
Previously ,on Homological Algebra :

• HomRCM, - ) : R-mod → R-mod is left exact

• HomeC-, M ) : R- mod → R-mod is left exact

• Mope- : R-mod → R-mod is right exact

g .

I

• Home CI,-1 is exact⇐ I is pge#e ⇐ If
A→ B→ 0

• Hompf-, E) is exact ⇐ E is infective ⇐ f ¥ . :&

0→ A →

'

B

⇐
g- ¥ "-ng

0 → I→ iz
ideal

today Every
module embeds into some ergative module .

steps Abelian groups
An R-module2 is divisible if for every rc-R.ee#oand d c- 2 There exists is c-D such that rb =D .

⇒ M F M is surjective for all rfo, re
R

-



Examine R domain⇒ Fraccr) is divisible .

Lenya R domain

Injective → durable
.

Sa c- ⇐
← injective

In_of Ergative
rfo
,
RER T Tf extends to R

a c- E SÑE (e)
-

is well-defined because R domain
sr= she ⇒ s=s'

⇒ R f- E see = rfci)=fCe)
= 1•a=a

1 - e ☒

the converse is false .cn general
tevuua R is a- IID

a) Eisingdire.
⇐ E- is divisible

b) Quotients of infective modules are injective

IIF a) → ✓

⇐ E divisible gcra)
11
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jeTe p ogae
ft

fca)=ae
→ 8

I -_ (a)
→

R see eefca)
ideal to

g-Era) ✓



b) Enyedete ⇒ E devisable→ Eh, divisible ⇒ EID injective
☒

Lemmy Dingane abelian group
R ring

Homz ( R, D) is an injective R-module

IWIF E : = Homz (BD) is an R-module

r . § : = ( s i-fc.rs))

Hompf-, Homz, CR, D)) I Homz C-0,212,12 )natural

= Homzf, D) 0 C- ④ R ) is exact .

Run
exact I Idr-mod

because D injective natural

over Z exact

theorem Every R-module embeds into an injective R-module .

IIoof M R-module → as a Z-modules

ME ¥24k → QQ/a injective :

Q divisible 2-module → injective ⇒ ④Q injective
i



M → infective/divisible Z-module Q

Hom
z
CR
,
- ) is left exact ⇒ Homzcr,M )→ HOMER,D)

M← Homz CR, M) R-module map
infectivem- Crn m)

M - Homz (R, M )- Homz CR,D)
-

infective R-module
☒

In reality : there is such athing as the smallest infective
module M embeds into the ingchvehll of M)
and over a Noetherian ring

it can be computed explicitly .

Finally

thm I is ergative ifand only if every ses

0 → I→ B → c→ o splits
IIF ⇐ 1 I

I injective ⇒
o → ¥ izsphtteng

!



⇐) I embeds into some injective E

0 → I -8, E → okerj→ o splits
F-
-
-

-

'

9-

÷
I → E

T 8 in g := g-a

0 → A → B extends f

Flatmates
M is flat ⇐ M -92- is exact

⇒ M④E- preserves injective maps

trauma 2mi}i flat ⇐ § Mi flat
Idea : natural Isos ¥ Cmi ④N) I Me) ④RN

R

Him Ingectwe → flat

IIF 1292-
n
Idr-mod → Rope- exact ⇒ Ris flat .

F free → FI ④ R → F flat
i.

I projective → I free thus flat → I flat



Torsion submodule M is
- of

-

TCM) := {MEM / rm=o for some regular elementrink}
Mis torsion if TCM )=M Mis torsion if TCM)-0

temma R domain
M fat → torsion free

Ioof Q= facCR) is torsion free

M④rQ is a Q-vector space

M④pnQ I ① Q torsion free
i

Mflat → 0→ Moor R → M④rQ exact
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M

so M E submodule of a torsion free module

→ M torsion free

theorem RIID .
Flat#torsion free

Ioof ⇐) ✓ Now ⇐ 1 :

'

slept It's sufficient to checkall fg sub
modules areflat

(see notes )



Submodule of torsion free ⇒ torsion free

Need to show : fg torsion free modules overa IID are flat .

Structure theorem : ME to RII
;i

RII has torsion unless I=0

.
: M I ① 12 → M free → M flat .

i.

Him Rang
w multiplicative set

① For every R-module Mother
is anero of W

-'
R-modules

w
-'
R OR M E W

"

M

Given M Is N
,
W

'
Rox is sent tow-2

.

② W
'
R is a flat R-module

③ w
-'

C- ) is exact

Indy ① W'R ✗ M - W'M is R- bilinear

(I ,m) - ng
Inverse : I - 1g ④m .

Details : boring .



② Saw this in commutative Algebra :

✗ infective ⇒ w
-'
a injective, because

0 = W
-'
a (%-) = ✗÷n) ⇒ uxcm)=o for some new

⇒ ✗(nm) =o →
✗ injective

UM= 0 ⇒ 1- = o

③ W
'

R is flat ⇒ w
-

Kopi is exact → W
"
is exact .

☒

Example R domain
Q = facCR)

what is Qxopi ? It is localization at co) to


