
Minimal Free resolution

setup :

(Rom) Noetherian local ring
or

A- graded b-algebra,Ro=k, M = ④ Rnn>1

(so R=kE×^×d , I homogeneous, my = Cm, . . ., nd))
M fg (graded) R-module

A minimal free resolution of M is one where each Ii±R%

has no the smallest possible . Inthe graded case, we also
ask for the maps in the

resolution to be degree preserving .
so

µ CIO ) =MCM) , µCI, ) =µ(ko ) ,µ
G-
in )=µCki).

Will show : Minimal free resolutions are unique !

Betknumbes PicM ) := rank of Fi in a minimal free resolution

Gadd belts numbers : Bij CM) := #copies of RC-j) in homological degreei

Betktabte has Pi
,
i+jcm) in position Ci , j )

13 CM)- i, 8)i



Example R=kEgy,Z ] M = Rlcnypezsyz)
o - pl- 23 R - M

E: :|
B. (M ) =3 132cm ) =L Roch ) =L

2 3

Graded
0 → RC-3)-Rfa) R - M

resolution : depotY Fe ) degrees
1+2=3

Beach/ =3pcm ) = °}÷→Pa3 BazCM)=2
↳
Pna

Exaniple R=kE3y ] M=R/Cagney,y3)

RC-3 )€, RC-2)doing y3)O→
④ ① - R- M

RC-4) RC-3)

deg2 so deg 2+2=4
Note : (§) lands ;n dega

deg 1+3--4
✓

deg 3

bette table pooch -4

Beach )=2
$231M /=/

-

pen __j|Ii Biz (M ) -_ 1 1324041=1



Equivalently, I • is a minimal free resolution of M if
it is a minimal complex, meaning

- . . → Fa & F
,

Fo → 0

am Dj E M
F
i- i

'

⇐ all the entries in the Mateos one in my .

IIF : suppose im on C-man- , forall n, but Fn is the freer odule
on non-minimal generators f, , . . ,fs generators for km := boron-1

In→Mei- fi
fi , . . -

, fs linearly dependent in Mlmm
⇒ refit . . - thenfs-0 for someMieR, not all rn M
Assume vlog that as is invertible, and multiply by its inverse
⇒ es - q e, -

. . - - rs-, es- , c- been on =many C-ME

→ en
,

. .

,
es are linearly dependent ! §

Suppose µ (Tn )=µ Ckn) for alln, where Rn- , = her 2mn,
but em 2m¢ MIN for some n .

In = . Rei , {once;D} menemal generating set for km ,

3- that . . - + Ises ¥5 egged-
--- - Cs es Ebner 2n

4-mfn
,

c- Ker on q¢m
⇒ on (ee ) = Caan(g) + . . - + Cs on Ces ) E.



So minimal free resolution =
take the minimal number of
generators needed at each step

God show that there is a unique menemal free resolution
(up to isomorphism )

Dnectsumozcomplexes

Fann -1¥
%-) I

→ . . .CF
,
OF ) ① CG

,
2G) = . . - → ④-

Gn-1
This isthecoproduction chCRI,together withtheobvious inclusion map)

Romanis HNCF G) = An (F)011th (G)

Remark to check A-= B ④C
,
need to check :

-

• An = Bn① Cn for all n
• 2(B) c-B

,
2 (c) C-C

Idf A trial complex is a direct sum of complexes of the form
0→ R -1s R → 0

G)Example
o →R- R2☒ R → 0 istrivial :

11

0→ R '→ R→ 0

①

0 → R
1-
R→ 0



Lenz . . . → I
%-) T

, To→ 0

exact everywhere,I Graded ) fg free
modules

→ tool

IIF
o →benz→ T

, To → o splits
on

projective

⇒ T
,
= To ① her 2 , , 2

,
= To ④ her 2, To

so
- - . → Ta & Ker2

,
=em 22- O

1- =

✓
to

0 → To 1- To → 0

still exact ! "
trivial

Now Ken 2
,
is a direct summand of T,→ free .

( local case : direct summand :÷z tree-⇒ projective⇒ free
graded case : direct proof of freeness, see new lemma in notes )

thru I. = . . . → I
, Io O_0 M → 0

If
C. = - - . → G Is G

- N → 0

So

• Ii all projective, so surjective
• e. exact

→ f lefts to amap of
complexes

Any two lefts are homohojnc



projectiveIIoof
Io I M

Yo i If
É- N - o

§

So Yo Cim 21 ) c- So % ( been %) = f- 8 Cher %) -0

→ Yo Cem21) C- her So

Indian :

assume we have In,
-9 on, ruth ten,Cm con )) Eimsn

projective
In ± In-1

Yn : ten-i
Éu→ em sn → 0

Sn

Sn Un Ctm Onn ) E Sn yn (Ken 2n ) = yn-, 2n (Kenon ) = 0

⇒ yn Cem anti ) c- Ker Sn = im sn+ ,
✓

Given two such lifts ex, we want to show they are homotgnc
Notice that y -✗ is a lifting of the 0-map, and a homotopy
between y and ✗ is the same as a nullhomotopg for y-X .

so let y left the 0 -map, and let's show it's nullhomotgnc



I
, Tf
# M

till tho to → Soyo-0 ⇒ imyoekerso-e.ms,

G- G- N
8
, so

ho
.

.

. Io
projective

Sethu = 0
←

' tho
forno

G-I am81
→ 0

⇒ Yo = 8,hot h-120

and
I

8
, (y, -hoon ) = 402, - 81h02, = Clo- Siho / 21=0

t ÷
y map
of

complexes

.
: im Coy - ho2, ) c- kerf,= im£

induction Assume we constructed ho
,
. . .

>
hn With

•

Yn = hnidn + Sntrhn • im(Yn+,- huante ) c- imsnta

Int, projective
fund .

-

←
.

'

' f llnte- hhrdntl
→ im Sn+2Cuts 8n+2



fnta (Un+2- hntl On+2) = Yn+, On+2
- fn+2 huh 2h+2

t
y map of
complexes

= (lfntidntahntl) on+2 = hn = 0

= 0

: . im (yn+a- hnte On+a) E Ker Sn+2 = im fn+3
✓

☒

theorem If I is a minimal free toes button for M,
every free resolutionform is of the form
I ④ trivial complex

In particular, I is unique up to isomorphism .

Iriaf a- a free resolution of M CF
,
2)
,
ima c-

mixM
there exist complex maps I G- G, G- F lifting 11

M
→ ✗ y = idf ruth homotopyhid
- rxnyn= On+ , hut hn-ion → im (rid - Yn Yn) E M In

for all n .Claim yn Yn is an isomorphismforalln .

doailcase A matrix representing 4h4m in some basis
Id-A has entries

all in m
→ A = (^??" -

.

.

" " ¥ ) ⇒ detA= 1-tan
as ,

^ - ass EM
i. def A invertible → A iso



a-naded-caseac.fm =D a invertible
, only if a homogeneous !

so we do a little bit more work (see notes)

:
. ✗y is an iso of complexes ~D inverse F 7-

TfI a- I %-) F = 1-
E.

⇒ qnxn is a splitting for ten

i. Gn=4nCFn ) ① her (Ennen ) for all n
*

Claim a- = UCF) ④ k as complexes

Need to check : 8 (y CF ) ) c- p (F) and SCK ) Ek .

• y map of complexes ⇒ 84 (F) = 62 (F) c- QCF) ✓

• For every a c- kn+1, fn+1(a) = y (b) +C
or in
c- Fn C- kn

b = rdfncb) = Rn Yn Yn (b) = &n✗n ( ten(b)+c)
A

Kelvin)
= }nYn ( Snu Cal ) = }nSn+, Xn Ca) =Sn+ , {nXnE)=0

bydeft ✗ {* qcxs Ekn
map of cxs

.

'

. Sn+, (a) C- kn → 8(k ) E K .
: a- I F④k .



Claim k is trivial

• a- Hn (G) = Hn (F ④ K ) = HncF) ⑦ Hnck) → Huck1=0
so K is exact ¥

• Gn ± In ① kn → kn free (only
because weare

in this nice local/graded)free free setting
☒


