
NAI CR
,
m) local ring

M fg R-mod , N EM R-submodule

2 MM = M ⇒ M = O

3 M = NtM M ←→ M =N

K M = Rmat . . - t Rmn ⇐ Tnn
,
. . .

,Tnn generate MfmM
-

Rim - rector space
IroofI

'

.
N= RMat - - - t Rmn

3
N generates M ⇐ M --N ⇒ M= Ntm M

⇒ image of
N generates Mmm

Def 2ms , . . ., Ms} E M is a Minerva generating set for M

tf TI , . . .

,
MT } are a basis for the rim

- vector spaceMmm

Bernard these follow from facts about vector spaces :

•Allmeneneal generating sets for M have the same number of elements
•

Every set of generators contains aMenemal generating set . .

•

Every element in M but not in mM is part of aminimal

generating set .



Minimal number of generators-
MCM ) : = dempym (Mlm M )

= number of generators in a minimal generating set

Graded NAK
-

GNAT R IN-graded
M Z- graded R-mod

Maa = 0

If M = Rt M , then Meo

Indy M = Rt M ⇒ M -- o

w w

degrees>a degrees>at1

Remain this includes all fg 2- graded R-modules

If M is fg , there is afmte generating set of homogeneous
elements

.Ctake homogeneous components of any generating set )
set a:= men degree of a generator in a given generating set

M E RM
>a
E M

>a
⇒ Mea - O

w

degrees>o



G-NARI R IN-graded
Ro field .

M Z-graded R-mod
Msa =0

A set of elements generates M

II

images span Mr+M over Ro Rfr
+

E Ro fold

Notes :

→ In the graded setting, we can use NAK to show some modules
are finitely generated, since it gives us a concrete way tofind
menace generating sets However, in the local setting, we can use
NAK only if it is already fg .

→ If k is a field, RgoRi , Ro
-

-
k
,
I homogeneous ideal

⇒ I
has a minimal generatingset by homogeneous elements

and this is unique up to k-linear
combinations .

Def Mfg Z - graded module over R=%Ri , Ro -- k field

µ (
M) := ohmpyr.CM/RtM )



Minimal primes and support- :

Recall MinCI) = minimal primes containing I
VCI ) = Zp E Spear) I pzI}

Exercise if = n
Patina,

P

Bernard p C- Spec CR) ⇒ Min Cp) = Zp}

VCI ) = VCE ) ⇒ Men E) = Min (FL)

specialise NCR) = = nilpotent elements
is the whacked of R .

deuima I = pan . . - Npn where poof Pj for itj

then Min CI)= 2Pa, . .., Pn }

REF of z I ⇒ qe pan . - - npn

If g-$ pi for all ⇒ can find fi Epi , fief
fr - - - fn off but far - In E pan . - in pn=I

⇒ of Z pi for some i . therefore, Min CI) =3 pi, Pnl



Piemonte If I= pan .
. . npn for some primes pi ,

can always delete any unnecessary components
until

we get left with the set of minimal primes of I

Men I E 2Pa , . .

, pn } .

Thin R Noetherian ⇒ I run (E) I < co
and

f± = I
,
n . - -n In

Indef S = { ideals IE RI MinCI) infinite}

Suppose s¥0 .
R Noetherian → S has a max element 7 .

If 2 is puny then Minor ) =3 He is fate⇒ a not prime

Brit! Men (F) = Men cry)

zero
⇒ 7 is radical .

Since 2 is not prime, we can find gb#Q abEt

claim : 2 =¥5 n 2tCbT
E clear

.

If f E Tta nE)
,
then Fn

,
m

fntme Cf t Cal ) (Z tCb )) E 22+2at2b t Cats)E3⇒ f-Era=3
C-8



2 Maximal in S ⇒ Men +Ca)) , Min tcb) ) finite

D= In n -
- - n Ia n Ratz n - - -

n Ib
- -
TtCa) TtCb)

so Minor) E {Ii
,

.
. .

,
Ibb ¥

⑦

Def M R-mod

Supp CM ) =3 PE specCR ) I Hpe to}

Inge Mfg R -mod

Supp CM ) = V Cann CMI )
In particular, Supp CRII) = VCI)

Iroif M = Rmet - - - t Rmn
n

ann CM ) = Mann(Rmi )
2 needs

M
E- I

✓Cann CMI) = Vann Crm;) )
to

claim SuppCM ) = Supp CRmi )

(2) : (Rmi)zE Me so I C-Supp CRM;) ⇒ (Rmi )±# O ⇒ Meto
⇒ IE SuppCM)



⇐ ) ME Re - FI t - - - t REMI

so p e Supp CM) ⇐ PE Supp (Rmi ) for some i
n

so Supp CM ) = U Supp CRmi )
in

so we can reduce to the case when M is cyclic .

MI =o in Me ⇐ (Rip ) nannpcm) to

⇐ annpncm ) Ef p
se Supp Crm) = VCann Cm ))

Remade the hypotheses that M is fg is necessary !

tenma R ring
M R-mod
MEM

M-0 INM

⇒ 7=0 in Me for
all p C-SpecCR)

⇐ FI = o in Me for all IE m specCR)

aMax

Pzoof Mfo ⇒ amncm) E ideal → Supp (Rm) - Kannan) amiga



Lemmy O→ L-i M → N→ o ses

Supp CM ) = Supp CL) v SuppCN)

Intf o → Lp → Mp → Np →o ses

PESuppa) Vsuppcn)⇒ Np or↳ to⇒ Mp to⇒ pesupp CM )

PH Supp CL) U Supp ⇒ Np-0 and tp=o ⇒ Mp -0 ⇒ pofheppcm)

Coe LEM ⇒ Supp CLI E SuppCM)

CI Mfg R-mod

M-0

⇐ Mp -0 for all p c-Speer)
⇐ Mpa for all pemspeccr)

Indy ⇒ all clear .

If MEM is nonzero
,

then
Amma

3- max ideal E Supp (Rm ) te SuppCre)

condign Mfo → Supp CM) ¥0



sidenote about R-module maps :

R-module homomorphism choosing me M
⇒

R → M I n m

(⇒ rearm)

r-module homomorphism choosing me M
Rft → M ⇐ I e ann cm )

I
R-module homomorphism

R → M

image killed by I

Def R ring
M R - module

p e specCR) is an associated prime of M if
p = ann cm ) for some MEM
II

Rfp Cs M

AACM) : = Zpespeccr) / p associated to M}
I ideal
associated primes of I E associated primes of RII


