime.

Proof. We need to show that this property implies that for any a,b € R not necessarily
homogeneous, ab € I implies a € [ or b € I. We induce on the number of nonzero
homogeneous components of a plus the number of nonzero homogeneous components of
b. The base case is when this is two, which means that both a and b are homogeneous,
and thus the hypotheses already gives us this case. Otherwise, write a = a’ + a,, and
b = b +b,, where a,,, b, are the nonzero homogeneous components of a and b of largest
degree, respectively. We have ab = (a't/ + apb’ + bpa’) + anby,, where a,,b, is either the
largest homogeneous component of ab or else it is zero. Either way, a,,b, € I, so a,, € |
or b, € I; without loss of generality, we can assume a,, € I. Then ab = a'b + a,,b, and
ab,a,b € 1, so a’b € I, and the total number of homogeneous pieces of a’b is smaller,
so by induction, either a’ € I so that a € I, or else b € 1. O

Lemma 5.23. If
0 L M N 0

is an exact sequence of R-modules, then Ass(L) C Ass(M) C Ass(L) U Ass(N).

Proof. If R/p includes in L, then composition with the inclusion L < M gives an
inclusion R/p < M. So Ass(L) C Ass(M). Let p € Ass(M), say p = ann(m). First,
note that p C ann(rm) for all r € R.

Thinking of L as a submodule of N, suppose that there exists r ¢ p such that
rm € L. Then

s(rm)=0<= (sr)m=0 = srep = seEp.

So p = ann(rm), and thus p € Ass(L).
If rm ¢ L for all r ¢ p, let n be the image of m in N. Thinking of N as M/L,

if rn = 0, then we must have rm € L, and by assumption this implies r € p. Since
p = ann(m) C ann(n), we conclude that p = ann(n). Therefore, p € Ass(N). O

Note that the inclusions in Lemma 5.23 are not necessarily equalities.

Example 5.24. If M is a module with at least two associated primes, and p is an
associated prime of M, then

0 R/p M

is exact, but {p} = Ass(R/p) C Ass(M).
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Example 5.25. Let R = k[z], where k is a field, and consider the short exact sequence
of R-modules
0 (x) R R/(z) —=0.

Then one can check that:
o Ass(R/(x)) = Ass(k) = {(z)}.
e Ass(R) = Ass((x)) = {(0)}.
In particular, Ass(R) € Ass(R/(z)) U Ass((x)).

Corollary 5.26. Let A and B be R-modules. Then Ass(A @ B) = Ass(A) U Ass(B).

Proof. Apply Lemma 5.23 to the short exact sequence
0—A—APB——B——0.

We obtain Ass(A) C Ass(A @ B) C Ass(A) U Ass(B). Repeat with
0—B—A®B—A——0. O

We will need a bit of notation for graded modules to help with the next statement;
we saw a simple use of this notation back in Example 2.13.

Definition 5.27. Let R and M be T-graded, and t € T'. The shift of M by t is the
graded R-module M (t) with graded pieces M (t); := M;;. This is isomorphic to M as
an R-module, when we forget about the graded structure.

Theorem 5.28. Let R be a Noetherian ring, and M is a finitely generated module.
There exists a filtration of M

M:MtQMt_lth_gg"'QMlgM():O

such that M;/M;_1 = R/p; for primes p; € Spec(R). Such a filtration is called a prime
filtration of M.

If R and M are Z-graded, there exists a prime filtration as above where the quotients
M;/M;_1 = (R/p;)(t;) are graded modules, the p; are homogeneous primes, and the t;
are integers.

Proof. If M # 0, then M has at least one associated prime, so there is an inclusion
R/py < M. Let M; be the image of this inclusion. If M/M; # 0, it has an associated
prime, so there is an My C M such that R/ps = My/M; C R/M,;. Continuing this
process, we get a strictly ascending chain of submodules of M where the successive
quotients are of the form R/p;. If we do not have M; = M for some t, then we get
an infinite strictly ascending chain of submodules of M, which contradicts that M is a
Noetherian module.

In the graded case, if p; is the annihilator of an element m; of degree t;, we have a
degree-preserving map (R/p;)(t;) = Rm; sending the class of 1 to m;. O
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Prime filtrations often allow us to reduce statements about finitely generated mod-
ules to statements about quotients of R that are also domains: modules of the form
R/p for primes p.

Corollary 5.29. If R is a Noetherian ring, and M s a finitely generated module, and
M=M2OM_12M_52---2M 2My=0
is a prime filtration of M with M;/M;_1 = R/p;, then
Assp(M) C {p1,...,p:}.

Therefore,
o Assg(M) is finite.
o [f M is graded, then Assg(M) is a finite set of homogeneous primes.

Proof. For each i, we have a short exact sequence

O Mi—l Mz Mi/Mi—l —>0 .

By Lemma 5.23, Ass(M;) C Ass(M;_1) U Ass(M;/M;—1) = Ass(M;—1) U {p;}. Induc-
tively, we have Ass(M;) C {p1,...,pi}, and Assg(M) = Assg(M;) C {p1,...,p:}. This
immediately implies that Ass(M) is finite. In the graded case, Theorem 5.28 gives us a
filtration where all the p; are homogeneous primes, and those include all the associated
primes. ]

Example 5.30. Any subset X C Spec(R) (for any R) can be realized as Ass(M) for

some M: take M = @ R/p. However, M is not finitely generated when X is infinite.
peEX

Example 5.31. If R is not Noetherian, then there may be modules (or ideals even)
with no associated primes. Let R = (J, oy C[z'/"] be the ring of nonnegatively-valued
Puiseux series. We claim that R/(x) is a cyclic module with no associated primes, i.e.,
the ideal (z) has no associated primes. First, observe that any element of R can be
written as a unit times 2™/™ for some m,n, so any associated prime of R/(x) must
be the annihilator of 2™/ + (z) for some m < n. Hpwever, we claim that these are
never prime. Indeed, we have ann(z™" + (z)) = (2'~™"™), which is not prime since
(x1/2—m/2n)2 c (xl—m/n) but x1/2—m/2n g_ﬁ (xl—m/n)

In a Noetherian ring, associated primes localize.

Theorem 5.32 (Associated primes localize in Noetherian rings). Let R be a Noetherian
ring, W a multiplicative set, and M a module. Then

Assyag(W M) = {W™p | p € Assp(M), pNW = o},
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Proof. Given p € Assgr(M) such that pNW = @, W~ lp is a prime in W~'R. Then
WIR/W=tp = WY (R/p) — WM by exactness, so W~!p is an associated prime
of WM.

Suppose that Q € Spec(W™'R) is associated to WM. We know this is of the
form W~=1p for some prime p in R such that p N W = @. Since R is Noetherian, p is

finitely generated, say p = (f1,..., fn) in R, and so @ = (%, ce an)
By assumption, @ = ann(%) for some r € R, w € W. Since w is a unit in W™'R,

we can also write () = ann(%). By definition, this means that for each i

éi :9 <~ wu,;fir =0 for some u; € W.
11 1
Let u =wuy---u, € W. Then uf;r = 0 for all 4, and thus pur = 0. We claim that in
fact p = ann(ur) in R. Consider v € ann(ur). Then u(vr) = 0, and since u € W, this
implies that % = 0. Therefore, ¥ € ann(}) = W~'p, and vw € p for some w € W.
But pNW = @, and thus v € p. Thus p € Ass(M).
L]

Corollary 5.33. Let R be Noetherian, and M be an R-module.
a) Suppp(M) = ) V(p).

pEAssr(M)
b) If M is a finitely generated R-module, then Min(anng(M)) C Assg(M). In par-
ticular, Min(I) C Assg(R/I).

Proof.

a) Let p € Assgr(M) and let p = anng(m) for m € M. Let q € V(p), which in
particular implies that q € Supp(R/p), by Proposition 5.9. Since 0 — R/p > M
is exact, so is 0 = (R/p)qy — M,. Since (R/p)q # 0, we must also have M, # 0,
and thus q € Supp(M).

Suppose that q ¢ Uyeagspar V (P), s that g does not contain any associated prime
of M. Then there is no associated prime of M that does not intersect R \ ¢, so
by Theorem 5.32, Assg, (My) = @. By Lemma 5.21, My = 0.

b) We have that V(anng(M)) = Suppr(M) = U,casspr V(P); so the minimal
elements of both sets agree. In particular, the right hand side has the minimal
primes of anng(M) as minimal elements, and they must be associated primes of
M, or else this would contradict minimality.

]

So the minimal primes of a module M are all associated to M, and they are precisely
the minimal elements in the support of M.

Definition 5.34. If I is an ideal, then an associated prime of I that is not a minimal
prime of I is called an embedded prime of I.
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5.3 Prime Avoidance

We take a quick detour to discuss an important lemma.

Lemma 5.35 (Prime avoidance). Let R be a ring, I, ..., 1,,J be ideals, and suppose
that I; is prime fori > 2. If J € I; for alli, then J € \J, I;. Equivalently, if J C U, L,
then J C I; for some 1.

Moreover, if R is N-graded, and all of the ideals are homogeneous, all I; are prime,
and J € I; for all i, then there is a homogeneous element in J that is not in | J, I;.

Proof. We proceed by induction on n. If n = 1, there is nothing to show.
By induction hypothesis, we can find elements a; such that

a; ¢ U[j and a; € J
i

for each i. If some a; ¢ I;, we are done, so let’s assume that a; € I; for each i. Consider
a=a,+a;---a, 1 € J. Notice that a;---a,_1 = a;(a; - a@;---an_1) € I;. fa €I,
for ¢ < n, then we also have a,, € I;, a contradiction. If a € I,, then we also have
a1+ Qp_1 = a — a, € I,, since a, € I,. If n = 2, this says a; € I, a contradiction.
If n > 2, our assumption is that I,, is prime, so one of a1,...,a,_1 € I,, which is a
contradiction. So a is the element we were searching for, meaning a ¢ I; for all i.

If all I; are homogeneous and prime, then we proceed as above but replacing a,, and
ai,...,a,_1 with suitable powers so that a,, +a; - - - a,_1 is homogeneous. For example,

we could take

a = ageg(al)%--deg(and) + (al . )deg(an) .

.. anfl

The primeness assumption guarantees that noncontainments in ideals is preserved. [

Corollary 5.36. Let I be an ideal and M a finitely generated module over a Noetherian
ring R. If I consists of zerodivisors on M, then Im = 0 for some nonzero m € M.

Proof. The assumption says that

rc J .

peAss(M)

By the assumptions, Corollary 5.29 applies, and it guarantees that this is a finite set of
primes. By prime avoidance, I C p for some p € Ass(M). Equivalently, I C anng(m)
for some nonzero m € M. O

190 all the ideals are prime, except we may allow two of them to not be prime.
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5.4 Primary decomposition

We refine our decomposition theory once again, and introduce primary decompositions
of ideals. One of the fundamental classical results in commutative algebra is the fact
that every ideal in any noetherian ring has a primary decomposition. This can be
thought of as a generalization of the Fundamental Theorem of Arithmetic:

Theorem 5.37 (Fundamental Theorem of Arithmetic). Every integer n € Z can be
written as a product of primes: there are distinct prime integers p1, ..., p, and integers
ai,...,a, =1 such that

n:pclbl pzn
Moreover, such a a product is unique up to sign and the order of the factors.

We will soon discover that such a product is a primary decomposition, perhaps
after some light rewriting. But before we get to the what and the how of primary
decomposition, it is worth discussing the why. If we wanted to extend the Fundamen-
tal Theorem of Arithmetic to other rings, our first attempt might involve irreducible

elements. Unfortunately, we don’t have to go far to find rings where we cannot write
elements as a unique product of irreducibles up to multiplying by a unit.

Example 5.38. In Z[/-5],
6=2-3=(1++v=-5)(1—+~-5)

are two different ways to write 6 as a product of irreducible elements. In fact, we
cannot obtain 2 or 3 by multiplying 1 + /=5 or 1 4+ y/—5 by a unit.

Instead of writing elements as products of irreducibles, we will write ideals in terms
of primary ideals.

Definition 5.39. We say that an ideal is primary if
wyel = zeloryeVI.

We say that an ideal is p-primary, where p is prime, if I is primary and VI = p.
Remark 5.40. Note that a primary ideal has indeed a prime radical: if () is primary,
and zy € /Q, then z"y" € Q for some n. If y ¢ \/Q, then we must have 2" € @, so
x € v/Q. Thus, every primary ideal Q is /Q-primary.
Example 5.41.

a) Any prime ideal is also primary.

b) If R is a UFD, we claim that a principal ideal is primary if and only if it is
generated by a power of a prime element. Indeed, if a = f", with f irreducible,
then

zy € (") <= ["lay < [z or fly ==z € (f*) ory € \/(f") = ().

Conversely, if a is not a prime power, then a = gh, for some g, h nonunits with

no common factor, then take gh € (a) but g ¢ a and h ¢ +/(a).
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c) As a particular case of the previous example, the nonzero primary ideals in Z
are of the form (p") for some prime p and some n > 1. This example is a bit
misleading, as it suggests that primary ideals are the same as powers of primes.
We will soon see that it not the case.

d) In R = k[x,y, 2], the ideal I = (y?,yz, 2?) is primary. Give R the grading with
weights |y| = 2| = 1, and |z| = 0. If ¢ ¢ VI = (y, 2), then g has a degree zero
term. If f ¢ I, then f has a term of degree zero or one. The product fg has a
term of degree zero or one, so is not in /.

If the radical of an ideal is prime, that does not imply that ideal is primary.

Example 5.42. In R = k[z,y, 2], the ideal g = (2%, xy) is not primary, even though
V4 = () is prime. The offending product is zy.

The definition of primary can be reinterpreted in many forms.

Proposition 5.43. If R is Noetherian, the following are equivalent :

(1) q is primary.

(2) Every zerodivisor in R/q is nilpotent on R/q.

(3) Ass(R/q) is a singleton.

(4) q has ezxactly one minimal prime, and no embedded primes.

(5) /a4 =9y is prime and for all r,w € R with w ¢ p, rw € q implies r € q.
(6) \/q =1 is prime, and qR, N R = q.

Proof. (1) <= (2): y is a zerodivisor mod q if there is some = ¢ q with zy € q; the
primary assumption translates to a power of y is in q.

(2) <= (3): On the one hand, (2) says that the set of zerodivisors on R/q and
coincide with the elements in the nilradical of R/q. By Lemma 5.21 and Exercise 16,
respectively, these agree with the union of all the associated primes and the intersection
of all the minimal primes.

U »p=2@R0a) ={rer|rtaeNE/D} = () p= () »

peAss(R/q) peMin(q) peAss(R/q)

This holds if and only if there is only one associated prime.

(3) <= (4) is clear, since each statement is just a restatement of the other one.

(1) <= (5): Given the observation that the radical of a primary ideal is prime,
this is just a rewording of the definition.

(5) <= (6): We secretly already know this from the discussion on behavior of
ideals in localizations, in Proposition 4.27, which says that

qR,NR={r € R|rs e qfor some s ¢ p}.
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If the radical of an ideal is maximal, that does imply the ideal is primary.

Remark 5.44. Let I be an ideal with v/ = m a maximal ideal. If R is Noethe-
rian, then Assp(R/I) is nonempty and contained in Supp(R/I) = V(I) = {m}, so
Assg(R/I) = m, and hence [ is primary.

Note that the assumption that m is maximal was necessary here. Indeed, having
a prime radical does not guarantee an ideal is primary, as we saw in Example 5.42.
Moreover, even the powers of a prime ideal may fail to be primary.

Example 5.45. Let R = k[z,y, z]/(xy — z"), where k is a field and n > 2 is an integer.
Consider the prime ideal P = (x,z) in R, and note that y ¢ P. On the one hand,
zy = 2" € P", while 2 ¢ P" and y ¢ v/P* = P. Therefore, P" is not a primary ideal,
even though its radical is the prime P.

The contraction of primary ideals is always primary.

Remark 5.46. Given any ring map R—1-s , and a primary ideal @) in S, then the
contraction of @ in R (via f) @ N R is always primary. Indeed, if zy € Q N R, and
x ¢ QN R, then f(x) ¢ Q, so f(y") = f(y)" € Q for some n. Therefore, y* € Q N R,
and ) N R is indeed primary.

Lemma 5.47. If I1,...,1I; are ideals, then

Ass (R/ h Ij> C OASS(R/I]-).

In particular, a finite intersection of p-primary ideals is p-primary.

Proof. There is an inclusion R/([; N Iy) € R/I; & R/I,. Hence, by Lemma 5.23,
Ass(R/(I1N 1)) C Ass(R/I) UAss(R/I); the statement for larger ¢ is an easy induc-
tion.

If the I; are all p-primary, then

t t

Ass(R/(() 1) € (JAss(R/I;) = {p}.

=1 j=i

On the other hand, ﬂ;zl I; C L # R, so R/(ﬂ;:1 I;) # 0. Thus As.s(li’/(ﬂ;.:1 1)) is
non-empty, and therefore the singleton {p}. Then ﬂ;zl I; is p-primary by the charac-
terization of primary in Proposition 5.43 (3) above. O

Definition 5.48 (Primary decomposition). A primary decomposition of an ideal
I is an expression of the form
I'=qn---Nag,

with each q; primary. A minimal primary decomposition of an ideal [ is a primary

decomposition as above in which \/q; # ,/q; for i # j, and q; 2 ﬂ q; for all 4.”
J#i

2Some authors use the term irredundant instead of minimal.
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Remark 5.49. By the previous lemma, we can turn any primary decomposition into a
minimal one by combining the terms with the same radical, then removing redundant
terms.

Example 5.50 (Primary decomposition in Z). Given a decomposition of n € Z as a
product of distinct primes, say n = pi* - - - pi*, then the primary decomposition of the
ideal (n) is (n) = (p*) N--- N (pg*). However, this example can be deceiving, in that
it suggests that primary ideals are just powers of primes; as we saw in Example 5.45
they are not!

The existence of primary decompositions was first shown by Emanuel Lasker (yes,
the chess champion!) for polynomial rings and power series rings in 1905 [Las05], and
then extended to Noetherian rings (which weren’t called that yet at the time) by Emmy
Noether in 1921 [Noe21].

Theorem 5.51 (Existence of primary decompositions). If R is Noetherian, then every
ideal of R admits a primary decomposition.

Proof. We will say that an ideal is irreducible if it cannot be written as a proper
intersection of larger ideals. If R is Noetherian, we claim that any ideal of R can be
expressed as a finite intersection of irreducible ideals. If the set of ideals that are not
a finite intersection of irreducibles were non-empty, then by Noetherianity there would
be an ideal maximal with the property of not being an intersection of irreducible ideals.
Such a maximal element must be an intersection of two larger ideals, each of which are
finite intersections of irreducibles, giving a contradiction.

Next, we claim that every irreducible ideal is primary. To prove the contrapositive,
suppose that g is not primary, and take zy € q with « ¢ q, y ¢ /q. The ascending
chain of ideals

(@:y) Sa:y") Sa:y’) S
stabilizes for some n, since R is Noetherian. This means that y"*1f € ¢ = y"f € q.
We will show that
@+ @) N+ (2) =aq,
proving that g is not irreducible.
The containment q C (q + (")) N (q + (z)) is clear. On the other hand, if

a€ g+ (") N+ (z)),
we can write a = ¢ + by” for some ¢ € q, and
a€q+(r) = ay€q+(zy) =q.
So

by" =ay—ag€q = be(q:y") = (q:y").
By definition, this means that by™ € q, and thus a = ¢ + by"™ € q. This shows that
q is not irreducible, concluding the proof. O
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Primary decompositions, even minimal ones, are not unique.

Example 5.52. Let R = k[z,y|, where k is a field, and I = (2%, ry). We can write

I=(z)N (2 2y,y") = (2) N (2°,y).

These are two different minimal primary decompositions of I. To check this, we just
need to see that each of the ideals (22, zy,y*) and (z?,y) are primary. Observe that
each has radical m = (z,y), which is maximal, so by an earlier remark, these ideals are
both primary. In fact, our ideal I has infinitely many minimal primary decompositions:
given any n > 1,

I=(z)N (2% 2y,y")

is a minimal primary decomposition. One thing all of these have in common is the
radicals of the primary components: they are always (x) and (x,y).

In the previous example, the fact that all our minimal primary decompositions had
primary components always with the same radical was not an accident. Indeed, there
are some aspects of primary decompositions that are unique, and this is one of them.

Theorem 5.53 (First uniqueness theorem for primary decompositions). Suppose I is
an ideal in a Noetherian ring R. Given any minimal primary decomposition of I, say

I=qN---Nqy,

we have
{Vai, .-,V = Ass(R/I).

In particular, this set is the same for all minimal primary decompositions of I.

Proof. For any primary decomposition, minimal or not, we have
Ass(R/T) € | JAss(R/a) = [V, V)

from the lemma on intersections we proved, Lemma 5.47. We just need to show that
in a minimal decomposition as above, every p; := ,/q; is an associated prime.
So fix j, and let
i#]
Since the decomposition is minimal, the module /;/I is nonzero, hence by Lemma 5.21
it has an associated prime a. Let a be such an associated prime, and fix z; € R such
that a is the annihilator of 7; in I;/I. Since

qjxquj'ﬂqigqlﬂ"'ﬂqnzla
i#]
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we conclude that q; is contained in the annihilator of Z;, meaning q; C a. Since p; is
the unique minimal prime of q; and a is a prime containing q,, we must have p; C a.
On the other hand, if » € a, we have rz; € I C q;, and since z; ¢ q;, we must have
r € p; = /q; by the definition of primary ideal. Thus a C p;, so a = p;. This shows
that p; is an associated prime of R/I. O

We note that if we don’t assume that R is Noetherian, we may or may not have a
primary decomposition for a given ideal. It is true that if an ideal I in a general ring
has a primary decomposition, then the primes occurring are the same in any minimal
decomposition. However, they are not the associated primes of I in general; rather,
they are the primes that occur as radicals of annihilators of elements.

There is also a partial uniqueness result for the actual primary ideals that occur in
a minimal decomposition.

Theorem 5.54 (Second uniqueness theorem for primary decompositions). If I is an
ideal in a Noetherian ring R, then for any minimal primary decomposition of I, say
I'=qiN---Nqq, the set of minimal components {q; | \/q; € Min(R/1I)} is the same.
Namely, q; = IR g5 N R.

Proof. We observe that a localization g, of a p-primary ideal q at a prime A is either
the unit ideal (if p € A), or a pa-primary ideal; this follows from the fact that the
associated primes of R/q localize, Theorem 5.32.

Now, since finite intersections commute with localization, then for any prime A,

Iy = (q)a 0N (dr)a

is a primary decomposition, although not necessarily minimal. In a minimal decom-
position, choose a minimal prime A = p,. Then when we localize at A, all the other
components become the unit ideal since their radicals are not contained in p;, and thus
I, = (q;)p;t. We can then contract to R to get I,, N R = (q;),, N R = q;, since q; is
p;-primary. O

It is relatively easy to give a primary decomposition for a radical ideal:

Example 5.55. If R is Noetherian, and I is a radical ideal, then we have seen that
I coincides with the intersection of its minimal primes p;, meaning I = p; N --- N Pp;.
This is the only primary decomposition of a radical ideal.

For a more concrete example, take the ideal I = (zy, xz,yz) in k[x,y, z]. This ideal
is radical, so we just need to find its minimal primes. And indeed, one can check that
(xy,xz,yz) = (z,y) N (z,2) N (y,2z). More generally, the radical monomial ideals are
precisely those that are squarefree, and the primary components of a monomial ideal
are also monomial.
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Example 5.56. Let’s get back to our motivating example in Z[y/—5], where some
elements can be written as products of irreducible elements in more than one way. For

example, we saw that
6=2-3=(1+vV-5)(1—-+v-5).

So (6) = (2) N (3), but while (2) is primary, (3) is not. In fact, (3) has two distinct
minimal primes, and the following is a minimal primary decomposition for (6):

(6) =(2)N (3,1 ++/=5)N(3,1—+-5).

In fact, all of these come components are minimal, and so this primary decomposition
is unique. Primary decomposition saves the day!

Finally, we note that the primary decompositions of powers of ideals are especially
interesting.

Definition 5.57 (Symbolic power). If p is a prime ideal in a ring R, the nth symbolic
power of p is p( = p"R, N R.

This admits equivalent characterizations.

Proposition 5.58. Let R be Noetherian, and p a prime ideal of R.
a) pW ={r € R | rs €p” for some s ¢ p}.
b) p is the unique smallest p-primary ideal containing p".

¢) p™ is the p-primary component in any minimal primary decomposition of p".

Proof. The first characterization follows from the definition, and the fact that expand-
ing and contraction to/from a localization is equivalent to saturating with respect to
the multiplicative set, which we proved in Proposition 4.27.

We know that p(™ is p-primary from one of the characterizations of primary we
gave in Proposition 5.43. Any p-primary ideal satisfies R, N R = q, and if q¢ D p",
then p(™ = p"R,NR C qR, N R = q. Thus, p(™ is the unique smallest p-primary ideal
containing p".

The last characterization follows from the second uniqueness theorem, Theorem 5.54.

O

n

In particular, note that p™ = p™ if and only if p” is primary.

Example 5.59.

a) In R = k[z,y, 2], the prime p = (y, 2) satisfies p™ = p” for all n. This follows
along the same lines as Example 5.41 d.

b) In R = k[z,y, 2] = (xy —2"), where n > 2, we have seen in Example 5.45 that the
square of p = (y, z) is not primary, and therefore p® # p2. Indeed, zy = 2™ € p2,
and z ¢ p, so y € p@ but y & p>.
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c) Let X = X343 be a 3 x 3 matrix of indeterminates, and k[X] be a polynomial
ring over a field k. Let p = I5(X) be the ideal generated by 2 x 2 minors of X.
Write A, for the determinant of the submatrix with rows 4, j and columns £, 1.

Jll

We find

T11 d€t<X) :$11$31A1\2 - 1131121732A1|1 + 117113733A1|1

2|3 2|3 2[2
= (z11231A1)2 — 1123211 + 110330 )1)
2|3 2|3 2]2
- (37113731A1|2 - $12I31A1|1 + 517131‘31A1|1)
2|3 2|3 2[2
2
= — A+ ApAgp € L(X)7
312 23 313 22

Note that in the second row, we subtracted the Laplace expansion of the deter-
minant of the matrix with row 3 replaced by another copy of row 1. That is, we
subtracted zero.

While we will not discuss symbolic powers in detail, they are ubiquitous in commu-
tative algebra. They show up as tools to prove various important theorems of different
flavors, and they are also interesting objects in their own right. In particular, sym-
bolic powers can be interpreted from a geometric perspective, via the Zariski-Nagata
Theorem [Zar49, NM91]. Roughly, this theorem says that when we consider symbolic
powers of prime ideals over C[zy, ..., z4], the polynomials in p(™ are precisely the poly-
nomials that vanish to order n on the variety corresponding to p. This result can be
made sense of more generally, for any radical ideal in C[zy, ..., x4 over any perfect
field k& [FFH79, FMS14], and even when k = Z [DSGJ].

5.5 The Krull Intersection Theorem

Lemma 5.60. Let R be a ring. If I C J are ideals, J C /1, and J is finitely generated,
then there is some n with J" C I. Therefore, if R is Noetherian, for every ideal I,
there s some n with \/Tn Cc .

Proof. Write J = (fi,..., fm). By definition, each f/" € I for some ay,...,a,. Let
n:=ay +---+am + 1. Now J" is generated by products of the form f' --- fom with
by + -+ + b, = n. By the Pigeonhole Principle, at least one b; satisfies b; > a;, so

b1 b
e fomoe L
The second statement is a consequence of the first, since v/ is a finitely generated
ideal with v/I D I. O

Theorem 5.61 (Krull intersection theorem). Let (R, m, k) be a Noetherian local ring.

Then
ﬂ m" = 0.

n>1
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Proof. Let J = ﬂ m". First, we claim that J C mJ.

neN
Let mJ = q; N ---Ng¢ be a primary decomposition. To show that J C mJ, it is

sufficient to prove that J C g, for each . If \/q; # m, pick € m such that z ¢ /q;.
Then zJ C mJ C q;, but = ¢ /q;, so J C g; by definition of primary. If instead
V/4i = m, there is some N with m" C g; by Lemma 5.60. By definition of J, we have
J Cm? C q;, and we are done.

We showed that J C m.J, hence J = mJ, and thus J =0 by NAK 4.30. n

Remark 5.62. As an easy corollary, we obtain that
(1"=0
n=1

for any proper ideal I in a Noetherian local ring (R, m), since "™ C m” for all n.

In the non-local setting, it is not true in general that ﬂ I"=0.

n>1

Exercise 17. Let k£ be a field and let R = k x k be the product of k with itself.
Show that the ideal I = {(a,0) | a € k} is idempotent, meaning [? = I, and thus

(I"=1#0.

n>1

But it is true if R is a domain.

Theorem 5.63 (Krull Intersection Theorem for domains). If R is a domain, then

(1" =o.
n=1

for any proper ideal I in R.
Proof. Exercise. m



Chapter 6

Dimension theory

6.1 Dimension and height
Definition 6.1. A chain of primes of length n in a ring R is a chain
po G P G- G p, with p; € Spec(R).

We say a chain of primes is saturated if for each 4, there is no q € Spec(R) with
p; € q < p;r1- The dimension or Krull dimension of a ring R is the supremum of
the lengths of chains of primes in R. Equivalently, it is the supremum of the lengths
of saturated chains of primes in R. We denote the Krull dimension of R by dim(R).
The height of a prime p is the supremum of the lengths of chains of primes in R
that end in p, i.e., with p = p,, above. Equivalently, it is the supremum of the lengths
of saturated chains of primes in R that end in p. We denote the height of p by ht(p).
The height of an ideal [ is the infimum of the heights of the minimal primes of I:

ht(I) := inf {ht(p) | p € Min(I)}
To get a feel for these definitions, here are some easy observations.

Remark 6.2.

a) If p is prime, then dim(R/p) is the supremum of the lengths of (saturated) chains
of primes in R

with each q; € V(p).

b) If I is an ideal, then dim(R/I) is the supremum of the lengths of (saturated)
chains of primes in R

with each q; € V(I).
c¢) If W is a multiplicative set, then dim(W~'R) < dim(R).

76
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d) If p is prime, then dim(R,) = ht(p).

e) If ¢ O p are primes, then dim(Ry/pR,) is the supremum of the lengths of (satu-
rated) chains of primes in R

=

f) dim(R) = sup{height(m) | m € mSpec(R)}.
g) dim(R) = sup{dim(R/p) | p € Min(R)}.
h) If p is prime, dim(R/p) + height(p) < dim(R).
i) If I is an ideal, dim(R/I) + height(/) < dim(R).
j) The ideal (0) has height 0.
k) A prime has height zero if and only if it is a minimal prime.
We will need a few theorems before we compute the height and dimension of many
examples, but we can handle a few basic cases.
Example 6.3.
a) The dimension of a field is zero.
b) A ring is zero-dimensional if and only if every minimal prime is maximal.

¢) The ring of integers Z has dimension 1: there is one minimal prime (0) and every
other prime is maximal. Likewise, a principal ideal domain has dimension 1.

d) In a UFD, [ is a prime of height 1 if and only if I = (f) for a prime element f.

To see this, note that if I = (f) with f irreducible, and 0 C p C I, then p contains
some nonzero multiple of f, say af" with a and f coprime. Since a ¢ I, a ¢ p,
so we must have f € p, so p = (f). Thus, I has height one. On the other hand,
if I is a prime of height one, we claim I contains an irreducible element. Indeed,
I is nonzero, so it contains some f # 0, and primeness implies one of the prime
factors of f is contained in /. Thus, any nonzero prime contains a prime ideal of
the form (f), so a height one prime must be of this form.

e) If k is a field, then dim(k[z1,...,24]) > d, since there is a saturated chain of
primes (0) € (z1) € (z1,22) € -+ C (21,...,T4).

We pose a related definition for modules.
Definition 6.4. The dimension of an R-module M is defined as dim(R/anng(M)).

Note that if M is finitely generated, dim(M) is the same as the supremum of the
lengths of chains of primes in Suppg(M).
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Definition 6.5. A ring is catenary if for every pair of primes q 2 p in R, every
saturated chain of primes

has the same length. A ring is equidimensional if every maximal ideal has the same
finite height, or equivalently dim(R/P) is the same finite number for every minimal
prime P.

Here are some examples of what can go wrong.
Example 6.6. Consider the ring

klx,y, 2]

R=——.
(zy, x2)

We can find the minimal primes of R by computing Min((zy,z2)) in k[z,y,z]: (x)
and (y, z) are prime, and (x) N (y,2) = (xy,zz). Therefore, Min(R) = {(z), (y, 2) }
Now, the height of (z — 1,y, z) is one: it contains the minimal prime (y, z), and any
saturated chain from (y, z) to (z —1,y, z) corresponds to a saturated chain from (0) to
(x—1) in K[z], which must have length 1 since this is a PID. The height of (x,y—1, 2)
is at least 2, as witnessed by the chain (z) C (z,y — 1) C (z,y — 1,2). So R is not
equidimensional.

Even domains may fail to be equidimensional.

Example 6.7. The ring Z)[z] is a domain that is not equidimensional. On the one
hand, the maximal ideal (2, ) has height at least two, which we see from the chain

(0) € (z) € (n,2).

—=

On the other hand, the maximal ideal (22 — 1) has height 1; this is maximal since the
quotient is Q!

Remark 6.8.
a) If R is a finite dimensional domain, and f # 0, then dim(R/(f)) < dim(R).

b) If R is equidimensional, then dim(R/(f)) < dim(R) if and only if f ¢ |J p.
peEMin(R)

c¢) In general, dim(R/(f)) < dim(R) if and only if f ¢ U p.
Min(R)
dim(plg/p):dim(R)
d) f¢ U p if and only if dim(R/(p + (f))) < dim(R/p) for all p € Min(R).
peEMin(R)

Before we get too optimistic, know that there are Noetherian rings of infinite di-
mension, as the following example due to Nagata [Nag62, Appendix, Example 1] shows.
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Example 6.9. The ring R = k[zy, x9,...] is infinite-dimensional. Let
W =R~ ((z1) U (2, 23) U (24,25, 26) -+ )

and S = W~'R. This ring has primes of arbitrarily large height, given by the images
of those primes we cut out from W. Thus, it has infinite dimension. The work is to
show that this ring is Noetherian. We omit this argument here.

Note also that a ring might have finite dimension but not be Noetherian.

Example 6.10. Let R = k[z, 79, ...]/(23,23,...). On the one hand, R is not Noethe-
rian, since
(1) € (w1, 32) C (21,72, 23) C -+

is an infinite ascending chain of ideals. On the other hand, R has only one prime ideal,
and thus dim(R) = 0.

6.2 Artinian rings

To prepare for our next big theorems in dimension theory, we need to understand
the structure of zero-dimensional Noetherian rings. In order to do that, we will take
a theorem on primary decomposition for certain ideals in not necessarily Noetherian
rings.

Theorem 6.11. Let R be a ring, not necessarily Noetherian. Let I be an ideal such that
V(I)={my,...,m} is a finite set of maximal ideals. There is a primary decomposition

I=qiN---Nqs, and moreover I =qy---q; and R/I = R/q; X --- X R/qy.

Proof. First, we claim that I Ry, is m; Ry, -primary. The local ring (R/I)y, = Rum;/I R,
has a unique maximal ideal m; Ry, /I Ry, so if x,y € Ry, are such that zy € I Ry, and
x & m; Ry, then z is a unit modulo I,,, so y € I Ry,,. Now the contraction of a primary
ideal is primary, by Remark 5.46, so q; = [ Ry, N R is m;-primary, and [ C q; M-+ -Nqq.

On the other hand, equality of these modules is a local property, so let’s check it
at each prime. When p ¢ V(I), then both I and q; N--- N q; are the unit ideal in R,.
On the other hand, for each m; € V(I), I, = (q;)m, in Ry,. Therefore, I = q;---qq,
and this is a primary decomposition, since each q; is m;-primary.

Now notice that q;+q; = R for each pair q; # q;, so Theorem 0.8 applies. Therefore,
we obtain the fact that our intersection is a product and the quotient ring is a direct
product as a consequence of Theorem 0.8. O

Definition 6.12. A module M # 0 is simple if its only submodules are (0) and M.

Remark 6.13. If m is a maximal ideal in R, then R/m is a simple R-module. On the
other hand, if M is any cyclic R-module, then given any nonzero element m € M, Rm
is a nonzero submodule of M, and thus it must be all of M. Therefore, any simple
module must be cyclic. If I is a proper ideal contained in some maximal ideal m 2 I,
then m/[ is a proper nonzero submodule of R/I. Therefore, the simple modules of any
ring R are precisely those that are isomorphic to R/m for some maximal ideal m.
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In particular, if R is a local, then R has only one simple module up to isomorphism:
the residue field.

Definition 6.14. A module M has finite length if it has a filtration of the form
O0=MyCM, CMC---CM,=M

with M, /M; simple for each i; such a filtration is called a composition series of
length n. We say a composition series is strict if M; # M, for all i. Two composition
series are equivalent if the collections of composition factors M;,;/M; are the same up
to reordering. The length of a finite length module M, denoted ¢(M), is the minimum
of the lengths of a composition series of M. If M has does not have finite length, we
say that M has infinite length, or {(M) = co.

You may have seen the Jordan—Holder theorem in the context of groups:

Theorem 6.15 (Jordan—Holder theorem). Let M be a module of finite length.
1) Any proper submodule N of M has {(N) < £(M).
2) Any filtration of M can be refined to a composition series.

3) All strict composition series for M are equivalent, and hence have the same length.
Proof. 1f n := (M), consider a strict composition series of M of length n, say
O0=My C M, CM,C---CM,=M.
1) Given a submodule N of M, consider the filtration
0=MiNnNCMiNNCM,NNC---CM,NN=N.
By the Second Isomorphism Theorem, its composition factors satisfy
(M1 N N)/(M; N N) = (M1 0N + M;) /M.
This is a submodule of M;;/M;, which by assumption is simple. Then either
(Miyy NN+ M;)/M; =0 or (M1 NN+ M;)/M; = M; 1/ M,;.

The quotients that are zero correspond to terms that we can delete; the remaining
ones are simple modules. The resulting filtration is a strict composition series for
N, so this shows that ¢(N) < n. Moreover, if there are no zero coefficients to
delete, then

(Miy1 NN + M;) /M; = My /M;

for all 7, and in particular when we take 7 + 1 = n we obtain
N+M,  =M,N"N+M, =M, =M,

Since M /M, 1 is simple by assumption, we must have N = M. If N is a proper
submodule, this cannot happen, and thus at least one of the terms can be deleted,
so {(N) < n.
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2) Let us use induction on n to show that any chain of submodules of M, say
No & Ny C My G-+ & Ny,

has length at most n. If n = 0, then M = 0 and there is nothing to prove.
Now assume that n > 1 and that the statement holds for modules of length < n.
Since Nj_; must be a proper submodule of N, 1) tells us that ¢(Ny_1) < n, and
thus £ — 1 < n — 1. Therefore, k& < n. This shows our claim that all chains of
submodules of M have length at most n.

Now notice that if we are given a chain of submodules of length < n, then it cannot
be a compositions series, since by definition the smallest composition series has
length n. That means that some of the quotients are not simple, so we can extend
the chain by adding a term, as follows: if N;;1/N; is not simple, and N'/N; is
a.proper nonzero submodule, then N; C N;.; can be extended N; C N C N, ;.
Therefore, every chain of submodules can be extended to a composition series.

3) Suppose that
0=NgCNC---CN, =M

is a strict composition series of M # 0. Since ¢(M) is the smallest possible length
of a composition series, we have {(M) < k. Moreover, notice that for each ¢ > 1,
N; is a proper submodule of N;,;, and thus by 1) we have

(M) > l(Ng—1) > l(Ng_1) > -+ > L(Ny) > 0.
Therefore, ¢{(M) > k, so we must have {(M) = ((k). O
Let’s collect some basic consequences of this theorem.

Lemma 6.16. Length is associative on short exact sequences, that is, if

0—sAJoB 90—+

is a short exact sequence of R-modules, then ({(B) = ((A) + ((B).

Proof. Given filtrations of lengths a and ¢ for A and C| respectively, we can construct
a filtration for B of length a + ¢, so {(B) > ¢(A) + £(C). On the other hand, if

0=ByCB CBC---CB,=B

is a filtration for B, then B; N A and ¢(B;) are filtrations for A and C| respectively.
Suppose that both ¢g(B;) = g(Bsy1 and B;NA = B;y1 N A, and let b € B;.;. Then
g(b) € g(B;), so there is ' € B; such that b — b € kerg = im f. Since b and V' are
both in B;,i, we conclude that b — ¢ € B;,;; N A = B;NA. But bV € B;, so we
conclude that b € B;. Therefore, B; = B;,1. This shows that sum of the lengths of
the filtrations B; N A and ¢(B;) is at most the length of the filtration B;. We conclude
that ¢(B) < ((A) +4(C). O
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Using an homological trick we haven’t seen yet, one can actually show that if

0 Ay A, 0,

is an exact sequence, then Zﬁ(Ai) = 0.
i=1

Remark 6.17.
a) Given a chain of submodules 0 = My C M; C My, C --- C M, = M,

n—1

(M) = U Migr /M),

i=0
b) If M C N, then {(M) < ¢(N), with equality only when M = N.

Remark 6.18. If M is annihilated by a maximal ideal m, so that M is an R/m-module,
then (M) = dimpg/m(M/mM).

Example 6.19. Let R = R[z,y](;,). Then M = R/m? has length 3, since we have a
composition series 0 C xM C (x,y)M C M. However, M is not an R/m-vector space.

Back when we discussed Noetherian rings, we could have also considered the dual
notion of Artinian rings. The reason we have waited so long to do so is that as we will
soon show, Artinian rings are just Noetherian rings of dimension 0.

Definition 6.20. A ring is Artinian if every descending chain of ideals eventually
stabilizes. A module is Artinian if every descending chain of submodules eventually
stabilizes.

Adapting the proofs of the analogous statements for Noetherian rings and modules,
one can easily show the following:
Exercise 18.
a) If R is an Artinian ring, then R/I is Artinian for any ideal I of R.
b) If Risan Artinian ring, then any nonempty family of ideals has a minimal element.

c) If M is an Artinian module, and N C M, then N and M /N are Artinian.

Lemma 6.21. A module M has finite length if and only if it is both Noetherian and
Artinian.

Proof. If M has finite length, then all chains of submodules of M must have length at
most ¢(M), and thus in particular all ascending and descending chains of submodules
must stabilize.
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On the other hand, suppose that M is both Noetherian and Artinian. If M = 0,
there is nothing to show, so we might as well assume M # 0. The set of proper submod-
ules of M is then be nonempty, and thus it has a maximal element M; by Noetherianity.
This forces M /M, to be simple, so we can start constructing a composition series for
M by taking M O M. At each step, if we have constructed modules

Moy=M 2 My 2 My 2D --- 2 My

such that M;/M;,, is simple, either M}, = 0 and we can stop, or My # 0 and it
has a proper submodule. Repeating the initial construction for M}, which is again
Noetherian, we can continue to build a descending chain of submodules of M. But M
is Artinian, and thus this process must eventually stop, since M is Artinian. O

Lemma 6.22. Let R be a Noetherian ring. An R-module M has finite length if and
only if M s finitely generated and dim(M) = dim(R/ann(M)) = 0.

Proof. Suppose M has finite length. Then M is Noetherian, by Lemma 6.21, and in
particular finitely generated. Moreover, consider a composition series

0CM G MG G M, =M

for M. For each ¢ > 1, M;/M; 1 = R/m; for some maximal ideal m;. Also, our
composition series breaks into short exact sequences

0 M; M; M1 /M; —0.

When i = 1, My = M;/My = R/m;. Using Lemma 5.23 repeatedly, we conclude that
Ass(M;) C {my,...,m;} for each ¢, and in particular Ass(M) C {my,...,m;}. So all
the minimal primes over ann(M) are maximal, and dim(R/ann(M)) = 0.

Now suppose that M is finitely generated and dim(R/ann(M)) = 0. Since M is

finitely generated over a Noetherian ring, by Theorem 5.28 there exists a filtration of
M

M:MtQMt_lth_gg"'QMlgM():O
such that M;/M,;_; = R/p; for primes p; € Spec(R). For each 4,

ann(M)Mi =0CM_ | = ann(M) - <Mi,1 ‘R Mz) = P;.

Since dim(R/ann(M)) = 0, all the primes containing ann(A/) must be maximal, and
thus the p; are all maximal ideals. So our prime filtration is a composition series, and
M has finite length. O

Equivalently, an R-module M over a Noetherian ring has finite length if and only
if it is finitely generated and all of its associated primes are maximal ideals of R.

Exercise 19. Let (R, m) be a Noetherian local ring. An R-module M has finite length
if and only if M is finitely generated and m"M = 0 for some n.
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Example 6.23. Let (R,m) be a local ring. Then M = (R/m)" is a finite length
module for any n > 1. Note that (M) = dimg/m((R/m)") = n, while mM = 0.

Finally, we can show that Artinian rings are just zero-dimensional Noetherian rings.

Theorem 6.24. The following are equivalent:
a) R is Noetherian of dimension zero.
b) R is a finite product of local Noetherian rings of dimension zero.
¢) R has finite length as an R-module.
d) R is Artinian.

Proof. (1)=-(2): Since R is Noetherian of dimension zero, every prime is maximal and
minimal. Since there are finitely many minimal primes in R, by Theorem 5.5, there
are finitely many primes in R. By Theorem 6.11, R decomposes as a direct product of
Noetherian local rings, which all must have dimension zero.

(2)=-(3): It suffices to deal with the case when (R, m) is a local Noetherian ring of
dimension 0. In this case, the maximal ideal is the unique minimal prime, so m = \/@ .
Since R is Noetherian, Lemma 5.60 yields m”™ = 0 for some n. Then R has finite length
by Exercise 19.

(3)=-(4): This follows by Lemma (.21, noting that R is an Artinian R-module if
and only if R is an Artinian ring.

(4)=(1):

First we show that R has dimension zero. If p is any prime, then R/p is Artinian,
since the ideals of R/p are in bijection with the ideals of R containing p. Pick a € R/p
some nonzero element. The ideals

(@) 2 (a*) 2 (a”) 2 -+

stabilize, so a™ = a" b for some b. Since R/p is a domain, ab =1 in A, so a is a unit.
Thus, R/p is a field, so every prime is maximal. In particular, dim(R) = 0.

Second, note that there are only finitely many maximal ideals. Otherwise, of m;
are distinct primes for all ¢ > 1, consider the chain

mOomNmy O2mNmeNmg D - .

This stabilizes, since R is Artinian, so m,;; 2 my N---Nm, 2O my---m,. Since
M, is prime, m,,; 2 m; for some ¢ < n, and since m; is maximal, we conclude
that m; = m,, 1. This contradicts the hypothesis that the m; are all distinct maximal
ideals, so we conclude that R has finitely many primes, all maximal. Now, we apply
Theorem 6.11 to conclude that R is a finite direct product of local rings of dimension
zero. Each of the factors is a quotient of R, and thus each is Artinian. It suffices to
show that each factor is Noetherian. So our proof will be complete if we show that any
Artinian local ring (R, m) with only one prime must be a Noetherian ring.
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The chainm D m? D m? D - - stabilizes, so that m"” = m"*!. Notice that we cannot
apply NAK yet, since we don’t know m” is finitely generated. If m"™ # 0, consider the
family S of ideals I C m such that I'm™ # 0. This family contains m, so in particular
it is nonempty, and thus it must have a minimal element since R is Artinian. Take J
minimal in S. For some z € J, am™ # 0, and (z) C J C m, so J = (z) is principal by
minimality. Now, ((z)m) - m" = (z)m"™! = (z)m" # 0, so (z)m C (z) is in S, and by
minimality, () = m(z). Now we can apply NAK 4.30, so () = (0), contradicting that
m”™ # 0. Therefore,

0=m"Cm"'C.-..CmCR

In particular, R has finite length as an R-module, so R is a Noetherian R-module by
Lemma 6.21. We conclude that R is also a Noetherian ring. O]

Example 6.25. Some Artinian local rings include k[z,y]/ (22, y?), k[x,y]/ (22, zy, y?),
and Z/(p").

Note that dim(R) = 0 does not imply R Artinian unless R is also Noetherian.

Example 6.26. As we saw in Example 6.10, there are rings of dimension 0 that are
not Noetherian, and thus also not Artinian. In Example 6.10 we considered the ring
klzy,xo,...]/(x3,23,...), which in fact has only one prime ideal. Note however that

(1'1,332,...) D) (%2,%3,...) ) (I3,1’4,...) 2
is an infinite descending chain.

Even though every Artinian ring is Noetherian and has finite length, it is not true
that Artinian modules are always Noetherian or of finite length.

Example 6.27. Let R = C[z], and M = R[1/z|/R. Note that R[1/z] is the ring of
Laurent series, so M is the module of “tails” of these functions. This module does not
have finite length; it is not even finitely generated! Observe that any submodule N of
M either contains 1/z" for all n, or else there is a largest n for which 1/2" € N, and
N = R-1/a™ for this n. The module R-1/2" C M has length n, so it is Artinian,
Then every proper submodule of M is Artinian, and thus M itself is Artinian.

Definition 6.28. If (R, m, k) is local, a coefficient field for R is a subfield K C R
such that the map K — R — R/m = k is an isomorphism.

Rings like K[z](,)/] have coefficient fields: the copy of K. Some rings without
coefficient fields are Zg, and R[z],241). Other rings have lots of coefficient fields:
Clz,y](«) contains C(y) and C(z + y), which both are coefficient fields!

Remark 6.29. If (R, m, k) is local with coefficient field K, then a finite length R-
module M may not be a k-module (it may not be killed by m), but it is a K-vector
space by restriction of scalars, and ¢(M) = dimg (M).
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6.3 Height and number of generators

Theorem 6.30 (Krull’s Principal Ideal theorem). Let R be a Noetherian ring, and
f € R. Then, every minimal prime of (f) has height at most one.

Note that this is stronger than the statement that the height of (f) is at most one:
that would only mean that some minimal prime of (f) has height at most one.

Proof. Suppose the theorem is false, so that there is some ring R, a prime p, and an
element f such that p is minimal over (f) and ht(p) > 1. If we localize at p and then
mod out by an appropriate minimal prime, we obtain a Noetherian local domain (R, m)
of dimension at least two in which m is the unique minimal prime of (f). Let’s work
over that Noetherian local domain (R, m). Note that R = R/(f) is zero-dimensional,
since m is the only minimal prime over (f). Back in R, let q be a prime strictly in
between (0) and m, and notice that we necessarily have f ¢ q.

Consider the symbolic powers g™ of q. We will show that these stabilize in R.
Since R = R/(f) is Artinian, the descending chain of ideals

stabilizes. We then have some n such that q™R = q™R for all m > n, and in
particular, q(")}_% = gtV R. Pulling back to R, we get g™ C g™V + (). Then any
element a € q™ can be written as @ = b + fr, where b € gt C ¢ and r € R.
Notice that this 1rnphes that fr € q™. Since f ¢ q, we must have r € q (") This yields

Cl(n) =q n+1)_|_fq Thus q(n /q (n+1) (q(n /q (n+1) ) S0 q(n /q (n+1) (q(n /q (n+1) )
By NAK 4.30, g™ = q<n+1> in R. Similarly, we obtain q™ = g™ for all m = n.
Now, if a € q is nonzero, we have a™ € q" C q™ = q(™) for all m, so

ﬂ q(m) — m q(m) —

m>=1 m>=n

Notice that q" # 0 because R is a domain, and so ¢ D ¢" is also nonzero. So

() a =q™ #0.

m>=1

On the other hand, q(™) = q™ Ry N R for all m, and

m q(m)Rq C m quq _ ﬂ(qRq)m -0

m>1 m>=1 m>1

by the Krull intersection theorem 5.61. Since R is a domain, the contraction of (0) in
R, back in R is (0). This is the contradiction we seek. So no such q exists, so that
R has dimension 1, and in the original ring, all the minimal primes over f must have
height at most 1. O]
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We want to generalize this, but it is not so straightforward to run an induction.
We will need a lemma that allows us to control the chains of primes we get.

Lemma 6.31. Let R be Noetherian, p C q C a be primes, and f € a. Then there is
some q withp Cq Caand f €.

Proof. It f € p, there is nothing to prove, since we can simply take ¢ = q. Suppose
f ¢ p. After we quotient out by p and localize at a, we may assume that a is the
maximal ideal. We want to find a nonzero prime ¢’ C a. Our assumption implies that
f # 0, and then by the principal ideal theorem 6.30, minimal primes of (f) have height
one, hence are not a nor p. We can take q’ to be one of the minimal primes of f. [

Theorem 6.32 (Krull’s Height Theorem). Let R be a Noetherian ring. If I is an ideal
generated by n elements, then every minimal prime of I has height at most n.

Proof. By induction on n. The case n = 1 is the Principal Ideal Theorem 6.30.

Let I = (fi1,..., fn) be an ideal, p a minimal prime of I, and pg CTp1 C -+ T pp=p
be a saturated chain of length h ending at p. If f; € p;, then we can apply the induction
hypothesis to the ring R = R/(f1) and the ideal (fs,..., f,)R. Then by induction
hypothesis, the chain p; R C --- C p, R has length at most n —1,s0 h—1 <n—1 and
p has height at most n.

If f1 ¢ p1, we use the previous lemma to replace our given chain with a chain of the
same length but such that f; € p;. To do this, note that f; € p; for some i; after all,
fi € I Cp. So in the given chain, suppose that f; € p;41 but f1 € p;. If i > 0, apply
the previous lemma with a = p,1, ¢ = p;, and p = p,_; to find q; such that f; € g;.
Replace the chain with

PO G CPiaGCa&pi S-S hn=p
Repeat until f; € p;. O
Example 6.33.

a) The bound is certainly sharp: an ideal generated by n variables (z1, s, ..., z,) in
a polynomial ring has height n. There are many other such ideals. For example,
(u® — zyz, 2% + 222 — 6y°,vx + Tvy) € k[u,v,w,z,y,2]. An ideal of height n
generated by n elements is called a complete intersection.

b) The ideal (zy,zz) in klz,y, z] has minimal primes of heights 1 and 2.

c) It is possible to have associated primes of height greater than the number of
generators. For a cheap example, in R = k[z,y|/(z% ry), the ideal generated
by zero elements (the zero ideal) has an associated prime of height two, namely

(z,y).

d) The same phenomenon can happen even in a nice polynomial ring. For example,
consider the ideal I = (23, 9%, z%u + zyv + y*w) C R = kfu,v,w, z,y]. Note that
(u,v,w,x,y) = (I : 2*y*), so I has an associated prime of height 5.
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e) Noetherianity is necessary. Let R = k[z,zy,xy?,...] C k[z,y]. For all a > 1,
ry® & (x), since y* ¢ R, but (zy*)> = x - 2zy** € (x). Then (x) is not prime in R,
and moreover m = (x, xy, vy?,...) C \/@ Since m is a maximal ideal, we have
equality, so Min (z) = {m}. However, p = (xy,zy? zy3,...) = (y)k[zr,y] N R is
prime, and the chain (0) C p C m shows that ht(m) > 1.

Lemma 6.34. Let R be a Noetherian ring, and I be an ideal. Let fi,..., f; € I, and
Ji=(f1,-.., fi) for each i. Suppose that for each i,

fi ¢ U a.

aEMin(Ji_ 1)
agV(I)

Then any minimal prime of J; either contains I or has height 1.

Proof. We use induction on i. For ¢ = 0, Jy = (0), and every minimal prime has
height zero. Suppose know the statement holds for ¢ = m, and consider a minimal
prime q of J,,+1. Since J,,, C J,41, g must contain some minimal prime of .J,,, say
p. If p O I, then q O I. If q does not contain I, then neither does p. On the one
hand, f11 € Jmi1 € g. On the other hand, since p € Min(.J,,) and p ¢ V(I), our
assumption implies that f,, 11 ¢ p. In particular, p C q. By the induction hypothesys,
p has height m, and thus the height of q is at least m + 1. But J,,,;1 is generated by
m + 1 elements, so by the Krull Height Theorem 06.32, the height of q is then exactly
m—+ 1. O

Theorem 6.35. Let R be a Noetherian ring of dimension d.

a) If p is a prime of height h, then there are h elements fi,..., fn € p such that p is
a minimal prime of (f1,..., fr).

b) If I is any ideal in R, then there are (at most) d + 1 elements fi,..., far1 € 1

such that T = \/(f1,. .., far1).

c) Suppose that R is either a local ring or an N-graded ring with Ry a field. Let I
1s an ideal in R, homogeneous in the graded case. There are d elements, which
can be chosen to be homogeneous in the graded case, say fi,..., fq € I, such that

VI=\/(fi, - fa)-

Proof. We will use the notation from the previous lemma.

a) If p is a minimal prime in R, then p is minimal over the ideal generated by 0
elements, (0). Otherwise, we will use the recipe from the lemma above with
I = p. First, we need to show that we can choose h elements satisfying the
hypotheses. So we will show that starting from Jy = (0), we can find elements

fi,.., fn € psuch that J; = (f1,..., f;)

pe |J @

aeMin(J;)
agV (1)
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for i =0,...,h — 1. As long as the set on the right is nonempty,

(fh"‘?fi)g U a,
aeMin(J;)
agV(I)

so the previous statement allows us to choose f;1; as in the Lemma. So fix any
1t < h — 1, and suppose we have constructed .J;. The Krull Height Theorem 6.32
implies that all the elements in Min(.J;) have height strictly less than h. Since p
has height h, that implies that the sets Min(.J;) and V(p) are disjoint. So we want

to show that
pe | a= |J o«

aeMin( f1,...,fi) aeMin(f1,...,fi)
agV (1)
This is immediate by prime avoidance 5.35, again because p is not contained in
a minimal prime of (fi,..., f;). Thus, we can choose (fi,..., frn) C p as in the
lemma, and by the lemma its minimal primes either have height h or contain p.
Since (f1,..., fn) C p, some minimal prime ¢ of Jj, is contained in p. We know
that this q either contains p, and hence is p, or else is contained in and has the
same height as p, so again must be equal to p. Therefore, p is a minimal prime of

(fla"'afh)-

b) Again, we use the recipe from Lemma 6.34. We again need to see that we can do

this. Inductively, we will choose elements inside of I, so each J; is contained in I,
and V(I) C V(J;). We start with Jy = (0).
If for some i we have Min(J;) \ V(I) = @, then each minimal prime of J; lies in
V(I),s0 V(J;) C V(I). Then V(J;) = V(I), s0 v/J; = VI. If Min(J;))\V (I) # @,
then I ¢ q for any q € Min(J;) \V (1), and I € Uygn(s,)-v () @ by prime avoidance
5.35, so we can choose elements as in the lemma.

I/ (f1,-.., fi) = VT for i < d, we are done. Suppose not. Then we get elements
(fi,--s far1) = Jar1 C I such that the minimal primes of Jy,; either contain [
or have height at least d + 1. By the assumption that dim(R) = d, no prime has
height d+1, so all the minimal primes of J;,1 must contain /. Since J;.1 C I, any
minimal prime of Jz; must also be minimal over I. Thus, Min(Jz41) € Min([),
so V(Jay1) € V(I), and equality holds, so the radicals are equal.

¢) We again run the same argument, using homogeneous prime avoidance in the
graded case. The point is that the only (homogeneous, in the graded case) ideal
of height d already contains I. O]

Corollary 6.36. Let (R, m, k) be a Noetherian local ring. Then

dim(R) = min{n | \/(f1,..., fn) =m for some fi,..., fu} < p(m).

In particular, a Noetherian local ring has finite dimension.



90

Proof. The dimension of a local ring is the height of its maximal ideal. Thus, by
Krull’s Height Theorem (.32, the minimum 7 in the middle is at least dim(R), and
Theorem 6.35 gives the other direction. Since m is generated by p(m) elements, there
are in particular p(m) elements whose radical is m. ]

Definition 6.37. The embedding dimension of a local ring (R, m) is the minimal
number of generators of m, pu(m). We write embdim(R) := p(m) for the embedding
dimension of R.

So Corollary 6.36 can be restated as dim(R) < embdim(R).
Corollary 6.38. Let k be a field and R = k[x1,...,z4). Then dim(R) = d.

Proof. Let m = (z1,...,x4). The strict chain of primes
(0> - (5(31) - (1‘1,1}2> G- G (xh‘"?xd)

shows that dim(R) < d. On the other hand, the images of x,...,z4 in m/m? are
linearly independent, so p(m) = d. By Corollary 6.36, dim(R) = d. O

Rings whose dimension and embedding dimension agree are very nicely behaved.
Definition 6.39. A local ring (R, m) is regular if dim(R) = embdim(R).

So we just showed that power series rings k[xy, ..., z4] are regular local rings.

In general, a ring is regular if all its localizations are regular local rings. In order
for this definition to make sense, we need to first make sure that regularity localizes,
meaning that if (R, m) is a regular local ring, then Rp is also regular for all primes P.
But to do that, we need some homological algebra. However (spoiler alert!), things do
work out alright, and as you might expect, polynomial rings over fields are also regular.



Chapter 7

Dimension theory 11

7.1 Over, up and down

Given a ring homomorphism R ——= S, we want to study the behavior of chains of
primes under ¢, meaning how chains in R behave under expansion to .S or chains in S
behave under contraction to R.

First, we need a technical definition.

Definition 7.1. Let R——>S be a ring homomorphism, and consider a prime p in
R. The ring
ho(p) = (R~ p) " (S/pS)

is the fiber ring of ¢ over p. As a special case, we write k(p) for the fiber of the identity
map; this is R,/pR,, the residue field of the local ring R,.

The point of this definition is that the primes ideals in this ring correspond to the
primes in S that contract to p.

Lemma 7.2. Let R—2+S be a ring homomorphism, and p € Spec(R). The set
of primes in S that contract to p correspond to the primes in k4(p). More precisely,

Spec(rg(p)) = () (p)-

Proof. Consider the maps S —— S/pS —2= (R~ p)~*(S/pS) . In Example 3.39 we
saw that the map on spectra induced by 7 can be identified with the inclusion of
V(pS) into Spec(S). For the second map, g, we saw in Proposition 4.27 that the map
on spectra can be identified with the inclusion of the set of primes that do not intersect
R~ p, i.e., those whose contraction is contained in p. Together, these say (g o 7)* is
an inclusion, whose image is the set of primes in S that contract to p. O

We have seen that taking 1.5 N R does not always recover the ideal I. When [ is a
prime ideal, we can characterize this in terms of the induced map on Spec.
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Lemma 7.3 (Image criterion). Let R—2+S5 bea ring homomorphism. For any
p € Spec(R), p € im(¢*) if and only if pSN R = p.

Proof. If pS N R = p, then
R R S

J— oy —
p pSNR  pS’
so localizing at (R \ p), we get an inclusion x(p) C k,(p). Since x(p) is nonzero, so is
ky(p), and thus its spectrum is nonempty. By Lemma 7.2, there is a prime mapping
to p.

fFpSNR#p, then pSNR D p. If gqN R =p, then q 2 pS, so qN R 2 p. So no
prime contracts to p. [

Note that pS may not be prime, in general.

Example 7.4. Let R = C[z"] C S = C|z]. The ideal (" —1)R is prime. On the other
hand, if ¢ is a primitive nth root of unity, then

(" =1)8 = <H$— §i> S,

which is not prime. However, each of its minimal primes (x—(%)S contracts to (z"—1)R,
so (2" —1)SNR = (2" — 1)R. Similarly, the ideal ™R is prime, while 25 is not even
radical.

Example 7.5. Consider the inclusion R := k[zy,xz,yz] —— S := k[z,y, 2] and the
prime p = (zy) in R. Notice that (zz)(yz) € pS N R, but not in p, so pSN R 2D p,
and thus p ¢ im(p*). We can check this more directly, by noting that any prime @
in S contracting to p would contain pS = (z) N (y), so @ 2 (z) or @ O (y). But
(x) N R = (zy,xz) 2 p and (y) N R = (zy,yz) 2 p, so no prime in S contracts to p.

Corollary 7.6. If R C S is a direct summand, then Spec(S) — Spec(R) is surjective,
so Lemma 7.7 says the map on Spec is surjective.

Proof. By Lemma 2.17, we know IS N R = [ for all ideals in this case. O
We want to extend the idea of the last corollary to work for all integral extensions.

Definition 7.7. Let R be a ring, S an R-algebra, and I an ideal. An element r of R
is integral over [ if it satisfies an equation of the form

M ar™ e apr Fa, =0 with a; € I' for all 1.
An element of S is integral over [ if
s"+as" '+ +a, s +a, =0  with aq; € I' for all i.

The integral closure of I in R is the set of elements of R that are integral over I,
denoted I. Similarly, we write T’ for the integral closure of I in S.
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The convention is that I° = R for any ideal I of R.

Remark 7.8. Notice that TS N R = I is immediate from the definition.

Exercise 20. Let R C S, I be an ideal of S, and ¢t be an indeterminate. Consider the
rings R[It] C R[t] C S[t]. Here R[It] is the subalgebra of R[t] generated by elements
of the form at for all a € I. Notice that we can give this a structure of a graded ring
by setting all elements in R to have degree 0 and ¢ to have degree 1, so

R[It] = P 1t

n=0
This is usually called the Rees algebra of .
a) T° = {s € S| st € S[t] is integral over the ring R|[It]}.
b) 7% is an ideal of S.

In older texts and papers (e.g., Atiyah—-Macdonald [AM69] and [Kun69]) a different
definition is given for integral closure of an ideal. The one we use here is now the more
universally used notion.

Lemma 7.9 (Extension—contraction lemma for integral extensions). Let R C S be
integral, and I be an ideal of R. Then IS C TS, and hence ISNR C 1.

Proof. Let x € IS. We can write x = a181 + - -+ + a;5¢ for some a; € I. Moreover,
taking S’ = R][s1,..., s, we also have = € I5". We will show that x € TS/, sozel
follows as a corollary. So we might as well replace S with S, so that R C S is also
integral and module-finite. By Corollary 1.37, the extension is also module-finite.

Let S = Rby + - -- + Rb,,. We can write

t
Ibz = <Z ak3k> bz = Zaijbj
k=1 J

with a;; € I. We can write these equations in the form zv = Av, where v = (b, ..., b,),
and A = [a;j]. By the determinantal trick, Lemma 1.35, we have det(z/ — A)v = 0.
Since we can assume by = 1, we have det(z/ — A) = 0. The fact that this is the type
of equation we want follows from the monomial expansion of the determinant: any
monomial is a product of n terms where some of them are copies of x, and the rest are
elements of I. Since this is a product of n terms, a term in z° has a coefficient coming
from a product of n — ¢ elements of I.

So this shows that IS C 75. Now notice that TS N R = I is immediate from the
definition, as noted in Remark 7.8. O

Theorem 7.10 (Lying over). If R C S is an integral extension, then pS N R =p for
every p € Spec(R), so the induced map Spec(S) — Spec(R) is surjective.
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Proof. We claim that 7 C v/I. Indeed, if r € I, then
" ayr™ b a,r +a, =0

for some n and some a; € I’ for all 4, so

n 1

r" = —ar" " — - —ap_1r —a, € 1.

Therefore, if p is a prime in R, by Lemma 7.9 we have pS N R C p, and

pSNRCPCVp=p.

Then pS N R = p, and by Lemma 7.3 we conclude that p is in the image of the map
on Spec. O

klxy,zz,yz] C k[x,y, 2] is not surjective. So Theorem 7.10 does not apply — indeed,
this inclusion is not module-finite, and thus it is not integral. For example, the infinite
set {1,2",y™, 2" | n > 1} is a minimal generating set for k[z,y, z| over k[xy, zz, yz]

Both assumptions that the extension is integral and that it is an inclusion are
needed in Theorem 7.10.

Example 7.12.

a) Suppose [ is a regular element on R, but not a unit. Since f is regular, the map
R — Ry is an inclusion, but we claim it is not integral. If % was integral over
R, there would be a; € R such that

1 an—1

aq
—-— + + -4+ —=+a=0.
ot f

After multiplying by f™ all terms are of the form §, and thus in R, since the

localization map is injective. So
l=ap1f+ -+af""+af" €(f),

and f must be a unit.

So R — Ry is an example of an inclusion that is not integral. Note that the
image of the map on Spec is the complement of V(f), so in particular the map is
not surjective.

b) In contrast, the map R — R/(f) is integral, but it is not an inclusion. The map
on Spec is again not surjective: its image is V(f).

Remark 7.13. Let [ be an ideal in S. Suppose R — S is an integral extension.
There is an induced map R/(I N R) — S/I, and that map is integral: an equation of
integral dependance for s € S over R give an equation for integral dependance of its

class in S/I over R/(I N R).
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Lemma 7.14. If R—2= S is integral, Q N R is mazimal if and only if Q is mazimal
i S. If R C S is an integral extension of domains, R is a field if and only S is a field.

Proof. By Remark 7.13, the induced map R/(Q N R) C S/Q is an integral extension
of domains, and @ (respectively, @ N R) is maximal if and only if S/Q (respectively,
R/(QNR)) is afield. So it is sufficient to show the second statement, about inclusions
of domains.

Now suppose R C S is an integral extension of domains. Assume R is a field, and
take any nonzero s € S. Consider some equation of integral dependance of s over R,
say

§" 4 ap_18" a5 +ag = 0.

Since ag is a unit in R C S, we can divide by ag, so that
—s(s" M+ a, 18"+ Fay) =1

The s is a unit, and S is a field.
If S'is a field, and r» € R is nonzero, then there exists an inverse s for r in .S, which
is integral over R. Then

", 18" ot as+ag =0
for some a; € R, and multiplying through by "~ gives
5= —(Ap_1+ An_or -+ a1+ agr" ) € R.
Then R is a field. O

Theorem 7.15 (Incomparability). If R — S is integral and P C @Q are such that
PNR=QNR, then P=Q.

Proof. Since the map on spectra induced by R — R/ker(R) is injective, we can
replace R by the quotient and assume ¢ is an integral inclusion.

So suppose R C S is integral, and let p = PN R = ()N R. We claim that localizing
at (R~ P) preserves integrality: if x € S and w € R \ p, then we have equations of
the form

n n—1
"ttt e, =0 = (E) +ﬂ<£> _|_..._|_7n_":()_
w w \w wn
By localizing R at (R \ p), the image of p is a maximal ideal. So we reduced to the
situation where RN P = RN Q is a maximal ideal. By Lemma 7.14, P C () are both
maximal ideals. Therefore, P = Q). O

Corollary 7.16. Suppose R — S is integral and that S is Noetherian. If S 1is
Noetherian, then only finitely many primes contract to each p € Spec(R).
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Proof. If P € Spec(S) contracts to p, then P D pS, so in particular P contains some
prime ) minimal over pS. Then

pPSCRQCP = pCQNRCPNR=p,

so QN R=PNR. By Theorem 7.15, () = P. So all the primes contracting to p are
in Min(p.S), which is a finite set since R is Noetherian. O

Corollary 7.17. If R — S is integral, then ht(q) < ht(q N R) for any q € Spec(S).
In particular, dim(S) < dim(R).

Proof. Given a chain of primes ayg C -+ C a, = q in Spec(S), we can contract to R,

=

and by Theorem 7.15 we get a chain of distinct primes in Spec(R). O

Theorem 7.18 (Going up). If R — S is integral, then for every p C q in Spec(R)
and P € Spec(S) with PN R = p, there is some ) € Spec(S) with P C @ and
QNR=q.

The picture looks something like this:

P Pc@
3Q

Ul Ul

pCyq pCyq
Proof. Consider the map R/p — S/pS — S/P. This is integral, as we observed in
Remark 7.13. It is also injective, so Lying Over, Theorem 7.10, applies. Thus, there is
a prime a of S/ P that contracts to the prime q/p in Spec(R/p). We can write a = Q/P
for some @) € Spec(S), and we must have that @) contracts to q. ]

Corollary 7.19. If R C S is integral, then dim(R) = dim(S).

Proof. We have already shown that dim(S) < dim(R) in Corollary 7.17, so we just
need to show that dim(R) < dim(S). Fix a chain of primes py C - -+ C p,, in Spec(R).
By Lying Over, Theorem 7.10, there is a prime qq € Spec(S) contracting to po. Then
by Going up, Theorem 7.18, we have qo € q; with q; N R = p;. Continuing, we can
build a chain of distinct primes in S of length n. So dim(R) < dim(S), and equality
follows. O

Recall that a domain is normal if it is integrally closed in its field of fractions. In a
previous problem set, you showed that Z is normal; we now extend that result to any
unique factorization domain.

Lemma 7.20. A unique factorization domain is normal. In particular, a polynomial
ring over a field is normal.
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Proof. Let R be a UFD, and % € frac(R) be integral over R. We can assume that r
and s have no common factor. Then we have some q; € R such that
rh Tnfl

PR e

+--4a,=0 — rn:—(alrn_ls+---+an8n).

Any irreducible factor of s must then divide 7", and hence divide r. If s is not a unit
in R, then this contradicts that there is no common factor. Therefore, /s € R. n

Lemma 7.21. Let R be a normal domain, x be an element integral over R in some
larger domain. Let k be the fraction field of R, and f(t) € k[t] be the minimal polyno-
mial of x over k.

a) If x is integral over R, then f(t) € R[t] C k[t].

b) If x is integral over a prime p, then f(t) has all of its nonleading coefficients in

p.

Proof. Let x be integral over R. Fix an algebraic closure of k containing x, and let
1 =T, Ty,...,%, be the roots of f. Since f(t) divides any polynomial with coefficients
in k that x satisfies, it also divides a monic equation of integral dependance for z over
R. Therefore, each z; is a solution to such an equation of integral dependence, and
thus must be integral over R.

Let S = R[r1,...,7,] C k. This is a module-finite extension of R, so all of its
elements are integral over R. The leading coefficient of f(t) is 1, and the remaining
coefficients of f(t) are polynomials in the z;, hence they lie in S. On the other hand,
R is normal, so SNk = R. We conclude that all the coefficients of f are in R, and
f € RJt].

Now let x be integral over p. By the same argument as above, all of the x; are
integral over p. Since each x; € ES, any polynomial in the z; lies in ES. So the
nonleading coefficients of f lie in )35 N R = p, by Theorem 7.10. O]

Theorem 7.22 (Going down). Suppose that R is a normal domain, S is a domain,
and R C S is integral. Then, for every p C q in Spec(R) and @Q in Spec(S) with
Q N R = q, there is some P € Spec(S) with P C Q and PN R = p.

The picture looks like

Q PCQ
U  ~Z- U u
pCyq p Cq

Proof. As before, we can replace R and S by their localizations at the multiplicatively
closed set R\ q without loss of generality, since that extension is still integral. So now
q is the unique maximal ideal in R, and want to show that p is the contraction of some
prime ideal P C @), so it suffices to find some prime ideal in Sg. Se we can further
compose with the localization of S at ), and as before R — S is still an integrally
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closed extension. We have thus reduced to the case when (R, q) and (S, Q) are local.
By Lemma 7.3, it suffices to show that pS N R = p.

Let r € pSN R. Then r = sya; + -+, +s,a, for some s; € S and a; € p, so
r € R[s1,..., S

Let W = (S N Q)(R ~ p) be the multiplicative set in S consisting of products of
elements in S\ @) and R ~ p. Note that each of these sets contains 1, so each set is
contained in W the product of the two. We will show that W NpS' is empty. Once we
do that, it will follow from Lemma 3.41 that there is a prime ideal P in S containing
p.S such that W N P is empty. Notice that such a prime is necessarily contained in @,
since S\ Q C W. Moreover, R\p C W, so (QNR)N(R\ p) is empty, or equivalently,
QN R Cp. We conclude that Q N R = p.

So our goal is to show that W N pS is empty. We proceed by contradiction, and
assume there is some x € pS N W. We can write x = rs for some r € R~ p and
s € 8\ Q. Moreover, since x € pS, x is integral over p, by Lemma 7.9.

Consider the minimal polynomial of x over frac(R), say

h(z) = 2" +a2" ' + - +a, = 0.

By Lemma 7.21, each a; € ¢ C R. Then substituting x = rs in frac(R) and dividing
by ™ yields
a an,
g(s) :Sn+_13n_1+"‘+_n:0-
r r

We claim that this is the minimal polynomial of s. If s satisfied a monic polynomial of
degree d < n, multiplying by 7¢ would give us a polynomial of degree d that z satisfies,
which is impossible. So indeed, this is the minimal polynomial of s.

Since s € 5, and thus integral over R, Lemma 7.21 says that each 7 =: v; € R.
Since r ¢ p and r'v; = a; € p, we must have v; € p. The equation g(s) = 0 then shows
that s € v/pS. Since Q € Spec(S) contains ¢S and hence pS, we have s € \/pS C Q.
This is the desired contradiction. O]

Corollary 7.23. If R is a normal domain, S is a domain, and R C S is integral, then
ht(q) = ht(q N R) for any q € Spec(S5).

Proof. We already know from Corollary 7.17 that ht(q) < ht(qN R). Given a saturated
chain up to qN R, we can apply Going Down, Theorem 7.22 to get a chain just as long
that goes up to q. O

7.2 Noether normalization and dimension of affine
rings

Lemma 7.24 (Making a pure-power leading term).

a) Let A be a domain, and [ € R = Alxy,...,x,] be a (not necessarily homogeneous)
polynomial of degree at most N. The A-algebra automorphism of R given by
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o(x;) = x4 —|—mfzvn7i fori<n and ¢(z,) = x, maps f to a polynomial that, viewed
as a polynomial in x, with coefficients in Alxy,...,Tn-1], has leading term dx?
for some d € A and a € N.

b) Let k be an infinite field, and let R = k[, ..., x,] be standard graded, meaning
deg(xz;) = 1. Let f € R be a homogeneous polynomial of degree N. There is
a degree-preserving k-algebra automorphism of R given by ¢(x;) = x; + a;z, for
i <n and ¢(x,) = z, that maps f to a polynomial that viewed as a polynomial in
x,, with coefficients in k[zy,...,2,_1], has leading term ax® for some (nonzero)
a€ k.

Proof.

a) The map ¢ sends a monomial term dzj* - - - % to a polynomial with unique highest

degree term dzp@ N ta2N"* 4 tanaN+en - For each of the monomials dzf* - - - 20
in f with nonzero coefficient d # 0, we must have each a; < N, so the map
(ai,...,a,) = atN" ' +aysN""2 4 ... +a, 1N + a, is injective when restricted
to the set of exponent tuples of f. Therefore, none of the terms can cancel. We
find that the leading term is of the promised form.

b) We just need to show that the " coefficient of ¢(f) is nonzero for some choice

of a;. One can check that the coefficient of the 2V term is f(—ay, ..., —an_1,1).
But f(—a4,...,—a,_1,1), when thought of as a polynomial in the a;, is identically
zero, then f must be the zero polynomial. O

Theorem 7.25 (Noether Normalization). Let A be a domain, and R be a finitely
generated A-algebra. There is some nonzero a € A and x1,...,x; € R algebraically

independent over A such that R, is module-finite over Ay|xy,...,x]. In particular, if
A =k is a field, then R is module-finite over klxy, ..., .

Proof. We proceed by induction on the number of generators n of R over A. There is
nothing to prove in the case when n = 0.

Now suppose that we know the result holds for A-algebras generated by at most
n — 1 elements, and let R = Alry,...,r,). If r1,...,r, are algebraically independent
over A, we are done. If not, there is some f(zy,...,2,) € Alxy,...,z,] such that
f(r1,...,m) = 0. After possibly applying Lemma 7.24 to change our choice of algebra
generators, we can assume that f has leading term az? for some a. Then f is monic

in z, after inverting a, so R, is module-finite over A,[ry,...,r,_1]. By hypothesis,
Awp[ri, ..., mn_1] is module-finite over Agplxy, ...,z ] for some b € A and x4, ...,z that
are algebraically independent over A. Since R, is module-finite over Ag[ry, ..., 7 1],
R, must also be module-finite over Az, ..., 2], and we are done. O

Theorem 7.26 (Graded Noether Normalization). Let k be an infinite field, and R
be a finitely generated N-graded k-algebra with Ry = k and R = k[R;|. There are
homogeneous elements x4, ...,x; € Ry algebraically independent over k such that R is
module-finite over klzy, ..., x.
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Proof. We repeat the proof of Theorem 7.25 but use Lemma 7.24 (2), the graded
version. u

Remark 7.27. There also exist Noether normalizations for quotients of power series
rings over fields: after a change of coordinates, one can rewrite any nonzero power

series in k[zy,...,7,] as a series of the form u(z¢ + ag_1237 + -+ + ag) for a unit u
and ag, ...,aq-1 € k[x1,...,2,-1]. This is called Weierstrass preparation. The proof
of the Noether normalization theorem proceeds in essentially the same way. Thus,
given kfxy,...,2,]/I, we have some module-finite inclusion of another power series

ring kz1, ..., 24 C k[xy, ..., z,]/1.

Theorem 7.28. Let R be a domain that is a finitely generated algebra over a field
k, or a quotient of a power series ring over a field. Let k[zy,...,zq] be any Noether
normalization for R. For any mazimal ideal m of R, the length of any saturated chain
of primes from 0 to m is d. In particular, dim(R) = d.

Proof. We will show the proof in the case when R is a finitely generated domain
over a field k; the power series case is similar, and left as an exercise. We prove by
induction on d that for any finitely generated domain with a Noether normalization
with d algebraically independent elements, any saturated chain of primes ending in a
maximal ideal has length d.

When d = 0, R is a domain that is integral over a field, hence R is a field by
Lemma 7.14. So suppose the statement holds for d—1, and let R be a finitely generated
domain over some field k with Noether normalization k[z1, ..., z4). Consider a maximal
ideal m of R, and a saturated chain

0CHsS - Saq=m

=

Consider the contraction of this chain to A = k[zq,. .., z4], which by Theorem 7.15 are
distinct primes in R:
0P & & P

Our assumption that the original chain is saturated implies that q; has height 1. If
p1 had height 2 or more, then by Going Down, Theorem 7.22, so would q;, so p; has
height 1 as well. Since k[z1, ..., z4] is a UFD, p; = (f) for some prime element f, by
Example 6.3 d. After a change of variables, as in Lemma 7.24, we can assume that f
is monic in z4 with coefficients in k[zq,...,z4-1]. So k[z1,...,24-1] € A/(f) C R/qx
are module-finite, and the induction hypothesis applies to R/q;. Now

O=qi/q1 S d2/q1 & S q/dr =m/qy

is a saturated chain in the affine domain R/q; going up to the maximal ideal m/q;.
The induction hypothesis then says that this chain has length d —1,s0 k —1=d — 1,
and k£ = d. O]

Corollary 7.29. The dimension of the polynomial ring k[z1, ..., x4 is d.
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Proof. The polynomial ring k[xy, ..., z4] is a Noether normalization of itself, and The-
orem 7.28 says that it must have dimension d. O

This matches our geometric intuition: k[zy,...,z4] corresponds to A¢, and we are
used to thinking of A¢ as a d-dimensional space. Moreover, if R is a finitely generated
k-algebra, then R is a quotient of k[zy,. .., z4], where d is the number of generators of
R as a k-algebra. Therefore, dim(R) < d.

Corollary 7.30. If R is a k-algebra, the dimension of R s less than or equal to
the minimal size of an algebra generating set for R over k. If R = k[f1,..., fa] and
dim(R) = d, then R is isomorphic to a polynomial ring over k, and the generators f;
are algebraically independent.

Proof. The first statement is trivial unless R is finitely generated, in which case we can
write R = k[f1,..., fs] = k[z1,...,x4]/I for some ideal I, so

dim(R) < dim(k[zy, ..., z4]) = d.

Suppose we chose s to be minimal. If I # 0, then dim(R) < s, since the zero ideal is
not contained in 1. O

Corollary 7.31. Let R be a finitely generated algebra or a quotient of a power series
ring over a field.

1) R is catenary.
If additionally R is a domain, then

2) R is equidimensional, and

2) ht(I) = dim(R) — dim(R/I) for all ideals I.
Proof.

1) Let p C g be primes in R. We can quotient out by p, and assume that R is a
domain and p = 0. Fix a saturated chain C' from q to a maximal ideal m. Given
two saturated chains C’, C” from 0 to q, the concatenations C’'|C' and C"|C are
saturated chains from 0 to m, so by Theorem 7.28 they must have the same length.
It follows that C" and C” have the same length.

2) Equidimensionality is immediate from Theorem 7.28.
3) We have
ht(I) = min{ht(p) | p € Min(])}
and
dim(R/I) = max{dim(R/p) | p € Min(])}.

Therefore, it suffices to show the equality for prime ideals, since if p € Min(7)
attains the minimal ht(p), then it also attains the maximal dim(R/p). Now, take
a saturated chain of primes C' from 0 to p, and a saturated chain C’ from p to
a maximal ideal m. Since R is catenary, C' has length ht(p). Moreover, C’ has
length dim(R/p) by Theorem 7.28, and C|C" has length dim(R) by Theorem 7.28.
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]

Example 7.32. Let’s use our dimension theorems to give a few different proofs that
R = k[z,y, 2]/(y* — x2) has dimension 2 for any field K.

1) k[z, z] is a Noether normalization for R, so the dimension is 2.

2) We observe that y? — xz is irreducible, e.g., by thinking of it as a polynomial in
y and applying Eisenstein’s criterion. Then (y? — z2) is a prime of height one, so
the dimension of R is dim(k[z,y, 2]) — ht((y? —x2)) =3 — 1 = 2.



Chapter 8

Hilbert functions

8.1 Hilbert functions of graded rings
We now introduce a useful combinatorial book keeping tool for the vector space di-

mensions of the graded components of a finitely generated k-algebra.

Definition 8.1. Let k be a field. If R is an N-graded k-algebra, the Hilbert function'
of R is the function Hg: Z ——= NU oo defined by

HR(t) = dlmk(Rt)

Similarly, if M is a Z-graded R-module, the Hilbert function of M is the function
Hi:Z—NUoo defined by

H]y[(t) = dlmk(Mt>
We may write HE(t) or HY,(t) if we want to emphasize what field k& we are considering.

Sometimes it’s useful to collect the values of the Hilbert function in the form of a
power series.

Definition 8.2. If R is Z-graded or N-graded we define the Hilbert series of R or of
a graded R-module M by hg(z) = >, ., Hr(i)z" and hy(z) = 3,0 Hu(i)2"

Example 8.3. Consider the standard graded ring

R = klz,y]/(z% %) :Jg/@gkx@kyz@gkxy@ky?)/@@/yj

Ro Ry Ry R
1 ift=0
Then Hp(t) = i 1£iz;”2amihR@):1-+zz+2z2+z?
0 ift>4

!Some authors call the Hilbert series the Poicaré series, but in modern terminology that means
something else.
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Notice that in this example Hg(t) is eventually the zero function, which we will
take by convention to have degree —1 as a polynomial. Note also that R is a finite
dimensional k-algebra, hence Artinian. So dim(R) = 0.

The key example of a Hilbert function is what happens in the case of a polynomial
ring.

Example 8.4. Let k be a field, and R = k[zy,...,z4] be a polynomial ring with the
standard grading, meaning degx; = 1 for each 7. To compute the Hilbert function of
R, we need to compute the size of a k-basis for Hg(t) for each ¢. Such a basis is given
by all the monomials in xy, ..., z, of degree t:

R, = @ k-axit--ayt
a1+--+aq=t

We can easily count the number of monomials of degree ¢ using elementary combina-
torics, and we find that

Hy(t) = (tﬁ] 1) _ (t+cj—1

We claim that the binomial function here can be expressed as a polynomial in t for
t > 0. Consider

) for t > 0.

(t+d-1)(t+d—2)---(t+1)
Py(t) = t|.
(1) P e Qi
Observe that P,(t) has —1,—2,...,—(d — 1) as roots. Then
Pd(t) ift > —d
Hg(t) =
~lt) {0 it t < 0.

Note that the two cases overlap for —(d — 1) <t < —1.

Notice that in this example the Hilbert function is eventually (for t > —d) equal to
a polynomial of degree d — 1. Moreover, recall that dim(R) = d.

To compute the Hilbert series, notice that the number of monomials of degree t is
equal to the number of ordered tuples (ay,...,aq) with a; + -+ 4+ ag = t. This is the
coefficient of 2! in the product

(I+z+22 42 NI+ +22 4224 ) (T2 224 2% )

hence
1

hR(z):(1+z+z2+---+zi+---)d:u_—z)n.

While the Hilbert function is a polynomial for any n € N in this example, this is
not always the case. Here’s a cheap example:
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Example 8.5. Let k be a field, and R = k[zy,...,x,] a polynomial ring with the
standard grading |x;| = 1 for each i as in the previous example and let d be an integer.
Then

HR(—d) (t) = dlmk(R<—d)t) = dimk(R(—d)t,d = HR(t — d)

and hp_q)(2) = z4hp(2). In particular, we see that Hp(—ay@) = Pa(t—d) fort—d > —n,
can be expressed as a polynomial in ¢ when t —d > —n, so for ¢t > d —n. This Hilbert
function is no longer a polynomial for all nonnegative integers, but it is a polynomial
for high enough values of t.

To compute more sophisticated examples, we use short exact sequences. Unsurpris-
ingly, Hilbert polynomials behave well with respect to short exact sequences.

Lemma 8.6. Let R be a graded ring, and
0 L M N 0

be a degree-preserving short exact sequence of graded R-modules. Then Hy = Hp+Hy.

Proof. In each degree t we get short exact sequences of vector spaces

0 L, M, —2~ N, 0.

The claim follows from the Rank—Nullity Theorem from Linear Algebra:
dim(M;) = dim(im g) + dim(ker f) = dim(im g) + dim(im g) = dim(N;) + dim(Ly).
O

We can now compute a more sophisticated example.

Example 8.7. Let f be a homogeneous element of degree d in a Z-graded ring R. We
have the short exact sequence

0——R(—d)—= R——R/(f) —=0.
By Lemma 8.6 and the definition of shift, this gives
Hp = Hp—a)+ Hpryp) = Hryp)(t) = Hr(t) — Hr-a)(t) = Hr(t) — Hr(t — d)
and
he = hr—ay + hryp) = hryp)(2) = hr(2) — hra)(z) = hr(z) — 2°hg(2).

Then
Hpyp)(t) = Hr(t) — Hr(t — d)

and

hiyip)(2) = (1= 2%)hg(2).
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When R = klxy,...,z,]|, we saw in Example 8.4 that Hg(t) = P,(t) is a polynomial
fort > —n. If d<n,thent—d> —nforallt> 0, so

Hpyp)(t) = Palt) — Po(t — d) = (HZ— 1) B (t—dtn— 1)

is still given by a polynomial. When d > n, Hg/y)(t) still agrees with a polynomial
eventually: for all t > d — n.

We can now show that Hilbert function is always eventually equal to a polynomial,
as in Example 8.7.

Theorem 8.8. Let k be a field, and R be a finitely graded k-algebra such that Ry = k
and R is generated by elements of degree one. Let M be a finitely generated graded R-
module.” There is a polynomial Py (t) € Q[t] and somen € N such that Hy(t) = Pu(t)
fort = mn. Moreover, deg(Pys) = dim(M) — 1, and we can write

Py (t) = (dim(]\f[) — 1)!tdim(M)*1 + lower order terms

for some positive integer e. Finally, if dim(M) = 0 then Py = 0.

Proof. We will use induction on the dimension of M.

If dim(M) = 0, then M has finite length by Lemma 6.22. In particular, it must
be finite dimensional as a k-vector space, so only finitely many graded pieces can be
nonzero. So for ¢t > 0, Hy(t) = 0, which is a polynomial of degree —1, by our
convention.

Now suppose that the theorem holds for every ring R satisfying our hypotheses
and for every R-module of dimension n — 1. Assume M has dimension n, and take a
homogeneous prime filtration of M, which we constructed in Theorem 5.28. Say this
prime filtration is

M:Mmng—lng—QQQMlgMOZO

with M;/M;_1 = R/p;(d;) for some homogeneous primes p; and integers d;. This breaks
into short exact sequences

0 M; My M1 /M; —0 .

Using Lemma 8.6 inductively on ¢, we get that Hy(t) = Hrp,(a)(t)+- -+ Hpg/p(dn) (1)
Observe that Hpg/p,(a,)(t) = Hpp, (t + d;) for each i. Since the associated primes of M
are contained in V(anng(M)), we have dim(R/p;) < dim(M). Moreover, there must
be some p; for which equality occurs, since every associated prime of M occurs among
the p;, so in particular all the minimal primes of anng(M) are among the p;. If we can
show that each module of the form R/p; verifies the conclusion of the theorem, then we

2Recall that the dimension of a module M is the dimension of R/ anng(M).
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are done: all of the claims of polynomiality, degree, and positivity of leading term pass
to Hy(t) by the equality above, as the shifting does not change degree or the leading
term, dim(M) = max{dim(R/p;)}, and the leading term satisfies the hypotheses again.

If M = R/p;, then take a homogeneous Noether normalization A for this k-algebra
M, and consider a homogeneous prime filtration for M as an A-module. Every factor
is either a shift of A, or else has dimension less than a := dim(A) = dim(M), since A
is a domain. Applying the induction hypothesis and the formula

Hy(t) = Hrypyan)(t) + -+ Hryp, ) (1)

from above to this context, we find that Hy(t) is a sum of shifts of the polynomial
P,(t) from Example 8.4, plus polynomials of lower degree. Notice that

P,(t) = (tta-lli+ta=2)-(+]) - ! 1 4+ lower degree terms.
(a—1)! (a—1)!

Thus, the claims hold for M. O

Definition 8.9. The Hilbert polynomial of a graded module is the polynomial
Py (t) that agrees with Hy(t) for ¢ > 0. The multiplicity of an R-module M # 0 is
the positive integer e(M) such that

e(M)

Py(t) = (dim(M) — 1)!tdim(M)*1 + lower order terms.

Example 8.10. The multiplicity of a standard graded ring is e(k[z1,...,z,]) = 1.

Proposition 8.11. Let k be a field, and R be a finitely graded k-algebra such that
Ry =k and R 1is generated by elements of degree one. Let

0 L M N 0

be a short exact sequence of graded R-modules. Then Py (t) = Pr(t) + Pn(t). If
dim(L) = dim(M) = dim(N), then e(M) = e(L) + e(N).

Proof. Both claims follow immediately from the fact that Hilbert functions are additive
on short exact sequences, Lemma &.0. O

Example 8.12. If R is a polynomial ring, then e(R) = 1. If R = S/ fS for a polynomial
ring S and a homogeneous element f of degree d, then e(R) = d.

Example 8.13. If k[xy,...,z,] is a standard N-graded ring and f is a homogeneous
element of degree d, then R = k[z1,...,x,]/(f) satisfies e(R) = d. We can compute
this using Example 8.7.

We can use Theorem 8.8 something about the Hilbert series as well, thanks to the
following lemma.
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Lemma 8.14. Let ¢: N — N, and consider its generating function g(z) = Z B(i)2".
i=0

The following are equivalent:

a) there is a polynomial P € Q[t] of degree d — 1 such that ¢p(n) = P(n) forn >0

b) o) =

Proof sketch. Use the “negative binomial” formula

- (V) .

1=0

for some q € Z[z] such that q(1) # 0 and d > 0.

Corollary 8.15. Let k be a field, and R be a finitely graded k-algebra such that Ry = k
and R is generated by elements of degree one. Let M be a finitely generated graded R-
module. Then the Hilbert series of M is of the form

q(z)

h =
for some q € Z|z], where d = dim(M).
Proof. Immediate from Theorem .8 and Lemma 8.14. O

We have now given many different characterizations for the dimension for a finitely
generated graded k-algebra. Here’s a summary:

Theorem 8.16 (The dimension theorem - graded version). Let K be a field, and R be
a finitely generated graded K -algebra such that Ry = K and R is generated by elements
of degree one i.e. R = Ry[R1]. The following numbers are equal:

a) The Krull dimension of R.
b) The smallest d such that \/(x1,...,24) = Ry for some homogeneous x1,. .., xq.
c) 1+ deg(Pgr), where Pg is the Hilbert polynomial of R.

d) The order of pole of the Hilbert series of R at 1, that is, the number d such that
hr(z) = (1quz))d and this fraction is in lowest terms, i.e. q(1) # 0.

Finally, we also want to consider the case when the ring is not necessarily generated
in degree one. The key fact we will need is the following:

Exercise 21. Let k be a field, and R be a finitely generated positively graded k-algebra
with Ry = k. There is some d € N such that the subring R® = @ R;q is generated
120
as a k-algebra by Ry.
The Hilbert function of a non-standard graded k-algebra is no longer eventually a
polynomial. But it is eventually a quasipolynomial.
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Definition 8.17. A function f: Z — R is a quasipolynomial if there exists an
integer b and polynomials py,...,ps—1 € R[t] such that f(n) = p.(n) for ¢ = n mod b
for each n € Z.

So a quasipolynomial alternates between various polynomials.

Theorem 8.18. Let k be a field, and R be a finitely graded k-algebra such that Ry = k.
Let M be a finitely generated graded R-module. Then there is a quasipolynomial with
rational coefficients Py(t) such that Hy(t) = Py (t) fort > 0.

Proof. Let d be such that R@ is generated by Ry, which exists by Exercise 21. We
can think of R@ as a standard graded k-algebra, where we consider the elements of
R;q to have degree i. Since R is finitely generated as a k-algebra, it is also a finitely
generated R(@-algebra. Moreover, any homogeneous element z € R satisfies a monic
equation of the form t¢ — 2? € R@W[t], so R is integral over R¥. By Corollary 1.37,
R is module-finite over RY. So M is a finitely generated R(?-module. However, its
grading over R is not consistent with the grading of R(¥. We can decompose M as an

R@W_module as

M=Ny®N @ ® Ny, where N; = ) M.

€N

Set [Nj]; := Mjyq. This gives us a grading on each N; that is compatible with R(®.
Note also that each N; is a submodule of a finitely generated module over a Noetherian
ring, so is also finitely generated. Therefore, each N; admits its own Hilbert polynomial.
Taking each of these, we obtain a quasipolynomial that agrees with the Hilbert function
for large values. O

One can then show (see [Mat89, Theorem 13.2]) that the Hilbert series of a finitely
generated graded module over a non-standard graded k-algebra with Ry = k is of the
form

q(t)
(1—t)yh - (1 —t)dn’

where the integers d; are the degrees of the algebra generators of R.

8.2 Associated graded rings and Hilbert functions
for local rings

We next wish to give a version of the dimension theorem from the previous section in
the local case. For this, we need a notion of Hilbert function that applies to local rings.
We get this by associating a graded ring to each local ring.
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Definition 8.19. The associated graded ring of an ideal [ in a ring R is the ring
gr;(R) =1/
neN

with n-th graded piece I"™/I"™! and multiplication
(a+ 1"+ 1" =ab+ 1™ fora € I", be I™.
If (R, m) is local, then gr(R) := gr,,(R) will be called the associated graded ring of R.
Note that the multiplication is well-defined.

Remark 8.20. If a € I", b e I™, u € I"" v € I thatis, a +u € a + I and
b+wv &b+ ™ then

(a+u)(b+v) =ab=av +bu+uv € ab+ """,

So the multiplication on the associated graded ring is indeed well-defined.

Remark 8.21.
a) [gr;(R)]o = R/I, so if (R, m, k) is local then [gr(R)]o = R/m = k.

b) Each graded piece [gr(R)],, = ["/I"™ is an R-module annihilated by I, so it is
an R/I-module. If (R, m, k) is local then [gr(R)], is a k-vector space.

c¢) Let Rbe Noetherian and I = (fy,..., fu). Then fi+1?%,..., fo+I* € [gr;(R)]; and
gr;(R) = (R/I)[f1,..., fn] is finitely generated as a [gr(R)]o-algebra by elements
of degree one. If (R, m, k) is Noetherian and local, then by NAK Proposition 4.32
a basis for [gr(R)], corresponds to a minimal set of generators for m”, and in
particular dimg[gr(R)], = p(m") < oco.

Example 8.22. Take R = k[z,y] and I = (z,y). Then
g (Ry=R/IoI/PolP/IP® - - =kd(kxdky) @ (kr*Dkaydky®) @ -

so we see that in fact gr(, , (k[z,y]) = k[r,y]. Similarly, for any graded k-algebra
generated in degree 1, grp, (R) = R.

Example 8.23. Let R = k[z, Y] ()
a) Let I = (z,y). The same computation as above applies to show
8 (4 K[ Yl (@) = K[z, 9.
b) Now take I = (2%, y?). Then
gri(R) = R/1® (2*R/I & y*R/I)® (*R/1 ® 2*y’R/I ® y’R/I) & - --

so we get

gr;(R) = (R/D)[2*, 7]
with deg (z?) = deg (y*) = 1 and deg (r +I) = 0 for all r € R. In this case the
R/I-algebra generators for gr;(R) are algebraically independent.
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c¢) Finally take I = (2, xy). Then
gr;(R) = (R/D)[* xy],

with deg(2?) = deg(zy) = 1 and deg(r + I) = 0 for all r € R. However, in this
case the algebra generators x2, zy are not algebraically independent over R/I. For
example, yr? — Tay = 0.

Definition 8.24. Let (R, m) be a local ring. The Hilbert function of R is
Hat) i= Hym 1)
and Hilbert series of R is
hir(t) = hg(r)(t).
Example 8.25. When R = k[z, y|(,y),
HR(t) = Hk[x,y](t) =t+1.

More generally, if R = k[z1, ..., %)

-----

as in Example 8.41.

We will prove in 7?7 at the end of the section that for any ring R and ideal I,
dimgr;(R) = dim R. We use this to show that just like for graded rings the Hilbert
function of a local ring is eventually equal to a polynomial.

Theorem 8.26. . Let (R, m, k) be a local ring. Then there is a polynomial Pgr(t) € Q[t]
of degree equal to dim(R) — 1 such that Hg(t) = Pg(t) for t > 0. Moreover, if
dim(R) > 0 then

P+ R(t)= mtdim(m_l + lower order terms.

Proof. Because Hg(t) = Hg(p)(t), we already know by Theorem 8.8 that Hpg(t)
eventually equal to a polynomial of degree dim(gr(R)) — 1 and that (dim(gr(R)) — 1)!
times the leading coefficient is positive. So the theorem follows as long as dim(R)
dim(gr(R))). We prove this in ?? at the end of the section.

—
—

oo

Definition 8.27. The Hilbert polynomial of a local ring R is the polynomial Pr(t)
that agrees with Hg(t) for t > 0. The multiplicity of R is the positive integer e(R)

such that
Pg(t) = %tdimw )=1 4 lower order terms.



Appendix A

Macaulay2

There are several computer algebra systems dedicated to algebraic geometry and com-
mutative algebra computations, such as Singular (more popular among algebraic ge-
ometers), CoCoA (which is more popular with european commutative algebraists, hav-
ing originated in Genova, Italy), and Macaulay2. There are many computations you
could run on any of these systems (and others), but we will focus on Macaulay?2 since it’s
the most popular computer algebra system among US based commutative algebraists.

Macaulay?2, as the name suggests, is a successor of a previous computer algebra
system named Macaulay. Macaulay was first developed in 1983 by Dave Bayer and
Mike Stillman, and while some still use it today, the system has not been updated since
its final release in 2000. In 1993, Daniel Grayson and Mike Stillman released the first
version of Macaulay2, and the current stable version if Macaulay2 1.16.

Macaulay2, or M2 for short, is an open-source project, with many contributors
writing packages that are then released with the newest Macaulay2 version. Journals
like the Journal of Software for Algebra and Geometry publish peer-refereed short
articles that describe and explain the functionality of new packages, with the package
source code being peer reviewed as well.

The National Science Foundation has funded Macaulay2 since 1992. Besides fund-
ing the project through direct grants, the NSF has also funded several Macaulay?2
workshops — conferences where Macaulay2 package developers gather to work on new
packages, and to share updates to the Macaulay2 core code and recent packages.

A.1 Getting started

A Macaulay2 session often starts with defining some ambient ring we will be doing
computations over. Common rings such as the rationals and the integers can be defined
using the commands QQ and ZZ; one can easily take quotients or build polynomial rings
(in finitely many variables) over these. For example,

il : R = ZZ/101[x,y]
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ol =R

ol : PolynomialRing

and
il : k = ZZ/101;
i2 : R = k[x,y];

both store the ring Z /101 as R, with the small difference that in the second example
Macaulay2 has named the coefficient field k. One quirk that might make a difference
later is that if we use the first option and later set k to be the field Z/101, our ring
R is not a polynomial ring over k. Also, in the second example we ended each line
with a ;, which tells Macaulay2 to run the command but not display the result of the
computation — which is in this case was simply an assignment, so the result is not
relevant. Lines indicated with as in, where n is some integer, are input lines, whereas
lines with an on indicate output lines.

We can now do all sorts of computations over our ring R. We can define ideals in
R, and use them to either define a quotient ring S of R or an R-module M, as follows:

i3 : I = ideal(x"2,y"2,x*y)

2 2

03 = ideal (x , y , x*y)

03 : Ideal of R

i4 : M = R"1/I

o4

cokernel | x2 y2 xy |

1
04 : R-module, quotient of R

i6 : 8§ = R/I

05 : QuotientRing

It’s important to note that while R is a ring, R' is the R-module R — this is a
very important difference for Macaulay2, since these two objects have different types.
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So S defined above is a ring, while M is a module. Notice that Macaulay2 stored the
module M as the cokernel of the map

Note also that there is an alternative syntax to write our ideal I from above, as
follows:

i15 : I = ideal"x2,xy,y2"

2 2
015 = ideal (x , x*y, y )

015 : Ideal of R

When you make a new definition in Macaulay2, you might want to pay attention
to what ring your new object is defined over. For example, now that we defined this
ring S, Macaulay2 has automatically taken S to be our current ambient ring, and any
calculation or definition we run next will be considered over S and not R. If you want
to return to the original ring R, you must first run the command use S.

If you want to work over a finitely generated algebra over one of the basic rings
you can define in Macaulay2, and your ring is not a quotient of a polynomial ring, you
want to rewrite this algebra as a quotient of a polynomial ring. For example, suppose
you want to work over the 2nd Veronese in 2 variables over our field k£ from before,
meaning the algebra k[z? zy,y?]. We need 3 algebra generators, which we will call
a, b, ¢, corresponding to 2%, xy, and y:

i11 : U = k[a,b,c]
oll = U
oll : PolynomialRing

i12 : f = map(R,U,{x"2,x*y,y"2})
2 2

012 = map(R,U,{x , x*xy, y })

012 : RingMap R <--- U
i13 : J = ker f£

2

013 ideal(b - a%*c)



013 :

i14

ol4

ol4
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Ideal of U

: T =U0U/J

=T

: QuotientRing

Our ring T" at the end is isomorphic to the 2nd Veronese of R, which is the ring we
wanted.

A.2 Basic commands

Many Macaulay2 commands are easy to guess, and named exactly what you would
expect them to be named. If you are not sure how to use a certain command, you
can run viewHelp followed by the command you want to ask about; this will open
an html file with the documentation for the method you asked about. Often, googling
“Macaulay2” followed by descriptive words will easily land you on the documentation
for whatever you are trying to do.

Here are some basic commands you will likely use:

ideal(fy,..., fn) will return the ideal generated by fi,..., f,. Here products
should be indicated by *, and powers with ™. If you’d rather not use ~ (this might
be nice if you have lots of powers), you can write ideal(f, ..., f,) instead.

map(S, R, f1,..., f.) gives a ring map R — S if R and S are rings, and R is
a quotient of k[z,...,x,]. The resulting ring map will send x; — f;. There
are many variations of map — for example, you can use it to define R-module
homomorphisms — but you should carefully input the information in the required
format. Try viewHelp map in Macaulay2 for more.

ker(f) returns the kernel of the map f.
I + Jand I*J return the sum and product of the ideals I and J, respectively.

A = matrix{{a11,...,a1.},..-,{@m1,- .., amn}} returns the matrix

a1 ... Aip

Am,1 -+ Gmn
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ann(M), 50
deg(r), 23
dim(R), 76
¢(M), 80
k(p), 91
ﬁd’(p)) 91
mSpec(R), 42
N-graded, 23
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C(R,R), 9
C*(R,R), 9
N(R), 56

Z(M), 61

Z(X), 31

adj(B), 18

gr(R), 110

gr;(R), 110

|71, 23

1,92

T°. 92

R, 17

p-primary ideal, 67
p™, 73

VT, 38

Zwer Avy, 15
embdim(R), 90
B, 18

e(M), 107

e(R), 111

har(t), 103

hg(t), 103

k[X], 38

S, 15

0, 1,4
1, 1,4
affine algebraic variety, 31
affine space, 31

algebra, 3

algebra-finite, 13
algebraic set, 31

algebraic variety, 31



algebraically independent, 13
annihilator, 50

Artinian modules, 82

Artinian ring, 82

associated graded ring, 110
associated prime, 60

associated primes of an ideal, 60

basis, 5

catenary ring, 78

chain of primes, 76
characteristic of a ring, 47
classical adjoint, 18
coefficient field, 85

colon, 50

complete intersection, 87
composition series, 30
contration, 28

coordinate ring, 38

degree of a graded module
homomorphism, 26

degree of a homogeneous element, 23

degree preserving homomorphism, 26

degree-preserving homomorphism, 26

determinantal trick, 18

dimension of a module, 77

dimension of a ring, 76

direct summand, 28

domain, 3

embedded prime, 65

embedding dimension, 90

equal characteristic p, 47

equal characteristic zero, 47
equation of integral dependence, 17
equidimensional ring, 78

equivalent composition series, 30
exact sequence of modules, 10
expansion of an ideal, 28

fiber ring, 91
filtration, 63
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fine grading, 24

finite length module, 80
finite type, 13

finitely generated algebra, 13
finitely generated module, 5
free module, 5

Gaussian integers, 16
generates as an algebra, 13
generating set, 5

generators for an R-module, 5
Going down Theorem, 97
Going up Theorem, 96
graded components, 23
graded homomorphism, 26
graded module, 26

graded ring, 23

graded ring homomorphism, 26

height, 76

height of a prime, 76

height of an ideal, 76

Hilbert function, 103

Hilbert function for a local ring, 111
Hilbert polynomial, 107

Hilbert polynomial of a local ring, 111
Hilbert series, 103

Hilbert series for local rings, 111
homogeneous components, 23
homogeneous element, 23
homogeneous ideal, 25
homomorphism of R-modules, 4

ideal, 3

ideal generated by, 3
idempotent ideal, 75
Incomparability, 95
integral closure, 17, 20
integral closure of an ideal, 92
integral element, 17
integral over A, 17
integral over an ideal, 92
integrally closed, 17
invariant, 21



irreducible ideal, 70

irredundant primary decomposition, 69

isomorphism of rings, 2
Jacobian, 14

Krull dimension, 76

Krull Intersection Theorem, 74
Krull’s Height Theorem, 87

Krull’s Principal Ideal Theorem, 86

length of a chain of primes, 76
length of a module, 80
linearly reductive group, 29
local ring, 16

local ring of a point, 50
localization at a prime, 49
localization of a module, 50
localization of a ring, 48
Lying Over Theorem, 93

map of R-modules, 4

map on Spec, 44

maximal spectrum, 42

minimal generating set, 54
minimal generators, H4

minimal number of generators, 54, 55
minimal prime, 40, 56

mixed characteristic (0, p), 17
module, 4

module-finite, 15
multiplicatively closed subset, 44
multiplicity, 107

multiplicity of a local ring, 111

nilpotent, 38

nilradical, 56

Noether normalization, 99
Noetherian module, 9
Noetherian ring, 7
nonzerodivisor, 48

normal domain, 96

PID, 3
presentation, 5

primary decomposition, 69
primary ideal, 67

prime avoidance, 66

prime filtration, 63

prime ideal, 34

prime spectrum, 42
principal ideal, 3

principal ideal domain, 3

quasi-homogeneous polynomial, 25
quasicompact, 42

quasilocal ring, 46
quasipolynomial, 109

quotient of modules, 4

radical ideal, 38

radical of an ideal, 38
reduced ring, 38

Rees algebra, 93
regular local ring, 90
relation, 5

relations in an algebra, 13
residue field, 35
restriction of scalars, 15
ring, 1

ring homomorphism, 2
ring isomorphism, 2

saturated chain of primes, 76
shift, 63

short exact sequence, 10
simple module, 79
spectrum, 42

splitting, 28

standard grading, 24

strict composition series, 80
submodule, 4

subring, 3

support, 58

symbolic power, 73

total ring of fractions, 49
variety, 31

weights, 24
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Zariski topology, 41 Zorn’s Lemma, 35
zerodivisors, 61
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