
Q is primary f
a ¢ Q, bet TQ ⇒ ab Cf Q
I

Ass (RA ) =3 ra}
I

Q has no embedded primes and only one menemal prime .

Fast the contraction of a primary ideal is primary

A minimal primary decomposition of I is
-

I = ofa n - - i n of←

where the Gi are primary, and
• fi # 9-j forall ifj ⇐ no gi can be deleted

• Fi f ftj for all itj

A primary decomposition can always be turned into aminimal one .

Example : minimal primary decompositions are not unique
egg I = Ca) n Cod, say, yn ) for all n> 1
is a minimal primary decomposition



thm (Lasker, 1905, Noether, 1921)

Every
ideal in a Noetherian ring

has a primary decomposition

Ireof I irreducible = notthe intersection of larger ideals

claim R Noth ⇒ every ordeal is a fate intersection of irreducible

5=2 ideals thatare notfate intersection of irreducible}
R North

Sf 0 ⇒ S has a Max element I

I not irreducible ⇒ I= 2 n k
, If 2, I fk

⇒ F
,
k Ets ⇒ I = intersection of

ineduables Go

claim Irreducible ⇒ primary

g- not primary ⇒ F nye of , netof , y#Ft

( q : y ) E Cq : ya ) E Cq : y
' ) E - - . stops for some n .

so ynt
'

f e of ⇒ y
"

f of

Wall show : ( ft Cy
" ) ) n Cft Cx)) = of

z r

a E ( ft Cy
" ) ) n Cft Cx)) ⇒ a= cat by

"

9-
a E Cotten) → ay E of t Cny ) E f



ay = Cctbyn) y = cry +by
htt

g on

C-of C- of

→ by
htt

C- of → by
"

Ef ⇒ a= Ctbyn Ef
.

.

. of is not irreducible .

%.

firstwmquenesstheoum R Noetherian
If I= fan - - - n 9-n is a minimal primary decomposition
then high

,
. . .

, if} = As CR II) .

Iaf Assaye) E ¥
,

Asscrtti ) =3fan . . .> An }
Need to show : pi = Rfi E AB (Rte )

Fix j Ij
= if 9-i Z I

Ijf to ⇒ F a E AD (IHI )
Fix Nj E Ij a

= Ann ( Nj tE )

9-j Bi
E 9-j Cinq Fi ) E fan - - - nan = I



→ Gj E a → Pj E a

Minaj ) - High ajefj
If r Ea , rnj E I E9-jq.jp?pwmayteEPj:.a=pjand AsCINI ) =3pj}
⇒ pj E Aos (Rlt )

SecondUmquenesstheoum_ R Noetherian
,
IER rdeal

In any
minimal primary decomposition of I, the

menial components (whose radical is in MinCI) are unique
and equal to g, = I Rp, n R for each pie MenCI )

Eof I= 9-n n - - - n gn any decomposition

if Fi 4 Pj
Pi = Fi

q, Rpg = { IIsipemaay ideal if 9-i ←Pt

Ip
,

= (9-n ) pi
n - - - n ( Fn )pm

is a primary decomposition (maybe not minimal)

suppose pi E Men CI) . then Ipi = (Fi ) pi
→ I

pi
n R = fi Rpi n R = fi



Geometric picture I = Qn n . . . A Qk
-

H

ZCI) = Z (Q, ) U - - - U Z(Qu)

= 2- (fan ) u . . - U ZCra )

(whether or not I is radical ! )
A primary decomposition once again recovers our decomposition of
varieties into unions of irreducible varieties

Note that if Ii is an embedded prime, Ii 2 Ij minimal theme
so ZCIi ) E ZCIj) vs at the end of the day

we only
"

see
" the minimal

components

so if I is prime, I is a primary decomposition fore
In might not be primary . But itdoes have a unique
mermaid prime, I . the nth symbolic powerof I is

I
"
:=

unique minimal component in a primary decomposition of In
= InRe n R

= IfE R / s f E In forsme setI ?
=

unique
smallest I-primary ideal containing In



If I = In n - - - n Ik is a radical ideal
,

Icn ) := each) n . . . neEn )

= T (I? Rein r)I

=

.

(In Rizin R)
= collect all the minimal components of In

throw
away

all the embedded ones

vote In= In
'
⇐ In is primary

Geometncinterpeetahon

Roughly speaking , if I is a radical in E- Else, . . ..xd]

I
" '
= LfER / f vanishes to order n along Z C ) }

(Zariski-Nagata theorem)

An Application :kruldsintevsectontheorem-CR.mn) Noetherian local ring → n Mn = o
n>I

uses :

Leung I fg ⇒ TI
n
E I for some n



EH k¥aghttheorem
as

set 2 : = n m
"

N= I

m 2 = of, n . . - n f ,a primary decomposition

claim 2 E of; for all i
• If fqi = M, then syn E fi for some n ⇒ ZE m

"
E fi

• If fq.fm, then 3- n em
,
KEI Fi

n EfFfi
N F E B F E fi ⇒ a c

9-iprimary
- Fi

o
: F E Gn n . . - n g k M F E 2 ⇒ 2 =m2

⇒ 2=0

Demarcheorg
A chain of primes Po E R E . . . E Pn has length n

the height of a Theme I is
htCI) = sup Zn / Io E . . . E In=I is a chain of primes}
the (Krull) dimension of R is

dim CRI E sup Z n / a chainof primes of length n in R}
= sup ZhtCI) I IE specCR) }
= sup 2ht Cm ) I m C- SpecCR)



the height of an ideal I is

ht CI) : = inf { htCp) l PE Men CI) }

Remains

• dem CRIp ) = sup 3 n I fo E 9-n E - - - E 9-n , Gi EVCp)}
• dem (RE) = sup Zn I go E . - - E Fn , Gi EVCI) }
• dem (w-' R ) E dem CR)

• dem (Re ) = htCI )

• dem CR) = sup {dem (Rfp ) l PEMen (R)}
•

p prime ⇒ dem CRIp) t ht Cp) E demCR)

• dem (RII) t htCI) E dem CR)

• ht fo) = O

• htCI) = O ⇐ PE MenCI)


