
theorem Let R be a ring . TFAE

n R is Noetherian and demCR ) = o

2. R is a finite product of Bcal Noetherian rings of demo
3 l Cr)soo

R

4 R is Artman

IIF Haran : i⇒ 2 ⇒ 3 ⇒ 4

4)⇒ n) Have shown : If R is Artinian then :

• dem(127=0
• SpecCR) = mspec CR) is finite
-5M R = R/q

,

x - - - x R/qn (Rfqi ,mi ) local of demo

R Artinian ⇒ Rfqi Artman

Need to show : (R
,
m) Artinian

, specCr) =3m} ⇒ R Noetherian

M Z Ma z y
'
z . . - stops ⇒ Mn= Mnt
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(Note : NAK doesn't apply → don't know if m is fg )
If M

"
to → S=3 IE M l Imnto} f-0

R Artinian → S has a minimal element 2

F ES ⇒ F NEZ
, NM

n

fo → (x) ES → Ge ) = 7
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Y
"
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= xm
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fo ⇒ any es



xM E Cn) → Ca) = Ca) Y = 8My E S

Cn) = my Ca){ Ca) fg Jfk
cm - o ⇒ 7=0 G.

So MEO , and if we take n smallest possible,
O= Mn E M

"'
E - .

. E M E R

the quotients Minniti
are killed by m⇒ Pym-modules , and

they are Artinian R-modules, so Artinian Rlm
-mods

over a field, Artman =Noetherian = finite length
stitch composition series together to make one for R

→ R Artinian R-mod ⇒ R Artinian ring
D

R ring r Artinian ⇐ {Sign-on ⇒ ecrkao

warning ! ¥ M Noetherian
M module M Artinian

¥ KM) so

why ? A module could be Artinian and infnetely generated



krieeesteeghttheoom

theorem ( Krull's Principal ideal theorem)
R Noetherian ring

Every minimal prime of Cf) has height atmost1 .

(⇒ htCf ) E t )

Iriof Suppose p e specCR ) , htCpl > I, pe Men Cf )

Io f - - - € In = p
,

n>2

• Localize at p (so p is the wage maternal
ideal)

• mod out by Io
H

CR
, m ) Noetherian local domain

dem r> 2

Men Cf) = Zm }

Let of E spec CR) with O E 9- EM

I = R/Cf) has dem (RAF) ) = O → E Artinian

consider gin ' = f -primary component in of
"

= of Rq n R



I Artman ⇒ GE z g Ez q'3)Ez . - - stops

so for some n gcn) E = gentle
In R : gcn ) t Cf ) = fat) +Cf)

Z always
so

qcn ) ⇐ qcntt) t Cf)

Any aefcn) a = btfoe GER
, beqcntt )

on

Egan) qtcnhti)

f-RE gcn )
Egan)

⇒ freq
Cn)

{ fcfq → re of" ⇒ aeqcnt
' '
+ fqcn)

qcn ) e gcnt
')
+ fqcn )

I

qcm = qcnttltfgcn
)

→ gcn ) = qcnt ' ) + y qcn
)
→

Nak
FG's qcnti )

so : gut = ga ' fo
Ul

Gn fo because R domain!



Beat n gon' = n (gem Rg n R) = (not
'm

Rg) n R
M>I M>I M> I

on

= O

Krull Intersection

R domain → OR
q
n 12=0 so

n gon = o E
. ⇒

M31

General version : need some kind of induction .

Lemmy R Noetherian

PE 9- Ea af

then I q
'

of P E f
'

E a

Eof fep ⇒ f C- f- of
' V Assume ftp.

• mod out by P } Crim ) local , FEM , f-to
• Localize at a

Need : feat E M

I E Men (f) IFPI ht I E e REMAIN htp = 1
Ideal1hm ffo

ht a> 2 a dem r>2 ⇒ take any min prime over f .



Krull's Height theorem-
R Noetherian

I = Cfn , . . ., fn )
I C- Men CI) ⇒ htCI) E n

(⇒ htI En )

IIF Induction on n .

n= o ⇒ I= o ⇒ minimal primes have height O
n=L is Krull's Irunapal Ideal theorem

n>a p e Min (fi , . . -sfn)
Po E r - - G Ph=p saturated chain

°

Coset fee Pe
⇒ apply induction hypothesis to E- Rae
II = Cfa

,
. . .,fn ) E m part E . . - f part has lengths n-I
-

n-1
→ h-n E n- I ⇒ hen V

• Cased fact pe But fepa , so use trauma repeatedly
get new chain

B E 9-n E i - - E Gen , E Ph fete . Apply CaseI



Notes
• this bound is sharp
ht (M

,
. . .

, nd ) =D in KEM
.
. -sad]

If ht Cfn, . . .> fn ) -- n Cf.. . . .> fn) is a complete intersection
j -

• In R = bin
, y ,Ed , Cny,NZ) = Ca ) n Cy,Z)

ht : 1 I 2

• An associated prime can have height > #generators
R=

KEN
,y)

⇒ I- co) o generators

cosy ) EASSCRII ) (n
,y) = ann n

• Noethenanity is necessary=

theorem R Noetherian
,
dem R =D

a) If p is a prime of height h, Ffa, . . ., fhep :

P C-Min (fi , . . . > fa )

2) I any ideal in R . Ffa
.
. . -

, fake EI
-

TI = VI , . - -s fan )

3) (Rim) local/graded k- algebra, k=Ro ,
-

Ffa , . - - , fd ✓ Cfa, . . .,fd ) = my



Corollary CR
,
m) Noetherian local ring

dem CR) = min 2n I rcfn.is# =3} EMcm)
In particular, R has fnite dimension .

Embeddengdimension-CR.vn ) local)graded k-alg with RFK

embolism CR) Mcm)

Regulating if dem CR)= embolism CR)

Cowdery k Exa
.

. .

, xdD is a regular local ring


