
I ideal Es ZCI) variety ICICI))
how does Thes relate to I ?

EI : R= KENT
, In

-_ (xn) n> 1

2- ( In ) = 304 for all n

what do all these different ideals have in common ?

Reiuak f E KEM, . .

> Nd] , a- ENID

f- (e) to ⇐ fee) invertible

⇐ bfce) - 1=0 for some b

⇐ yfCED - 1=0 has a solution

so :

{ I'm: and {
&:* has a solution

g. to

⇐ { ÷?o and { Y.gr
- ' ⇒

has a solution

ygn
-1=0

⇐

µ ?
°

has a solution
m= O

ygi
-

gn
-1=0



thin (strong Nullstetlensatz) bets

R= KEM
,
. . .

> Nd]

f- E ICZCI)) ⇐ f
"

EI for somen

Eeoof
⇐) f

"
EI ⇒ finca) - O forall AEZCI)

I kfeld

f-Cato for all AEZCI)
I

f-EICZCI ))

(⇒ ) FEICZCI))

so polynomials MI=0 ⇒ f = 0

thus

{ polynomials
'm I -0

has no solutions
f- fo

⇒ Z ( It Cyf -n ) ) -_ 0 in REY]
weak
→ It Cyf - l ) = REY )

Nullstellensatz

⇐ IE It Cyf - l )



If I= Cga , - - -

, gm) ,

I = ro . CI -yf) try. G , t - - - t - rmg.me

I y to ¥ in froe(REy] )

1 = rafa, I) -

g, Ca) t - - - tem CE, ¥) gmcn)

take the largest negative power off appearing ⇒ clear denominator

f
"
= Sega t - - - t Sm Gm
Y -

only ona Y equation in R

→ fm E I

Definition the radical of an ideal I is

It = Zf ER : f
"
EI for some n}

I is a radical ideal if I=TI

EI : the radical of an ideal is an ideal

Exarate prime ideals are radical

f
"

E I ⇒ f-EI or f
"-'
EI ⇒ . . . ⇒ FEI



R is reduced if to = Co )

⇐ R has no nilpotent elements Cfn-0, ffo)
Exercise Rye reduced ⇐ I= TE

strong Nullstetlensatz says :

f E I#CI) ) ⇐ f- E RE

So I Cz(Tr)) = Ty

and 2-CI) = 2- (2) ⇐ TI = Fo

x variety in Adn the coordinating of X is

b. Ex) := KEM.r.is#ICx)
the algebraic properties of KENT translate into geometric
properties of x .

We can interpret bix ] as the ring of polynomial
functions on X

Note Every reduced fnekty generated k
- algebra is the

coordinate ring of some variety



Remade In general Inaf IO, but INT = Ez
since 2- (Ino ) = 2- (Io)

Remand Even if kfE, Zk (F) = Zp. (Fo)
aero ⇒ 2-pera) E 2-act )

If at Fact) and f-EF, f
"

EF for somen, so

f
"

(a) = o → fecal -0t

°: a C- Zkcz )
b- feed

what fails then ? Iczer)) is not necessarily Ft

eg , Zpfseatl ) = 0
It

I.(2-plain)) = ICO) = KEN] f- Frats = Cafta )
what failed here was the weak Nullstetlensatz !

Corollary R= KEM
,

. . .

, nd )order reversing k=I

{ hebvauetes of Ada } # {radical ideals inR}

X { FER : XE Zkcf )}
Z CI ) = I



Iaf ICZCL)) =D for any 7

I radical ⇒ I (2-(I)) = TI = I

Given a variety X, X = 2-Ca) whey F- Fo

→ 2-⇐ Cx )) = 2- (I (zoo ))) = 2- (2) = x

Lemmy X E Adn irreducible ⇐ ICx) prime

Ireof ⇐) X = Vavra , Va
,
VaEX varieties

so I (x ) E ICE )
, Icy ) , and ICX )

= ICY)NICK)
So Ff E ICY ), fEf ICI) g E ICI ), get ICY )

fg E ICY ) n ICI) → fg EICX)
but fg of ICX ) , so ICX) is not prime .

⇐ ) If I Cx) is not pm let f.GE/ICx1fgEICxl .
X E 2-Cfg ) = 2-Cf) U Z Cg )

→ x = (2-Hmx) v (zig) n x )
= 2-( ICX ) tCf) ) U 2- (ICx) tcg ) )
- -

Vf Vg



f- Cf IC x ) ⇒ Vf E X-

radical

84 text ⇒ rg € ×
} ⇒ × is reducible

Any variety X can
,

be decomposed into a finite union
X Ve v . . . U Vn

where Vi f X are all irreducible

we can find this decomposition algebraically :

Def A prime E is a minimal prime of I if
I E Q C- I

→ Q = I
Or prime

Men CI) = ZI -minimal prime of I}
Willow : E = n I = N I

IZI IEMMCI)
Iprime

willshow R Noetherian ⇒ I MinCI) I < A

so : x variety
→ ICX ) = In n . . - n Ik Ii prime

→ X = ZCI, ) U . . - U 2-CIK)

is a decomposition into irreducible varieties
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Rctonary Algebras a- Geometry
radical ideals varieties

prime ideals irreducible varieties

maximal ideals points

(o ) Ad

KIM
,
.

> Rd ) &

larger ideals smaller varieties

smaller ideals larger varieties


