
variety
a set of points

mad that contains

exactly all the solutions to some
system of equations

= 2-( some (possibly infinite) setof polynomials)
(possibly infinite)
system of equations

in fnetetymanycd) variables
Is solution set of

given by polynomials
our system

EAD

the systemof add the
I

polynomials that vanish
- subsets of

Ad

at the green pants
&

KEM
,
. - -Md) An

Z
TE k[on

,
. . -

, nd]1- 2-CT) = LE Elad : fca)=OffETJ
I d

{fEk[oh, . ., nd) : fca) -0 ttxex}← XEA

TEK Em
,
. . .

> ad]
Is ZCT) Ead variety

-

ICZCT) ) /
possibly more polynomials



Properties n) 2-Co) -Adn
2) ZG) = 0
3) If9) = G) = KEM

, nd)

4) IE2E KEN, nd] → 2-CI) 2242)

5) SET Eadie ⇒ ICS) Z ICT)
6) I= CT) → ZCT)= ZCI)

Hilbert's Basis theorem ⇒ any system Et equations in Ktx, d)
can be replaced by finitely many equations

EI : I (Ha, ad )}) = (m- a, . . ., nd-ad)

¥ × = [ 7g; Bg
, By,] generic matrix

R=kE*] =
: k[ my, Fa Kfz ) Ck field)

e- detfng.mg
,
) seat (my

,
By
. ) E- Atty, :)

I (Ai
,
Dz
, Dg) E ( see, sea, Nz ) = :L

AI E 2×3 matrices

ZCI) = matrices of rankEl
2-Ca) = matrices with top row O

2-Ca ) E ZCI) → matrices witha 0 row have rank El



Irimeideals I is prime if fgEI ⇒ FEP orgEP

I

Rte is a domain

EI : primes in 2 : Cp ), p prune
co ) CZ is a domain ! )

E± primes in kEa] = Cf ) f irreducible
(O ) ( KEN is a domain)

EI : I = Ge
'
-yd ) E R=k[By ] is prime, since

KEN
, y ]
f- k Et} t

's
] E bit] (domain)

kerf = I ⇒ KEN
, yType is a domain

Willa : prime ideals ⇐ irreducible varieties
X ineducable ⇒ ICX) prime

raxemalideal mis mammal if
ME I ⇒ M =I 02 I = R

I

Rlm is a field

Residue field of M := Rfm



Note A ring might have many residue fields .
For example, the residue fields of Z are Ftp for all p prime

Exercise Maximal ⇒ prime

But prime ⇒ maximal

Example co ) is prime but not maximal in Z

theorem Every ideal in Ris contained in
'

some maximal ideal

Indy Notes

Back to geometry :

Laurea k field
R= KEM

,
. . -fed)

bisection {
maternal ideals in RyAdn c- with Pym

'k

car
,

. . .

, ad) 1- (M - ay , . . . > Rd-ad)

Ineof Note that for each choice KTM.sn# = k r

of Car
,
.
.

, ad ) EAL Ga-q, . . ., nd
-ad)

Injective : these ideals are all distinct;since ni -ai
,
ni-bi EM

⇒ Ki -ai) - (ni - bi ) = bi -ai EM ⇒ M- R
on

Ek
,
to



Suyedtue : Rlm = k ⇒each class in Rlm corresponds toa uniqueaek

so for each i , Nieai Cmodm ) for some ai Ek

→ hi-ai E m for all i ⇒ Gee- oh, . . -sad - ad ) E M
-

maximal

⇒ Cnn -q
,

. . .

, nd- ad ) =3

Example/ warning Not all maximal ideals in tin.. . . .

. nd ) are
-

Of this form . Eg , when be IR, D=1

In IREM
,
Carte) is a maximal ideal

RTn%a2+n , E Cl F IR

But this bad behavior won't happen if bets

Zariskilsdeuwa KEL extension of fields
• If L is a fg K-algebra, then L is a finite dimensional

k- vector space . (algebra fate⇒ module finite)

• As a consequence, if bets and KEL algfn, then ⇐k
(why ? neg - fn ⇒ mod-fn ⇒ integral⇒ algebraic)



So if M E KEM, . . .. nd) is a maximal ideal,
k E KEM

,
. . .,ndYm = field is algebra finite

⇒ KEN
,

. . .

,
nd]Im E k

From now on : bets

Nullestellensatz 5- KEN, . .;-red], k=I

^ There is a byecton
Adn ← {maximal ideals of s}

Car
,

. . .

, ad ) '→ (M -ay , . . .

, nd
-ad )

s
2. If r is a fnetety generated R-algebra ⇒ g

?
em! ad ,

there is an induced byecton
Za CI) E Adn ← {maximal ideals on R}

IIF n 3.maximal ideals with 121M¥ k } = {maternal ideals}
• Zmax ideals of R}

I

{Max ideals Of S, zI} ← Za EAD , a E ZzCI ) }

I E (M - q, . . . , nd - ad ) X ZCI) Z 3 a}



thm (weak Nullstellensatz ) bets
IE KEM

,
. . .

, xd ] proper ordeal ⇒ ZCI) t0

Iroeof Is my maximal → 2-Cm ) E ZCI)
on

point !

I ideal Es ZCI) variety ICICI))
how does Thes relate to I ?

EI : R= KENT
, In

-_ (xn) n> 1

2- ( In ) = 304 for all n

what do all these different ideals have in common ?

Reiuak f E KEM, . .

> Nd] , a- ENID

f- (e) to ⇐ fee) invertible

⇐ bfce) - 1=0 for some b

⇐ yfCED - 1=0 has a solution

so :

{ I'm: and {
&:* has a solution

g. to

⇐ }
o

and { Y.gr
- ' ⇒

has a solution

ygn
-1=0



⇐

It;o nasa solution

ygi
-

gn
-1=0

thin (strong Nullstetlensatz) bets

R= KEM
,
. . .

> Nd]

f- E ICZCI)) ⇐ fnE I for somen

Eeoof
⇐) f

"
EI ⇒ finca) - O forall AEZCI)

I kfeld

f-Cato for all AEZCI)
I

f-EICZCI ))

(⇒ ) FEICZCI))

so polynomials mI=0 ⇒ f = 0

thus

{ polynomials
'm I⇒

has no solutions
f- fo



⇒ Z ( I t Cy f -n ) ) = 0 in REY]
weak
→ It Cyf - l ) = REY )

Nullstellensatz

⇐ I E It Cyf - l )

If I -_ Cgn , - - -sgm) ,

I = ro . CI -yf) trig , t - - - t - rmg.me

I yrs ¥ in frac(REY] )

1 = rafa, I) -

g. Ca) t - - - tem CE, ¥) gmcn)

take the largest negative power off appearing ⇒ clear denominators

f
"
= Sega t - - - t Sm Gm
Y -

only one Is equation in R

→ fm E I


