
Sofer :

R Noetherian ring ⇒ Every Gnome) ideal I is f.g

eg, R= ktmid ,
k field

over a Noetherian ring R
M Noetherian R-mod ⇐ Mfg .R-mod

AER ring extension , fi E R

AER algebra-fate ⇐ R= A Efa, . . ., fn] ⇐s RE AE9en?
I

n

AER Module-finite ⇐ R= Af, t . - - tAfn ⇐ R ± Afr

Gradedro_ngs R is IN - graded if
R = @ Rn

h70

where RARb E Ratio for all g b >0

More generally , if T is a monoid (has an associativeoperation with identity)
Ris T-graded tf R=¥, Rt

and RaRb E Rays for all g bET

Most common examples use F- IN or 2 .



f-ER is homogeneous (of degree a) if f- ERA, and

deg f :=a or If I = a .

Remade Each element is a unique sum of homogeneous elements
called its graded components or homogeneous components

Remade Ro is a subring of R and@ ERo)
tix : a) Every song R is trevally a graded ring Ma RE B Rn-0 fanfo

b) k field, R= k [see , . . ., an]

standardgading Rd : = Z k . Eh . . - man
art . . . tan=D

( k-vector space spannedbythemonomials wth total degreed)
Rft na Kz is homogeneous , xftnz is not

c) Any choice of (par . . . ., pan ) E IN
"

gives R=kEm, . . -pen]
an AV- grading :

set ai to be homogeneous of degree B;
this is the grading with weights (Ba. . . . Bn)

d) Fine grading on R= KEM,
. . .

, an : IN
"
-grading given by

Roh
,
. . .

,
dn) = ko seed . . . and"



Romanek f E KEM, . .., an]

f- CX Ms . . -

s Xan ) = TnfCog . . ., n ) ⇒ f- homogeneous wrt
standard grading

flaw 'm, . . .

,
Iman ) = Tht

- "+

wnfCm, . . .

,
an )⇐ f homogeneous Wrt

j some weighted grading
f is quasihomogeneous

An ideal I is homogeneous af it is generated by homogeneous
elements .

Equivalently , I is homogeneous if
f- E I ⇐ every impotent of f is in I

So I is homogeneous ⇐ I = n⑤ In , where In-_ In Rn

⇐ R=n% Rn , Ro - k field

Rt = ¥,Rn is the homogeneous maximal ideal

Indeed
,
this is the only ideal that is both homogeneous andmaximal

denim I homogeneous ideal in the T-graded ring R,
then RII is naturally a T- graded ring
Ireof HI = ①④7÷a = ④RI

-a



Exe R=kEnibZ# does not admit an IN-grading with
(z2ty3tZ5)

dega = deg y = deg 2-=/

but it does with deg x = 15, degy = 10, deg 2=6 .

R T- graded ring
An R-module M is aT- gradedR-module if

M = ④ Ma
act

and Ra Mb E Maths

R
,
S T- graded rings

A ring homomorphism RE s is degree- preserving or graded if
f-(Ra ) E Sa for all aET

M
,
N graded R-modules

An R-module homomorphism MtsN is graded of degreed if
f-CMa ) E Natd foe all aE T

Romack Ring homomorphism ⇒ arts Ir ⇒ degree O
CF graded)



Example

a) Rung homomorphism :

f-
KEN
, y,Ed
→ REB st, t

'
J E KES,t)
-

degCock go,
the grading

f- degree preserving ⇐ degcy ) = Cad )

degCz) = Co,2)

b) Module homomorphism :

k field, R= k Em, -

→Rn] standard grading

CE Ro R f- R degree-preserving
I Ms Cr

GERd RTt R
r rs gr

degreed map

can turn this into a degree O map :

RC-d) : = R with grading RC-d)t = Rt-d

RC-d) f- R
r i- ge

has degree o



Earlier : R Noetherian ring
RES alg- fn

⇒ S Noetherian

But
R Noetherian

RES Noetherian
* RES alg -fn

Ings R IN- graded
fr , . . .

, fn ER of degree > 0

(fi , . . .,fn ) = Rt = Rn ⇐ R= Roth
,

. . .,fn]

therefore,
R Noetherian ⇐ ROER alg -fin


