
dasttime S an R- algebra (may assume RES)
• s is algebra-finite if s= REfr . . . .

.fn] for some fi Es

• s is module -finite if s= Rf, t . . . t Rfn for some fries

Remake Module finite ⇒ algebra-finite (same generating set !)

But algebra finite # module fnete (eg RE RENT)

Remade A E BEC rings
•
AE B Mal -fn
BEE mod -fn

⇒ A E C mod-fu

• A E C Mod. -fu ⇒ BE a mod -fin
• AEC mod -fin ⇒ A E B mod-fn

(not as easy )

Lemmy RE S module-finite
Nfg S -module .

then Nis afg R-module by restriction of scalars

thus the composition of module -frate maps is mod-finite



Remache N is an R-module by restriction of scalars

in
-

if
=

g.
n

(we are restrung our scalars in s to R)

Itoof If S = Rant - - - t Rae and N= S bet - - - t Sbs
,

r s

N= I -2 Raibj as an R-module .

if I j= I

Def R A -alg
teeRising over A if
G
"

t an- , r
"
t - . . t q rt Ao = O

for some n> I and ai EA

Rem reR integral over A ⇐ r integral over yCA )
so we might as well assume y es ergative
the integraldooure of Ain R is
{ reR I r integral overA} ER

Remark Integral ⇒ algebraic- *



A is integrally closed in R if GER integral over A⇒ REA

species If R is a domain,
R E frack) = field of fractious of 12=21 : Sfo}
the integral closure of R in fnadr ) is denoted E

R is a normaldomain if R = E

trop A ER rings
t) GER integral overA ⇒ AERT module-finite overA

2) rn ;.. . Et E R integral overA⇒ A EA Ere
,

. . .

,rt] mod
-fn .

Indy n) rent an, rt
"
t - - - tart of = o

⇒ REM] = RtRr treat . . . t Ren
- '

Sma : rn = - an, ten
-'
- . . . - a

,
r - ao E

Rt - - - t Ram

sent
'
= r f- an,r

"
- . . . - a

,
r- ao )

E Rt . . . t Ran E Rt . . . tRkn
- I

÷
m

inductively , we show r e Rt - - - t Ran
- '

forall m

and thus
any polynomial inr is in Rt - it Ran

- '



2) Ao := A EAN : = A [rid E Az A [oh ,ra) E - - - EAEAEr, . . ., red
on

Mal - fin

Ait, is module
-finite over Ai because rite is integral over A;

(via the same monig emotion used over A )

composition of Module -finite maps is Mod-fate⇒AE At
mod-fn

Detamenantaltreck R ring
BE Mnm CR)

VE Rn (vector)
KER

r ) adj CB) . B = At B o Inn

where adj CB) ; go
= filitti dot (Bij )

→ Tmatrix delete i-throw
, j-th column

2) Bro = rv → det (r Iran - B) v = 0

Eof a) See notes

2) BU = to ⇒ @Inn -B) 0=0

det(rIn×n -B) v = adj (eIn×n- B) oCrIn×n -B)0=0



thin AER module-fault ring extension ⇒ AER integral

Ihoif Let reR
.
We will show r is integral overA .

R= A ret . . - tArt VLOG : 91=1

t

re
,
= E aijrjf- I

C = Eaij ]

a- (II )
→ to = Co EI detfetn.in-c)v-0

V = ( fu ) ⇒ detcrtnxn -c) to

expand as a polynomial in r ⇒ monic equation in r = 0

Corollary R med- finite over A ⇐ R is alg- fault and integral over A

Iwf ⇐) ok by previous theorem

⇐ ) R= A Ef. . . . . , ft] integral over A

⇒ each fi integral overA ⇒ module -finite



corollary
• R generated as an A-algebra by integral elements ⇒ r integral
• AES ⇒ {SES : s integral overAG is a subring ofS

Indy . R = A [ A ] , every ten integral over A

reR ⇒ r can he written using finitely Mary XEA

⇒ r E A [ In
.
. . -

,
Xt) module-fate⇒ r integral

• 2integral elements ng E A [2 integral elements}]of Zinkgral}
my n)

→ the set of integral elements is a ring

⇒ Integral closure of
A in R is a ring

.

I
t



I

¥ "

a) r= Clergy] E S = QEBy,
Gettyat2-2)

S is module-finite over R, because :
• s = RE z]

,

and

• 2- satisfies of tatty2=0 ⇒ z integral

2) Not all integral extensions are module-finite
his Cdg closed feed) ,

KEN E R-- beta
,
x
"
? x
"
} . . -
T riot alg -finite
-

gen by integral elements over bin]

eg
n''n satisfies rn-a

Aatrrtatedemma AEBEC suchthat :

• A is Noetherian
• C is module-finite over B
• c is algebra -fate overA

then B is algebra-f.net over A .



Iaf C= A Efa , . . .

,
foe ) and C = Bgntooot Bgs

fi = bi , get
- - - tbjsgs , Gegg = big , get - - - t bijsgs

bij, bijKE B

Bo : =f- E3 bij, bijk})
E B

Noetherian ⇒ Bo Noetherian

Any cec is a polynomial in the fi
⇒ CEA-LLbijp-gn.i.gs]

rewrite gigs. as linear combinations of Gi 's repeatedly
CE Bo g, t

- - - t Bogs

:
.

C is a fg *Bo-module- s BEC

⇒ its is a fg Bo-module

⇒ Bo EB is mod-fn⇒ alg -fn
AEBo E B ⇒ A EB cdg -fin
oron

dgfnalg-fn



A-napplecaltontoinoauant.mn#
Q : Given a finite set

'

of symmetries, consider all polynomials
fixed by those symmetries .

Can we express all fixed
polynomials in terms of finitely many ?

Moiepeasely a- group atlng on R= bin,, - . ., nd), fixes k
RG : = LfER : g -f =f for all gEGG

Exercise RG is a subring of R

Q : Is rot a fg k-algebra ?

Inge a- fate ⇒ REE R is module -fate

Ineof k E R alg -for ⇒ RGER alg -fn
E ER → Felt) = ft ft- goe)EREt]

Say a- fixes t ⇒ Felt) E (RETT )
G
= RGEt]

leading term tht
'
⇒ Felt ) monic ⇒ r integral /RG

RE R integral and alg-fn ⇒ mod- fin



Him (Noether) RG is a finitely-generated k- algebra
Iroeof BERGER Artin

j TEN →
KERG alg -fn .

Noth
- Tate

alg -fin ④


