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Noetherianngs

A ring R
is noetherian if every ascending drain

IoE Iz E . . -

q ideals in R stables, meaning In
= In forall n>N

we started pooing the following :

Imposition 1.a R ring
TFAE :

i R is noetherian

on Every nonempty family of ideals has a maximal element
3 Every ascending chain of fg ideals of R stabilizes
4 Given any generating set s for any ideal I,
I is generated by some pink subset of s

5 Every ideal in R is finitely generated



Idf (continued )
Last time we showed a ⇐ 2

,
n ⇒ 3
,
3⇒ 4

4 ⇒ 5 is obvious
,
since 4 requires more

a pure than fg

5 ⇒ 1 I
, E Ia E Iz E

- - - ascending chain of ideals
I= Un In is an ideal (exercise )

Remark : only because I, E Iz E - - - et( In general, Ivo not anrdeal
)

I is fg → say I= Cfn , . . -sfn ) .

There exists Nst

fr s - - -

s fn E IN ⇒ I= IN = In forall n>N

Example e) E- ka feed .

the onlyideals in Rare and R
,

so R is noetherian

a) Z is a noetherian ring , since all ideals are of
the form Cn ) . In fact, any IID is noetherian

3) QZZ} = LfCz ) E QIzI : f is analytic around o}

Every ideal is of the form Czn) ⇒ this is a IID



4) E- KIM
, Na , az , . . - T is not noetherian

Cnn ) E Coa
, na ) ECM , no, Nz ) E

- - -

5) R=k[a
,
n
"
} a
"
} x
"
9 . . . J E bind is net noetherian

Ca ) E (n'k)ECx"3) E . . - is infinite

G) R= CCR, IR) continuous real valued functions net noeth

In= {fca) : ftp..in
,
Lng
= O}

forms an increasing chain

Same construction shows CHR
,
IR) net noetherian

Remade Let R be a ring and IE R bean ideal in R .

{ ideals in RII} s {ideals in R containing I}
So R noetherian → RII Noetherian



Definition AnR-module M is noetherian if every ascendingchain
Mo E M

,
E Ma E . . .

of submodules of M stabilizes

Remade R noetherian ring ⇒ R is a noetherian R-module
However
,

RES noetherian rings # s noetherian R-module

Example ZE Q are noetherian rings, but Q is not anothZ
- mod

OE Zz E ZE t2 Ig E 2£t2It 21¥E . . .

does not stabilize .

Remade Nonnoetherian rings can have lots of noetherian R-modules

Ings M R- mod .
TFAE :

DM is a noetherianR-module

2) Every nonempty family of submodules of M has aMax
3) Every ascending charm of fg submodules stabilizes

4) Given any generating set S fora submoduleN, Nis generated
by some finite subset of s
5) Every submodule of M is fg
In particular, a noetherian module must be fg
Idf : Exercise



Exactsequena the sequence of R-modules and R-module maps

. .
.

¥ Mn
En

. Mm. . ..

is exact if im fn, = beerfn for all n
An exact sequence of the form

O→ A → B→ C → o

is a short exactsequence .Cses )

Remarks
-

. o→ A ft B is exact ⇒ f is nyedtue
• A ¥ B- o is exact ⇐ f is surjective

O→ A
f-

s B -83 C → o

is exact ⇐ {
f is injective
im f = Ker g

g
is negative

so :

A =fCA ) E B

C = im g E B1kerf
= BIA



Lemme 0 → A t B Es c - o ses of R-modules

B is noetherian ⇒ A and C are Noetherian

IIF ⇐ ) A E B submodule

Submodules of A one submodules of B ⇒ A Noetherian

(submodules of Noetherian Modules are noetherian)
submodules of C

= BIA are of the form DIA for some
submodule D of B (containing A ), and Dfg → DIA fg .

→ A is noetherian

⇐) O E M
,
E Ma E Mz E r - - chain of submodules of B

D Ma AA E ManA E - - - chain of submodules of A ⇒stabilizes

2) g Cih) E gCry ) E
. - i chain of submodules of C⇒ stabilizes

suppose they both stabilize after step n . Tix n e Mn+ez Mn .

g ca) e g CMnti ) = g Cmn ) .

then
gCn)

= gCy ) for some ye HnCE Hnti)



g ( n
-

y )
= o ⇐ 2-y E Keng = A

so n -y EA , and N
-

y E Hn+1

⇒ se -y E AnMnt , = An Mn

→ N - Y E Mn ⇒ NE Mn
%

an
C-Mn

corollary A,B noetherian ⇒ A@ B noetherian

Ifaf O → A → A④B → B →O Ses
④

Corollary M noetherian ⇐ ten moettauan

In particular R Noetherian ring ⇒ Rn noetherian R-mod

Pref n=L duh .

Induction : O → Mn→ Mn"→ M → o
w

Mn④ M

Inge R Noetherian ring , M R
-module

M Noetherian ⇐ Mfg
So Mfg R-mod, MIN ⇒ Nfg R-mod



Iaf ⇐) follows from equivalent definitions
⇐) Mfg ⇒ ME 124bar (rn M )

Hebertbpsasislheorempn
noetherian

ring ⇒
RExa; . -paid is a noetherian rong

(Also REM, . . . , send is noetherian )

Remade this means that

everysystem of polynomial equations infinitely many variables
can be written in terms of fmtely many equations


