
Def R ring
M R - module

p C-SpecCR ) is a menaced prune of R if
I E Q E R

QESpeer)
⇒ Q= I

MinCI) =ZI C-Spec CR) / I minimal prime ofI}

Supp CM ) = Zee specCR) / Me to} support of M

Facts SuppCM) = 0 ⇐ M = O

Supp CM) = V (ann CM ))
R Noetherian

Mfg R-mod
⇒ 1 MenCI ) / s co

p e specCR) is an associated prime of M if
p = ann cm ) for some MEM
II

Rfp Cs M

AACM) : = Zpespeccr) / p associated to M}
I ideal
associated primes of I E associated primes of RII



Lemina Ass (Rfp ) =3p} p prime

Roof annrcrtp) = Zs ER I as e p} I pCr

fo p prime
so ref p

Leiuma R Noetherian ring
M R-module

O) Every annCre) is contained in an associated prime of M
n ) ASCM ) = 0 ⇐ M = o

2) U p = 2 aerodromes on Mlg
persson)

⇒ {KER ) rm-0 for some Mfo in M}
If R and Mfo are graded, M has an associated prime

that is homogeneous
Iriof M=o ⇒ As CM) = 0 by definition .

Let Mfo

If o) holds, then Mfo ⇒F mfo ⇒ anncm) eases prime Cexests !) ⇒ r)

{ By definition, PE
Assal)⇒ pEZCM) .→ a,

reZCM)⇒ ME anncm) E ass prime

Proof of o) :
Hto ⇒ s = { ann(m) I m EM, m to} f 0
Any element in S is contained in a maximal element of S
(because R is Noetherian ! )

Let I = anncm) be a maximal element in s



USE I
, SofI ⇒ SM fo ⇒ Ann (Sm ) z ann (m)
- on

C-S Max inS
→ ann (m) = ann (Sm)
so r (Sm )= Crs) M = O → re annCsm) = anncm)

w
C-ann(m)

→ r E I

-

'

. I is prime . ⇒ I C-Ass cm )

Gadedcay : 3 ann(m) Info is a homogeneous element }
m homogeneous ⇒ faint . . . + fanm -0 ⇒ all farm-0
fm = o -

f- = fast - - - t fan homogeneous
in

homogeneous
e: the annihilators of homogeneous elements are homogeneous

Repeat the argument for the annihilators of homogeneous elements

Need : Landa R Z - graded, I an ideal satisfying
for any homogeneous as eI ⇒ REI or SEI
r
,
SER

then I is prime .



Lemme 0 → L → M → N - o Ses

iss CL) E Assam) E Assa) Vassar )

Iihf pewsCL) ⇒ Rfp E L E M
assumption

→ P E Ats CM)

p C-Assail, say p = ann cm)

→ pe ai Gem) for all GER

qohiont rm E L for some r¢p
aCrm ) = o ⇐ car )m - o → are Ep ⇒ aEp

so ann (nm ) =p
ooo p EASCN)

options rm Cf L for all r ¢ p
Let n :=

image of m in N

pm - o ⇒ pn = o ⇒ p E annCn){ ten = O → em EL → rep ⇒ annCn) =p

:
. p e AosCN)

153

Note : Both these inclusions may
be Shutt

.



theorem R Noetherian Mfg r-module

there exerts a (prime) filtration of M
M = Mt Z Mt- i Z Mt-z Z - -

- Z Me Z Mo = O

where Hilmi
. ,

I R/pi for some primes pie spec CR)

If R and M ace Z - graded, there exerts a filtration with
Mimi. . E type. Cti ) for homogeneous primes pi, ti EZ

Ioof If Mfo, then Assam) fo , so I Rhz Me E M

If type
,

F O
,

then Assal ) fo
,
so F RI e- May

,

e RIM
,

Continuethis process : Moto E Ma E Ma E °o°

M Noetherian → M Noetherian ⇒ drain stops .

Giadedase : if Pi = ann (mi ), mi homogeneous of degree ti

(Rlpi ) Cti ) E- Rmi is degree preserving ⇒

Note to find me with annCmi ) = pi , look at ooiq.li
Our mi is in there somewhere

corollary R Noetherian Mfg R-module

M=Mt Z Mt , Z . . . Z MaZ Mo -0 prime filtration with Mi1mi.F- Rl pi
then :

1) As CM ) E 2Pa , . . ., ptg ⇒ lassCM ) ) e •

2) M graded→ assail is a finite set of homogeneous primes



Irioof Just need to show AACM ) E 2Pa, . ., pig

O → Mi, → Mi → Milne,→O ses

→ is Cmi ) E sss Crim ) V ABCMilne, )
= rss (Mit) U Z pi }

(skip proof)
theorem Associated primes localize : R Noetherian

,
M R-mod

Assw-in (w
-'
M) =3 W

-'

p l pe Assam)
,
Pnw = 0 }

Iaf p E Assal), pnw=¢ ⇒ w
-'

p prime in w
-'R

O→ RIP→ M ⇒ Ot w
-'

CRIP )→ w
''M

112

w
-'

R/w-'
p→ w

- '

p E ASSCM
)

Q Ets (w- ' M ) m D= W
- '

p for some PE Speck, pnw=0

R Noetherian ⇒ p = Cfn, . ., fu) ⇒ Q = Ctf , . . .

, tf )

Q -- ann(Ef = ann CE)

⇒ ¥ . I = f ⇒ wifir-0 for some wiew

⇒ Wf; 9=0 for alli , W = war - - Wu

⇒ pcwr ) = o



Claim : p = ann (woe)

why ? If ue Ann(Wr), then

owe-0 ⇐ war)-0 ⇐ VI = Oz in w
-'
R

⇒ F E ann (F) = W
-'
p ⇒
t V E p for sometew

tfp
⇒ ve p !

" p C- Assay,
Prime

④

Corollary R Noetherian
,
M R-module

t ) Supp CM ) = U

Persson,
Kp)

2) Mfg ⇒ Men Cann CMI) E Ascii)

In particulars Men CI) E Sss (RII )

Idf n ) p E Assam) , say p
-
- ann cm)

of EVCP ) ⇒ Pf 9-q,
and Rotlpqto ⇒ of C- SeppCRIP )

O→ Pyp → M m o → Cyp )q→ Mg exact
exact ~

⇒ of E Supp CM )
to



q of U VCp) ⇒ of f p for all pets cm )
PEASSCM)

⇒ p n (Rl q) fol for all pensscm)

⇒ AssafMa ) = 0
⇒ Mq = O

2) Vann (Mt ) = Supp CM ) =pIscm,VCp)

⇒ minimal elements agree

⇒ the minimal primes of ann(M) are all in U rCp)
Petsch)

⇒ minimal primes must be associated

: . I Menemal prime of M ⇒ I C-As CM)
cover ann CMI )

Associated primes that are not menemal = embedded



Iremettoordance R any ring 2 ideal in R

In
,
. . .

. In
ideal inR

, Ii prime for i>2
n

T ¢ Ii forall i ⇒ 2¥ U Ii
f- I

I
ZE ¥

,

Ii ⇒ TE Ii for some i

Iroof Induction on n
-

n=a → nothing to show
n>2 : by induction, can find
an ¢ U Ij ai EF for each i
jfi

If a#Ii , wearedone . So assume ai E Ii forall i

a := antq - - - any EZ ⇒ a ¢ Ii for all ish
w -

¢ Ii C-Ii
,
rich

a = an t q . . - an- i Suppose a C- In⇒ q - - - am , E In
on cm on

C- In C-In
⇐ C-In

n = 2 ⇐ AI E Ia 4¥ ⇒ a ¢ In
n>2⇒ In prime ⇒ aiE In for some ri 4¥ . : actIi

forall i

Graded prime avoidance- R IN- graded
Ii
,
7 all homogeneous

Ff Ii for all i ⇒ there exists a homogeneous element in 2
not in 0 Ii

[=I


