
A Comix of R
-modules is

'

a sequence of R-module homomorphisms
Anta d

C = CC
.,
d
. ) = ooo → Cute- Cnt Cn, → - - -

where dndnti = o for all n
⇐ im dnt, E Ker du

d
.
= differentials (of C)

warning we will net distinguish between complexes and co- complexes

A complex is exact at Cn/ atn/at homological position n if
im date = Ker du

exact sequence = exact complex (everywhere)

Homology of Cc., d.) is the sequence of R
-modules

Hn Cc) = bed =
ZIL nth homology of C

im date BnCC)

Zn CC ) : = her du E Cn n-th cycle

Bn CC) : = im dente E Cn nth boundary



canonical

Example projection

① C = Za z 2/2 (bounded complex )
I 0

is a complex : im fo 4) = 42 E 22 = bert

Homology
Hn Cc ) = O for n>3

Ha Cc) = knczi.im(o → z )
= I =o

He (c) =
beer (Z E, za )
- =

E
im Cz -04, z) 42,

± %

Ho (c) =
beer (2/2-0, o )
im¥zg

= He = o
242

Hn Cc ) = O for nE - 1

exactness at o→ Z Z E Z -04,2 ergative

exactness at z 212-so = Z 242 is surjective



Remain 0→ A f- B exact firyectve

B -8, c→ o exact ⇐ g surjective
A€ B -8, c exact ⇒ im f = her g.

A short exact sequence (ses) is an exact complex
f g

O → A → B → c → 0

so : . A includes in B by f CA E B )

•

g surjective ⇒ CE Bhaag = Blimf = Coker f
so our ses looks like

f g
O→ her g

→ B → Cokerf→ 0

Reward O→ M → O exact ⇐ M = O

Bernard O→ M Is N→ O exact ⇐ f isomorphism .

EI : R-- KIRI
,
k field

O → R R → Rfa, → O Ses .



categoyheoy
A category B consists of :

• a collection of obeys , doCa)

• for each two objects A and B in 8,
a collection Hom

q
Ca
,
b) of arrowy from a to b

(a= source
,
b = target )

• for each BB, c objects in 8, a composition

Hom
q
(G B) x Homq

EB
,
C) → Hong CBC)

f
, g i-s go f

ll

satisfying the following axioms : gf

① Horny CB B) are all dugout
② For all A EObCf)

,

F 1a E Homof CA,
A) St

↳of = f go 1a = g

for all fE Hong (B, A ) and all g e Homf CB B )

③ Composition is associative : fo Cg oh ) = (fog) oh

G is locallysinall if Homq CAB) is a set for all objectsA, B


