
An⇒dogy :

Hn : CHCR) → Pernod is an additive functor
But is n exact !

A → B → c → Hn (A) → HncB) → Hn (c)

exact is a complexes
but no_t_ necessarily exact !

Examples :
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B I c → o
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what's really going on
i.

0 → A -4 B -4 c → o

2.
induces a LES in homology

the connecting homomorphism is not
0 ( ! )

(in some degrees )
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Previously , on Homological Algebra :
.

I

→ I projective ⇐ Homie,
- ) is exact ⇐ ?!

⇐
t

IT A → B
→ 0

I free

•

Every R-module M is a quotient of a (free⇒) projective module

F-

→ E uyectve ⇐ Hompnc-, E) is exact ⇐ T
" i?

0 → I → R
ideal

•

Every R-module
M embeds into some injective module .

Projective Resolutions Stoyan : Approximate Mbypgectves-

A projective resolution of M
is a complex

2 I 0

- . - → Pz → II → Io → 0 → . . .

wth Hj(I. ) = 0 for i > 0 and Ho(E)= M .

2 1 0

⇐ an exact complex . . . → I
,
→ I
,
→ Io→ M → 0

A free resolution of M is a projective resolution where all the Ii are free -

We sometimes write I.→ M or I.→ M

Remand projective resolution . . . → Ia→ I,→ Do→ 0

01 of & quasi is
• . . → 0 → 0 → M → 0



Eurydice has a free resolution :

sttpt Find a surjection from a free module Io M

HgI2 Look at the kernel of %
Find a free module srigecteng onto Ko:= benito

II !! .> Tf M → 0

* %
Ko

o
'

to
Note Ker it

,
= her (io °%)
t

io injective
0

I 10
K1

1- →

Pz
.

- - - - - - -> Iz- Io- M → o

\
k?
of ↳

☐

Repeat . If by -0 at some point, stop

pdemp.CM ) := inf {d l F I.→ M ruth Ii-0 fori>d }



Minimal Free resolution

setup :p
,
m) Noetherian local ring

or

A- graded k-algebra,Ro= K, M = ④ Rnn>1

(so R=kE×^×d , I homogeneous, my = Cm, . . ., Nd))
M fg (graded) R-module

Note : We can find a free resolution of M where all the Ii arefg
Recall µ(M ) := minimal#of generators of M = dem,Ciymm)
can find a swyechin RN

""
→ M = Rf, + . - . +Rfu

(r1;- rn ) 1-→ thfat - - - + rnfu

In the graded cases we can take ill the snaps to be graded
Aff

,
) ① . . . ④Rffn)→ M= R f, + - . . +Rfn

deg (fi ) = di
is a degree graded R-module map
CRC-s7)+ = Rt -s so Ro hires in degrees

A minimal free resolution of M is one where each Ii±R%

has no the smallest possible . Inthe graded case, we also
ask for the maps in the

resolution to be degree preserving .
so

µ (Io ) =MCM) , µCI, ) =µ(ko ) ,µ
(Iit ) =µCki).



Will show : Minimal free resolutions are unique !
Bette numbers BiCM:= rank of Fi in a minimal free resolution-

Gadd belt numbers : Bijcm) := #copies of RC-g) in homological degreei

petktabte has Bijcm) in position Ciitj )

Example R=kEgy,Z ] M = Rlcnypezsyz)
o → R2- 23 R - M

E: :|
B. (M ) =3 Bzcm ) = 2 ROCH ) =L

2 3

Graded
0 → RC-3)-Rfa) R - M

resolution : depotf Fe ) degrees
1+2=3

Beach/ =3pan = :F"y÷1 3 2→P23 1323cm)=L

Examine R=kE3y ] M=R/Cagney,y3)

RC-3 ) ° RC-25*1,2
- mO→

④ ①

RC-4) RC-3)

deg2 so deg 2+2=4
Note : (§) lands in dega

deg 1+3--4
✓

deg 3


