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Problem Set 5

Problem 1. Let R = Z[\/—5]. While 6 € R cannot be written as a unique product of irreducibles,
we are going to show that the ideal I = (6) does have a unique primary decomposition. Unfor-
tunately, Macaulay2 cannot take primary decompositions over Z, but this one we can do the old
fashioned way.

a) Prove that (2) is a primary ideal.

b) Prove that (3) is not a primary ideal.

c¢) Prove that (3,1 +1/=5) and (3,1 — /=5) are both primary.
d) Show that (6) = (2)N (3,1 ++/=5) N (3,1 —/=5).

e) Why is this primary decomposition unique?

Problem 2. Let R be a Noetherian ring. Let I be an ideal in R, and x € R. The saturation of 1

with respect to x is the ideal
oo

(I:2%):= U(I ca).

n=1

a) Let @ be a P-primary ideal. Show that
ey | Q ifxégP
(@:w )_{ R ifzeP -
b) Show that (I : ) = (I : z™) for some n.
c) Show that (INJ:2*>) = (I:2>°)N(J:2*>) for any ideals I and J.
d) Let I = Q1 N---N Q% be a primary decomposition, and = € R. Show that

([:2%)= m Q;.
z¢\/Qi

Problem 3. Let I be a radical ideal in a Noetherian ring R. A beautiful theorem of Brodmann
says that the set

|J Ass (r/17)

n=1

is finite. Show that there exists an element x such that:
e 1 is contained in every embedded prime of I™ for every n, and
e x ¢ P for all P € Min([).
Conclude that there exists 2 € R such that I = (I" : ) for all n > 1.

Problem 4. Consider s points Py = (a1, ...,a14),...,Ps = (as1,...,as) in A% and let I be the
corresponding radical ideal in C[x1, ..., z4]. Show that for all n > 1,

S

= ﬂ(xl — Qi1 5T — Aig)".
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Problem 5. Let R be a Noetherian ring.
a) Show that if m is any maximal ideal in R, then m" is m-primary for any n > 1.

b) If R is a domain, then

ﬂ[”:@.

n>1

for any proper ideal I in R.'

Problem 6. If (R, m) is a Noetherian local ring, show that M has finite length if and only if M is
finitely generated and m” M = 0 for some n.

Problem 7. Let k be a field, and R = kla, b, ¢,d]/(ad — bc). Find prime ideals P and @ in R such
that ht(P) + ht(Q) < ht(P + Q).

Problem 8.

a) Find the height of J = (ab,bc,cd,ad) in kl[a,b,c,d] over any field k, and the dimension of
kla,b,c,d]/J.

b) Find the dimension of the ring S, where S = Q[z3y3, 23y%2, 2223] C Q[z, v, 2].

c) Let I be the defining ideal of the curve parametrized by (¢13,¢42,¢™) over Q. Find the height
of I, and notice that height(l) < u(I).

d) Let R = Q[z,y, 2], and I = (23, 2%y, 222, xyz). Find the dimension of R/I and the height of I.

e) Find the dimension of the module I/1%, where I = (xz) in R = Clx,y, 2]/ (xy, y2).

'Hint: first, do the case where I is a maximal ideal in R. Be wise, localize!
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