
Lastra
R is a noetherian ring ⇐ every ideal in R is fg
M is a noetherian module ⇐ every submodule of M is fg
turn R Noetherian ring , M R-module

M is a Noetherian R-module⇐ M is fg
Remand ⇐) always true ⇐) false af R not noetherian

HdbertbpaasislheorempNoetherian ring ⇒ REn) is a Noetherian ring
(and so is REND )

corollary k Ena
,
. . .

, nd ) is a Noetherian ring for any foldk

Bulthuis : For nonnoetherian examples,see R=bias,na, .. .] and its quotients

Ireof of Hilbert :
Let IE REn] be an ideal . We will show I is fg
F : = } aE R : asent lower order tunes E I for somen} E R
F is an ideal in R (exercise) ⇒ 8 is fg , 2- Cas . . .,at )

suppose ai = leading coefficient of fi EI
set N: = Max 2deg fi }



Given any FEI of degree>N,

left = leading term off = combination of ai

f - some combination of the f, has a degree f

IcCf) = re Ast - i - t rn an

(⇒ deg ( f - Er; a; f; zedegf
- degfi ) a deg f )

→ f - some combination of the fi has degree E N

f = an element in I an element in

9- degrees N
t

Cfn, - . -

sft )

⇒ f E I n (Rt 122+1222t- - - t 122N) t Cfn, . . .

,
ft )

RtRnt - - - tRNN is a fg submodule of REx)
⇒ In (Rt Rat - . - t RxN) is fg, say
= (fth

,
r . .

, fs )

then I = (fr
,

- -

, ft, ftti , - -

s fs )
so I is fg , and RENT is a Noetherian ring

Power series case : take 2 = lowest degree offs of elements in I



RES Subang → s is an algebras over R, meaning
s is a ring with an R-module structure satisfying
r(s,Sa) = @S , ) S2 for all rER,Si ,Sats

More generally, given a ring homomorphism p : R→ s
,

S is an algebra over Rua e, by setting r -s : = poets .

A E s generates s as an R-algebra af
• the only subring of s aontaeng yCR ) andn is s
¥
Every element in s is a polynomial in a meth coefficients in yCR)

F. RE x ] polynomial ring in IN indeterminate

the ring homomorphism REX]
# s is surjective

Nj 1- Xi

q : r-i s is algeba-f.net / s is a fg R-algebra

IS of finite type over R if
S can be generated by finitely many elements as an R- alg

Sfg R alg ⇐ S = REfa
,

. . .

, ft)



So to recap : as R-mod

t
M fg R -module ⇐ ME 12% for some n,NER

"

s fg R- algebra ⇐ S E REM
.
. - -sank for some n

T I ideal
asa ring

here I = ideal of relations of S

Bernard Y : R→s ring homomorphism
1) p surjective → I generates S over R ⇒ S is alg - fate overR

2) to determine if s is a algebra- finite over R, can factory as

R→ Pyper
y

4- s always

so it's sufficient to consider the case when y is nyedete
so we identify R=pCr)

Every ring is a 2-algebra, but usually not afg one
egg Q is not a fg Z - algebra .

Def sa. . . . . Sn are algebraically independent ifthere are no
relations between them

,
so

RE Sn
,
. . .

,
SnT E polynomial ring inn variables over R



them A E BE C

AE B alg
-fn

" { BE caeg.fm ⇒ A E C alg-fu

2) A E C algebra finite ⇒ BEC algebra -finite

⇐ r feed , B = KEN, ay, ay? ay} . . . ] E C = bigy]

-
-

net alg finite overk alg -fnlk

Any finitely generated k-subalgebra of B is contained in bin,my. . . .,nym]
all the elements in bin

,my, . . .,nym) are linear
combinations

of terms of
the form za yeam ⇒ nymt

'

Ef keg . . .

, nym]

Corollary of Hilbert Basis 1hm-
R Noetherian ⇒ any fg R

-alg is Noetherian
In particular, if k is a field then R= KEM

,
. . . sad]
It is Noetherian

Remade the converse is false : many Noetherian rings arenet

fg algebras over a feed .



If S is an R-algebra, we can also consider its module
structure over R .

we say s is module -fate if et is afg r
-mod

Remand

a) y : R→ s surjective⇒ SE Ryberg is gen by I⇒ s is mod-fin
2) Suffices to study the case when y is nyedete

Examples

1) kEL field extension

L Module-fate over k ⇒ L is a finite field extension of k
( L is a finite dimensional k- vector space)

2) ZE ZEi] is module- finite : every element in 2Eid looks like
at rib
,
a
,
be21

so in fact aEi) is a 2-generated 2-module (2e, if)

3) RE REn) is algebra- finite but not module -finite
REn) is a free R-module teeth basis 21

,
n
,

n? so} . . - Y
so a

,
n
,

na
,
. . . are linearly independent but algebraically dependent .



4) KENTE bin
, te ) is not module - finite

1- . bin) E Iza . KEN E L . k[a) E . . . infnete
z
's chain !

- - -

everything ofthe everything of everything

fam food form fee fed
k£1 zzz

RE 3

Unrelated bin
,
'zJ is not a field . Eg , t-n does not

have an inverse .

Def R A -alg
reprising over A if
G
"

t an- , r
"
t - . . t q rt Ao = O

for some n> I and ai EA


