
Earlier : R Noetherian ring
RES alg- fn

⇒ S Noetherian

But
R Noetherian

RES Noetherian
⇒ RES alg -fn

RIN-graded ⇒ R+=ngoRn is an ideal in R

specialise Ro=k a field

Rt is the unique homogeneous
maximal ideal inR

Ings R IN- graded
fr , . . .

, fn ER of degree > 0

(fi , . . .,fn ) = Rt = Rn ⇐ R= RoEf, . . .,fn]

therefore,
R Noetherian ⇐ ROER alg -fin
INgraded ring Ro Noetherian

Irooef ⇐) R=RoEfn , . . .,fn3
EERt ⇒ r= PCfi, . fn) for some IEREM, . -pen]
- with zero constant term
E Cfn
,

. . .,fn)
(each monomial is a multiple of some fi )



F) Take GERD .

Want to show : re Roth
,
. . . ,fn] .

Induction on d : do ⇒ EERO V

d>O : G- qfnt . . . tan fu aiER

9
, fi all homogeneous ⇒ can chase ai homogeneous

of degree degree- degfisdege
:. By inductions aiERo-fnj.fr ] ⇒ CE Roth

,
-

→fu) .

therefore : Ro Noetherian Hebert

ROERalg-f.sn
→

R Noetherian
Basis

R Noetherian → Ro E Rhq Noetherian

{ R Noetherian ⇒ R+= Cfn, . . .,fn ) I R= Ro Efa , . . -sfn]

1stpart

AI¥¥ungs
R graded ring
A- group actingon R by degree -preserving automorphisms R

R

Def R -4,5 ring homomorphism (not necessarily graded)
R is a direct summand ofSif y splits as amap of R

-mod :
'

i
.

.

R - s sty = idk4



Consequence : y is injective vs assume RES

so it is R-linear : itCrs) = rites)
and

Alper) = r for all GER

Note it is a splitting ⇐ * is R-linear and *G) = I

philosophy R is a directsummand.
9- anice ring

→ R is nice

demr-natiokal.in R

Rdirect summadqs
⇒ IsnR = R

IIF Let it be a splitting
If ME IS A R, so

c.= Snf, t - - - tSnfn SiES
,
f; E I

←It (e)=ECS, fat - - - tsnfn)= fastCsr ) t- - - tfnitcsn)EI

Ings R direct summand ofS
S Noetherian → R Noetherian

Indef I, E Ia E - - - chain in R

-I
,
SEIaSE . . - chain in s ⇒ stops

⇒ I
,
= I

,
ShR E Ia = IasnRE - - - stops



trop k field
R= KEM

,
. . -fed]

G- finite group F R K-linear

drank X lat (always true in char o)

then Rot is a direct summandof R

Indy f : R→karts¥2 go r

gEG
-

actually in RG

claim g
is a splitting of RGER .

• RE linear : GER
,
SERG

goes) = af, -2g
.@s)

g

Tat qq.rkg.SI
= fat g-zscg.nl
= s fat Egg

- r. = syce)



•f)pg
= idk : SERG

gCs)
-

- Fay Egg . s = fat GE s
= s

trim (Hebert) k field
R= KEY

;>
send

A- acting k - linearly on R
RG E R direct summand

then RG is algebra -fate over K -

Ireof Rot is IN-graded with Ro= k

REE R direct summand ⇒ RotNoetherian

NIET → RG finitely generated Rfk -algebra

tented this proof applies to many infinite groups
→ thosethat are linearly reductive,

which basically means we can define a map likef



Atdtlebtof#mehy

Question towhat extent is a system of polynomial equations
determined by its solution set ?

Baby example : a variable
-

over IR
,

It 1 has an empty solution. set

over a or any algebraically closed field,

If an, . . . , ad are the solutions to fCZ) =o, then

f-Cz) = Cz-q )
"

. . - Cz- ad )
nd

⇒ f completely determined up to factors

If we ask that f has no repeated factors ⇒ Cf) unique.

More generally, given a system

{
t
?? fi EkEET

ft=O

E-a is a sedation ⇐ g.Ca ) to Fg C- Cfa, . . . , ft )

R= biz] is a PID ⇒ Cfa , . . .

, ft ) = ( gcdcfn, . ..,ft))



Def And Car
,

. . .sad) / aiEKG affne d-space overk

Def TE KEM
,

. . .ped
d

ZET) =ZCT) =3 Car, . . .

, ad) EAal fcar. . . ., add to foeallFET}

Subsets of Ade of this form are called varieties .

A variety is irreducible if it cannot be written as a union
of two proper subvanetes .

Wang for some authors , variety ⇒ irreducible .

EI : see pretty pictures , M2 example

Def xEAT.
ICx) = 2g E KEN, .. ,nd) / gcar, . . .,ad)-0 HEEXY

is an ideal in k Exa
,

. . .

, nd] (exercise)


