
somefads#demennon/height overa Noetherian sung

dem (bin. . . . .

, nd) ) = d = dem (KEN
,

. .

, add)

krueeltaghtheoem ht (fi , . . -, fn ) E N

R fg algebra over a field = pekcmi-r.ae#
I

or

R I KEMsi.sn#
I

1 R is catenary

(pEf⇒ every saturated pepo E
. - - E Req has the same length)

If R is a domain :

2 R is eguedemenaonal
(all maximal ideals have the same finite height)

3 dem (12/2) = demCR) - ht Ca) for all ideals 2 in r



Sampaio :

1) E-but a
'

,
nay
, Kya, y 'T E b.Easy,z)

dem CR ) E 4 because R has 4 algebra generators

← ± KEA,bird]had- be)

dem R -- dimfk%bd.LI) = 4 - 1
KEA
,bad] domain ⇒ ht Cad- be) > 1

bride height theorem → htCad- be)EI

Application what is Supp (IIIa) ? mr=ZQZI
Cnygyz)

Sepp (IIIa) = V ( ann ( IIIa)) E- Caz)

Ann (IIIa) = ( y,nz) in R

= Cy, x) n Cy,z) (radical ! )

Might as well think back in Q=EEBy,z) (dem3)

✓ (cosy ) n Cy,z ) ) = VK.gl/uVkzzi)
htt ht2

= 2cm
,yl, Cy,z) , cosy,z -a) , Ca

-a
, y,z) Iaea}



over,upand_down

Imageaitenon R b s ring homomorphism
PE spec CR)

permage (ft) ⇒ P=QhR ⇒ psn R =p
for some QESpecCS)

Note this is unrelated to whether or not ps is prime

Example k R=k[ my,NZ,YZ)
4- s. = KEN

, y, z]

Can check with Macaulay2 : RE Kgb
,
c) polynomial ring

so I = (ny) R is prime !

Is = Cny ) S = Ca ) s n Cy ) s

Isn R ⇒ (ng ! ; Ee) = Cnzmlpfyzt of Cny ) R

se : Psn R ¥I ⇒ If image (y* ) ⇒ if not suyedtue
A : If On R = I, QE spec Cs)

then Q z Cny ) s ⇒ Q zu or OF y
Q n R z ca) n R = Cny,Nz) Z P•

on r z Cy )n R = Cny,YZ) Z P

corollary Res direct summand → Specs) → spear) Suyedtve



Integraldonueo-fdealsrermle-gralooertifrhtazr.tt'
t . - - t anyE t an -0 for Aj EIi

I:=3 re R I r integral over I}
SES R-algebra integral over IER if
S
"
t a
,
Sn
- '

t - . - t an-,Stan = O for aj C- Ii

Landa RES integral Exercise I E FI
ISnR E I

dying res integral
psn R =p for all PE SpecCR)

&
Specs) → SpecCR) surjective

Iaf sketch : Show EEE
. If p prime,

psnR E F E PT=p

Example k[nygnziyz) E KEN,y,z) net integral !

Indeed
,

it is not mod-finite : need to add all 2! yn, 2-
n

theorem (Incomparability) If R→ s is integral and
IE Q are themes in S with In R

= On R
,
then E- Q



Gangi R→ s integral

In S :
I

z q
I E Q

In R
Y - UI UI

p E f p E of

Gomg-Down_ R E S integral
R normal domain

s domain

In S :

Q F E I E Q
U
ND VI VI

In R : p E f p e of

consequence : R → S integral → dem R = dem s

Noetherirormalzaton R fg k- algebra
there exist as . . .

,at
ER algebraically independent over bust

bins
,

. . .

, set ] E R is module -fnete
If R is a graded b- algebra, Ro= k, can choose a- homogeneous

Note mobile -fnete→ integral → dim R= dem Nothnormalization



thin bins
,

r .

, nd] Noether normalization Of 12

All maximal ideals of R have height d .

these arethe tools we need to show :

R fg algebra over a field = pek-LM.n-r.ae#
I

or

R I KEMsi.sn#
I

1 R is catenary

(p E g-⇒ every saturated pepo E
. - - E RE of has the same length)

If R is a domain :

2 R is equedemenaonal
(all maximal ideals have the same finite height)

3 dem (12/2) = demCR) - ht Ca) for all ideals 7 in R



Hilbertfunchoy k field
R IN-graded k-algebra
M Z- graded R-module

Hn Ct) : = dunk CRT ) Hilbert function of M

here#= Fez
,

Hmcilzi Hilbert series of M

Examine R= bin
,y] fgegyz, standard graded

=

7g
④ (kn #Ky)

④ ( buy ,qaky2) ⑦ Kuya123

Hpet) = {I} III. 32 eventually O

o
,
otherwise (polynomial of deg

-t)

hp CZ ) = It2Zt2z2tz3

Iolynomialhing R= bins . .

,
se I → Rt = ④ k - sein - r - send"

out . --tant

Hr Ct ) = (tt?-1 ) for t > 0 polynomial of deg n-I
n

= coefficient of zt in (et z t - - - + za't . . . ) . . . (Azt. . . + Edt . . .)
n

hrct) = (it ZtEdt - - - ) = Tiz



them Rfg k -algebra
Ro = k
R generated by elements of degree 1
Mfg graded R- mod

Hm Ct) = In Ct ) for too In polynomial of degree dem CM) -I

In Ct ) = eqthm.CM
) -1
t lower order terms

(demM- t) !
multiplicity
) Hilbert polynomialFM

for some positive integert .
E- M

Moreover
,
the Hilbert series of M is of

theform
hmcz) =HI for some ga) to .

Cz-1)
dimM

to actually calculate things :

Leiuma O→ L- M - N- O → It µ = HL t HN
Sesof graded R- modules by degree O maps

Iaf o→ Lts Mff Nfs 0

Rank-Nullity 1hm dem Mt = dung(Mt) tdem berg
-

= dem Mt t dem Lt



EI S = KIM
,
. -

, Rn]

f ES homogeneous of degree de

R = Skf) → Hs Ct) = ?

o → s C-d) if s → Skf, → 0

Hs Ct) = Hsc-d , Lt) t Hr Ct )

Hr Ct) = Hs Ct) - Hs Ct -d)

= (ttmn,
-1 ) - ft

-dtn- i )n-1

her Cz ) = ( t - Zd) hp Cz)

1hm (R
,
m ) local Noetherian ring or-

graded K-algebra withRE k, R= KERI

the following numbers are all the same :

• dem CR)

" grated case
g• men {d I hf,,..# = M , fi homogeneous

11

• It deg ( Hebert polynomial )
11

• order of the pole at 1 in the Hilbert series of R .


