
Varieties ZCI ) E Ad satisfy :

• 0
,

lad are varieties

• Finite union of varieties
is a varieties

• Arbitrary intersection of varieties is a variety
⇒ 2-CI) are the chosed.IE forth Zariski topology onAd

(very variety also inherits the Zariski topology)

EI : A topological space is Noetherian if
every chain

X
,
Z Xa Z -

- -

of closed sets stops .

Show that every variety is Noetherian

Ex : Showthat ifX is a Noetherian topological space
then every closed subspace ofX is compact

Exercise Ad is Tz but not Hausdorff fundersdo)

In fact, a variety wththe Zariski topology is never Hausdorff
(unless it's fault )

so algebraic geometers say quaiompact foe compact
CbetnotHausdorff)



spec R ring

MSpec CR ) : = the set of maximal ideals of R,
with thetopology with closed sets

Vma,CI) := IM EMSpecCR) : my 2 I}
where I ranges over all ideals in R, including R

(so VCR) = 0 is closed)
Note By Nullstellensatz, k=I

mspec ( KEM, - . , nd )) is homeomorphic to Adn
nth the

Zariski topology

m spec ( k[Mn) is homeomorphic to Zn CI)

t
with the Zariski topology

More ! this is functional :

R 4- S

finitely generated
Nos mspecs) €, mSpeer)

K -algebras



But ! this is not the right space to associate to ageneral R

1 Many interesting rings have only one maximal ideal .
the space wth I element is not exciting

2 We would like R t some spaceCRD to be functional

eg RI k cosyI
= bin-by] ?

to
= Kca) Ey ] = beat) Ey] Cy)

#
mspec (s)

Def the (prune) Spectrum of R is

spec Cr) := prime ideals in R, with the topology whose
closed sets are

VCI) : = { p e SpecCR) I p z I}
where I varies over all the ideals of R, includingR .

Example SpecCZ)

(2) (3) (5) (7) . . .

→ I=
Co )



←nfo

closets : Van)) = Upton } =3 pin}
no ⇒ Vco) = SpecCZ )

n = n ⇒ VCE ) = 0

rift ⇒ finite set containing things inthe top now

open sets : 0
, spec CZ),

all points but finitely many nonzero ones
Note : Nonempty open sets aredense. !

EI Cl Easy)

Inge I, o, I, ideals un R (maybe improper)
1) IE 2 ⇒ VA) EVCI)

2) VCI) v Vor) = VCIna) = V (Io)

3) A VCI, ) = V(EI, )
4) Dcf) := Specter) IVCf) = Zpespeccr) I fofp}
is a basis for thetopology on Spear)



5) Spec CR) is quasicompact

Iaf 4) open sets one

VCI)
'

= Vhf,})
'

= ? Vfx)
'

= UD Cfa )
a

5) 0 = My VCI, ) = V (Z Ix )
⇒ 1 E ZI, ⇒ 1 E I

×
,

t - - - t Ian
→ 0 = VCI,t --- t Ign ) = I

,

VCIq)

:
- specCR) is quasi compact

Def R t s - SpecCs) SpecCR )
p i- y

-' (p)

so the pramage of a prime
ideal by a ring homomorphism is prime

# is : Notation : par .
-

=p
*

Cp)
• order preserving
• continuous :

U E Spec CR) ⇒ U= VCI)
c

9-E
"

(n ) ⇐ ofhR 21 I ⇐ of ¥ Is⇒ of E VCIS )

so (F)
"

(u) = HIS))
'

is open



EI : R RII the canonicalprojection
→ spec (Rte) s Spec Cr )

is the inclusion

VCI) - spec CR )

Def a subset WER is multiplicatevdy closed if
• 1 E W

• a
,
b EW ⇒ abEW

Leung w multiplicatively closed subset of R
I ideal an R

Wh I =p ⇒ there exists pe VCI ) meth pnw=p

Ingolf F = 27 I 2ZI
,
Thw =D} ordered wth E

IE F → F f 01
F
,
E 22 E B E - . . chain in F ⇒ U Fiz I,@f)hw =0

.
: U ou E F is an upper bound for the chain

By Zorn's Lemma, F has a maximal elementA
we claim A is prime .

f,g ¢A ⇒ Af AtCf) , AtCg) ¢ F

Since I E A € AtCf ), AtCg ), we must have

(AtCf )) n w ¥0 , (AtCg) )n w¥0



rgftae E Wh (AtCf )) GER
, GEA

ragtag E Wh (Atcg )) GER
,
GEA

0
11

(rifta) Crag tag)= tgrafgtrefaatragqtaraa C-Arw

- on an EA EA EA tffgEA
EW EW EA

- tffgEA
EW

i. fg -4A and A- is prime
.

④

Ing VCI) E Vcf) ⇐ FEE

Equivalently , E- = n p
PEVCI)

fief VCI ) Ercf )# f- Ep for all PZI ⇐ fE¥⇐f
TI = N p

PEVCI)

⇐) WTS : PII ⇒ pzft
Indeed : FETE⇒ fnetep ⇒ ffp

⇐ ) fcfft .

Set w=Zbf,f? . . . } . Note : wnE=¢

→ there exists REVCI)
, Pnw = ⇒ ffp



Corollary There is an order reversing byecton

{ closed subsets of SpecCR) }← 2 radical ideals in R}


