
Iremarry Decomposition-

Fundamental theorem of Arithmetic
#

For
every n E

Z there east primes pi and integers ni>1st
n = ± path . . . punk

and this product is unique up to order and signs .

Exaiuple In Z [Fs ]
,

6 = 2 . 3 = (rtf) (r-Fs)

are two different ways to write 6 as a productof irreducible

An ideal I is primary if
Ny E I ⇒ ME I or y ETI .

Remark
-

-
✓ primary = prime

I is I - primary if I = I

Examples a) Prime ideals are primary
b) In 2

,
the primary ideals are co) and Cpn ) , n> I, p prime .



c) In any VFD , Cf ) is primary ⇐ f
= pn, p prime

d) R= k Tn
,y,z), I = Cna, my, ya)

= ( n
, y )
dis
primary

Note T = prime ⇒ primary
Example of = Cx? ay) E R= bin,y,Ed

not= Ca) but my Eof , x off, g-off

Inge R Noetherian
.
TFAE :

e) q is primary
2) Every zewderrsor in 121g is nilpotent

3) Ass (Nq ) is a Singleton
4) of has exactly one minimal primes andno embedded primes .

5) tf=p is prime and forall rER, welp, noEf⇒ ref
6) Tq =p is prime, and of Rp n R = f

IIF al ⇐ (2) ye ZCRIQ) ⇐ Fxoff,myEf

(Y EZCRA) ⇐ yn⇐ q ) ⇐(( icy⇐of,x¢q)⇐(y
"

Ef ))
'

F'= zcpyq ) # NCHftp.chinaz#=pensCHIIAHHH Happens⇐ there is only one prime



(3)⇐ (4) duh .

(1)⇐(5) Rewording of the definition, since rpumary=pumT
(5)⇐ CG ) g-Rpn R = { reRl rs Ef for someSfp}

11

9- ⇐ @se¥p ⇒ ref )
Bernard RNoetherian
ft = maximal → I primary

* ASSCRII )E SuppCRE) - VCI)=2m}⇒ ABCRte ) --3m}
I
. I primary

Example R= ktrgy,E)Kay -zn) , k feed, n>2
I = (x

,
z) in R

Ny = zhe
In

{ yetIn → In not primary
x¢I

Note r ft s ring maps Q primary ins

QNR is primary



trauma In
,
. . .

, It ideals

As Crypt, j ) E ft, asserted
In particular, the intersection of I -primary ideals is I

-

primary

Iwf O → Rft nz
→ RlI ⑦ 12/8

→ ness CRIIna) e sss (RE) U Sss (Rt)

P-rimarydecompoatou-oz.IE is
I= ofn n - - - n Gn

where ga are primary .

A primary decomposition is mineral if
•

fi #g-j for
all ifj (⇐ no gi can be deleted)

• fait roti

Note Any primary decomposition can be turned into aminimal one .

Examine In 21
, unique

minimal !

n =I pin . . . pink→ (n ) = (pin ) . . . (pink) = Cpi" ) n . . .n (pink)
-

primary decomposition



thm (Lasker, 1905, Noether, 1921)

Every
ideal in a Noetherian ring

has a primary decomposition

Ingolf Monday, March 1st 2021 , exactly 100 years after Noether 's
paper was published

Example (Menemal primary decompositions are not unique)
R = KEN

, y] k feed

I = Ca? ny)
= Ca) n ca? my, y

'

) = Ca) n Cna,y )
Both are menunal primary decompositions . In fact, so are

I =④ n C na
, ay, yn )

shows up inall !
-

always has radical Czy)


