
Lasttime
-

the height of a Theme I is
htCI) = sup Zn / Io E . . . E In=I is a chain of primes}
the (Krull) dimension of R is

dim CR) := Sup Z n / a chainof primes of length n in R}
= sup ZhtCI) I IE specCR) }
= sup 2ht Cm ) I m C- SpecCR)

the height of an ideal I is

ht CI) : = inf { htCp) I pE Men CI) }

Remands

• dem CRIp ) = sup 3 n I fo E 9-n E - - - E 9-n , Gi EVCp)}
• dem (RE) = sup Zn I go E . - - E Fn , Gi EVCI) }
• dem (w-' R ) E dem CR)

• dem CR) = sup {dem (Rfp ) l PEMen (R)}
• dem (Re ) = htCI )



•

p prime ⇒ dem (Hp) t ht Cp) E demCR)

• dem (RII) t htCI) E dem CR)

⇒em.

Examples

1) dem k = O

2) dim 12=0 ⇐ every prime is maximalminimal

3) demZ = I

4) RUED htCI) = 1 ⇐ I = Cf )
, f prime

5) dem (k Inn, . . .. see?) >d :

co) ECM ) flag,na) E - - - f Gen, xd)

Later we will show : dem Ck Tn. . . . ., nd)) = dem(REM. . . . , xdD)=D

so dim (kEmI ) e d



the dimension of an R
-module M is

dem CN ) dem (Hann M )

Mfg⇒ rCann M) = Supp cm ) → dem M = supZn tEE ' - -E In
, Meito }

R is catenary if for all primes QZI , all the saturated
chains
I = Io E I, E

- - - f In = Q

(saturated = chain cannot be extended) have the same length
R is equdemensronal if every maximal ideal hasthe same
f-nite height .

What can go wrong :

ExamIde be[By] net equidemonSonal
-

Cay , NZ)

Domain # equidimensional

Notes
• R domain

,
dem Cr) -no ⇒ dem CRIf ) < dem Cr)

In general, dem CHA)) a demCr) ⇐ f¢ peruana,, P
dennCRIP)=dimR



Also : R Noetherian # dem CR) a

dem CR) eco Fs R Noetherian

Artinianungs
R is Artinian if every descending chain of

ideals stabilizes

⇒ every nonempty set of ideals has a minimal element

An R -module is Artman if every descending 0ham ofsubModules stahalizes
.

Exercise R Artman ⇒ Rft Artman

M Artinian ⇒ N and MIN Artinian

Length of amodule M has finite length if ithas a

composition series : there is a filtration
0= No E Ma E . . . E Mn = M

St

MittMi is a simple module

M is simple if NEM ⇒ F- O or N-- M
(⇐ M E Rlm for some maximal ideal m in R )

l.CM ) : = inf {n I 0€ .
- - e. Mn is a stud composition series}



Jordan - Holder theorem ECM ) an

• NEM ⇒ KM) Elev)

•

any chain
in M can be refined to a composition series

• all strict composition series of M have the same length

Lemina O→ A→ B → C→ O Ses of R-modules

ECB) = LCA) +LCC)

Remand If MMA foe some maternal idealM ,

epfm) = epymcmlmm ) = dimpymcmlmm )

Bet fate length ¥ Rlm -vector space for some maxrdealm

Exercise CR
,
m) local ring

ECM) a ⇐ m
" M = 0 forsemen and Mfg

Exaiuple M=(R/m )
"

l.CM/=nbutmM--oLemr-naM R-module

ECM ) -no ⇐ Mis Artinian and Noetherian

Ireof ecml - no ⇒ all chains have length Elem )
⇒ M is Artinian and Noetherian



If Mfo is Artinian and Noetherian , S=3 N EM submodule} to
⇒ S has a maximal element Me since M is Noetherian

then MIM
,

is simple . Inductively contract

M Z Ma z . . . where each quotient is surepole

H Artman ⇒ chain stops ⇒ Hi = o for some i

i. ECM) soo

demise R Noetherian

ECM) e n ⇐ Mfg and dem(Klann CM ) ) = O

Prof ECM ) an =, M Noetherian ⇒ Mfg

O E Ma E - - . E Mn composition series

O→ Mj → Mit , → Mitt 1M
;
→ O

-

Ass= 121mi

rss (M ) = 2121me} ~ is CM) E2mi
,
. .

, Mn }1 induction

→ all primes containing ann(M) are maximal

⇒ dem ( KlannCM ) ) = O



If M is fg and dem Cpyann CM)) -0, then all primes
containing annCM) are maximal

Also
,
M has a prime filtration

A- Mt Z Mt - i Z ' - - Z Mo =o meth Mike,.FR/pi
ann (M) - M; = O E Mie , ⇒ ann (M ) e (Mia : Mi ) =p;
o: all pi are maximal and the filtration is a composition series

thin R ring , IE R ideal
VCI) =3me, - - -int} E mspec(R)
then I has a primary decomposition I= of, n - - - not ,,

and also I= ofa - - - 9-k , Rft I Rfq, x - - i t R(fu

theorem Let R be a ring . TFAE

n R is Noetherian and demCR ) = o

2. R is a finite product of Bcal Noetherian rings of demo
3 l CR)soo

R

4 R is Artman



Icf ① ⇒② Every minimal prime is maximal

spec CR)=mSpedR) = Men CR) finite
Apply theorem to I-0

→ R E R/q,
× . . -

× R/qn

SpecCrlqi ) - 2mi} → Rfqi Noetherian , dem Crlqi)
- o

② ⇒③ Want to show LCR) - N .

Sufficient to do the case CR,m ) Noetherian local,dem 12=0
then GT= my ⇒ by

"
= O for some n

so Mn . R to ⇒ ECR ) soo

③⇒ ④ LCR ) soo ⇒ R Artinian R-mod⇒ RArtesian

ring
④ ⇒ ① R Artman ring

p prune ⇒ Rfp Artman

of a c- Rfp : (a) Z Cad) Z - - - stops ⇒ Can ) = Can") for some n
RIP

⇒ an= ant
'

b for some b → ab=L → a unit
domain

i
. Rfp field ⇒ p maximal .

.

. demCR) - o



Speer) = Mfpeccr) = MenCr ) = 2mi } ;

M, Z Man Ma Z Man Man Mz z . - - stops
⇒ Mme Z M

,
n . . . AMn Z My - - -Mn

⇒ Mnt, Z Mi ⇒ Mnt =Mj
Muti theme Mimas

:
.
there are only fmtely many primes in R


