
Setup

Eng (Rst, o)
i CR
,
t) abelian group

• atCbtc) = (atb) tC for all g b, CE R
• Atb = beta for all gbER
• FOER atO = a for all aER
• for all AER there exists -a E R St at C-a) = o

2 ( R
,
o ) is a commutative monoid

• a . (b - c) = (a . b) - c for all gb,CER
• a- b = b - a for all gbER
• FIER such that 1. a = a . I = a foe all AER

3 a . Cbtc) = a- b ta . c for all g b,c ER
4 If 0

Examples- n) Z

2) Hn

3) polynomial songs R=k[see, . . .. and Ck field)

4) Quotients of polynomial rings : bing.im#
I

5) Power series rings : R= KEne
,
. . .

,
send

Elements are formal)power Serres ¥, o Caa,. ., an Nit
- ' knw

G) Polynomial rings in infinitely many variables KEE, . . . . ]



Ring Homomorphism f : R→s map of rings satisfying
' f(atb) = fCa) tfCb)
& fcab) = f Ca ) fcb)
3 fcn ) = I

Subang Res rings .

R is a subring of S ifthe operations on
R are restrictions of the operations on S, and Ipe Is .

Ideal IER is an ideal of the song R if
• I is closed foe t i atbEI a

,
BEI ⇒

• I is closed for products by elements in R : R. IE I

• If 0 (⇒ OEI)

Def the ideated by fe, . . . ,fn ER is the smallest ideal of R

containing fi , . . .,fu :

Cfn ;--sfn) = { the fat . . . t tenfu : kiER}

Note Any ring has at least 2 ideals : at R and co) .

Convention When we say ideal, we usually mean If R

Example the ideals in Z are all principal, so of the form Cn )



Module An R-module M is an abelian group (M,
o ) with an R- multiplication

Rx M → M

ee, m )
ii. am=am satisfying

• r (atb) = ratrb for all GER, a,BEM
• Crts)a = ratsee for all k,SER, aEM
• Crs )a = r(sa) for all ee,SER, AEM

• 1 a= a for all aEM

Note for us
,
all modules are 2- sided (no leftAught modules)

submodule MEN modules
,

R-module structure on His restriction from N

Homomaphesmoztmodeeles f : M → N map of R-modules

• fCatb) = f-Ca) tfCb) for all a,bEM
• f Cr b ) = rfCb) forall GER, AEM

Et Isomorphisms f : M→ N R-module homomorphism
imf E MIbeef

Example Submodules of R = ideals of R

Example R=k a field ⇒ R-modules = K- vector spaces
R-module homomorphisms = linear maps

Warning ! vector spaces are aIet simplerthan R-modules



An R- module M is generated by PEM if every element in M
is an R- linear combination of

elements in n (withfinitely many to coefficients)
we also say r es a generating for M

M is finitely generated af there is a fired generating set for M

fg R-mod = finitely generated R-module

"E M is a basis for M if
• Mgenerates M

• s is linearly independent (Effy 7¥.
= o ⇒ all ri = o)

Most R- modules do not have abasis
=

A free R- module is an R-module with a basis .

In general , given a generating set A- 2 Xi};⇐ for an R-mod M,
IT

÷: ÷.. in weak I:I
'

mas
( ¥

with only fnetdy many to entries
)



A = 27ifi⇐ generates M → it is surjective{ !
n -- zai Yi⇐ is a linearly independent ⇒ it is injective

M is free ⇐ ME ⑦R some direct sum of copies of R

Most modules are neat free . Usually
,

bore nontrivial

(even when wetakea"minimal generating set 'swhenthat's athing )

EI R = KEN,y]
M = I= Cad

, my, ya ) is net free
A- 2nd

, say , ya} is a generating set, but linearly dependent
eg , yo

R2 - n . my = O

µ3 M

Ca
,
b
,
C)- and t bmy toy
( y, -n, O )

E Ker it

(actually but = R . Cy
,

-B o ) t R - (o
, y, -n))



Noetherianngs

A ring R
is noetherian if every ascending drain

IoE Iz E . . -

q ideals in R stables, meaning In
= In forall n>N

Imposition 1.a R ring
TFAE :

l R is noetherian

on Every nonempty family of ideals has a maximal element
3 Every ascending chain of fg ideals of R stabilizes
4 Given any generating set s for any ideal I,
I is generated by some pink subset of s

5 Every ideal in R is finitely generated

Iwf
n → a suppose n is a family of ideals with no max .
this means we can Inductively construct an infinite chain :

Io f Iz f - . .



2 ⇒ n Given an ascendency chain

Io EI,E Ia E . . -

the family ZII };>o has amaximal element IN⇒ In-Irfan>N

i ⇒ 3 obvious

3 → 4 Suppose there is an ideal I and a generating sets
such that no finite subset of s generates I .

Start with a finite subset s
'

es .
Since Cs' ) tI

,

there exists SES St SEf Cs
'

) . Then

(s
'

) E Cs
'

Vhs,} ) #I, so find sa ES,Saf Cs
'

Uh Stg)

→ construct an infinite ascending chain


