
Previously, on Homological Algebra :

Every R-module has a projective resolution .

when R is a Noetherian local ring / fg graded k-algebra,
every fgcgraded)

module has amineral projective resolution

. . . → RBNCM) → RB'
(M )
→ RRM

>
→ M→ o

Bicm ) : = beth -numbers of M

Giadedase : . . . → ⑦ RC- j )
Bit"

→ . . . → ① RC-j )BÉ% M - o
jJ

(all maps are degree preserving )

Brij (M) : = graded both numbers of M

Most interesting invariants of M are encoded in its
(graded) bektinumbers

@nd sometimes in the differentials inthe numerical resolution)

-11- Iryectvepresohtons
exact sequence 0→ M→ to→ E

'
→ . . .

all Ej injective
II I wcomplexes (differentials go up)

complex 0→ E°→ Et → . . - with HocE) = M,HicE) =0 for it0

Fast Every R-module has an injective resolution
°

token 20→
0

0→ M
É
, É g-

-0°
-→→E1 - - →VE2

2 ' \
.
.

.
coker ↳

→
oo

→

Graded/local case : every module has a minimal injective resolution



nbekancategoues

A category Ae is preadditive if
•

every Homoycrsy) is an abelian group
• for every Byz objects in 0-6

,

Homa G.y) ✗ Homa (Ex) -0 HOMA (Z, y)

(f , g) 1- fog
is bilinear

, meaning
go Cfetfa ) = go fit gofa

and

( g. + ga ) of = gift gif

Exaniple R -mod

0-6,8 poaddetue categories
An additive functor F : 0-6→8 is a functor suchthat

Homa (zig )
¥ Hom E-Cn)

,
Fcy ))

B

f 1- Fcf )

is a homomorphism of abelian groups .



a category
• An object i is metal in 8 if Homq Cisse) is a

singleton for all objects x in a

• An object t is terminal in 8 if Homq Cast ) is
a singleton for every x

• A zero object is an initial and terminal object .

Exercise Inehtd
,
terminal

,

and zero objects , if
they exists, are unique up to isomorphism .

Examples
• Th -Mod : 0 is a. zero object
• Ring : Z is initial

,
no Thirunal object

Def 8 category wth a o -object , By objects
the zero arrow x -0, y is The unique arrow

x → o → y



Remaik In a Readedelete category , the o-arrow x→°y
is the same as the 0 in Homa Cosy)

An Additive category of is a preadditive category such that :
• 0-6 has a zero object
• 0-6 has all finite products

trauma In any additive category, finite coproducts
exists and coincide wth products .

Irioof By two objects → their product exists

z
, sexy

¥ ¥
n y

the universal property of the product goes arrows in, is
y

¥:-|: ¥:XZ

Hak ¥
y

a
¥ ¥

y
,

"



Claim Z
,
i
, , iz are a copoduct for Nandy

%:*
7 ! 1h

need to show :

K f
'

g
F ! he

☒why
Existence : take h : = fit , + g

hi
,
= fit, i , +gitai, = f
on

1-
x
% ✓

his = fñ, iz + gñ2ia = g
won
in

1-
y

Uniqueness if h
'

also satisfies hi,=f, hi2=g
⇒ Ch- h

'

) i
,
= f -f -o , ch-h

'
)ig= g-g=o

Heart :O is the Unique arrow satisfying yi,=0,Xiao
Useful : i, it,+ izz = Iz since

it
,
(i, it ,+ i2ñ2 ) = Ñ, i, it, +Ñ, i2Ñ2=ñ,=/z ✓

I %

Eli,# + isE) = ñg al-Aziz 5=8^-2 ✓



✗ i ,
= 0

, ✗ iz = 0

→ ✗ = ✗ Iz = ✗ (int, +is ) = Yi, it, +✗ igña=o
To I

From now on : in any additive category
wewrite A to B for the product= copwductof Aand B

(of course A-④B is only defined up to isomorphism)

Remain A@ B is characterized by the existence of
IA

A A ④B A@B → A

B A@B A @ B B

such that

Kaia = rda
, ÑBiB=ÑdB , IAÑA + ÑB -143 = idA④B

theorem F additive functor between additive categories,
① FCO 7=0 and Icn -0s g) = Icn ) °→ Fly )

② ICA④B) = FCA ) ⑦ FCB )



Exercise the additive category
• f mono ⇐ ( fg=o → g=o )
• f epi ⇐ ( gf⇒ → g=o)

f-
A additive category , n→ y
the bend off is an arrow k-i.sn such that

• (r x f- y ) = o
• any 2-

-8
, x such that z In f- y = o

factors umquly through kerf :

k-i.se f- y
tf- ,z%



the coked off is an arrow y P→ c such that

• (x f→ y P→ c) = 0
• any y

8- z such that n Is y -9 2- =o

factors uniquely through aokerf :
p

se - y- c

,

-

'

T.gl
z
⇐
-

' F !

Remands ④ If k Is se is a kernel for a f-y, K is the unique
object Cup to iso) that has the following universalproperty :
for every object 2- and every z-9N, there. exists aunique 2-

I k
such that ih = g.

① whenever they exert, kernels are mono and cobornels are epi
91

-2 I kerf- n Is y
82

Canf) o g, = ( beer f) o ga ⇒ (Ker f) ° (g, -ga) = 0

Enoughto show : (Kerf) o g = 0 → g = o

kerf→ n
f-
y o factors uniquely through kerf

8 Tz☒⇐ g is a factorization of 0 through kerf
→ g = 0



② kernels and adrenals do not necessarily exist !

In the category of fg R-modules overa non-Noetherian ring ,
if I is an infinitely generated ideal,
beer (R RII ) = I not in our category !

In fact, R
É RII is an epi, but not a colonel !

so

③ epic may not be cokernels and monos may not be kernels

④ If Coker kerf and kercoborf exist, then

there is a canonical arrow Coker kerf→ Ken Coker f-

kerf → n f→ y
→ Cobert

,
-

-
→

p
Coker kerf--→ bercoberf

7 !

tokenf) = 0 ⇒ f factors uniquely through okerf -→

(Cokerf) o - -→ o Coker kerf = 0 → Cokerf) of = 0
on

epi

→ - -→ factors uniquely through her cokerf
--→



An abelian category is an additive category 0-6 such that :

• 0-6 has all kernels and Cabernets

0

Every mono is the kernel of its coherence

°

Every epi is the cokernel of its kernel

° For
every

arrow f-
,
the canonical Coker kerf→ kercdserf is an iso

canonÉmpk R- mod

Unwrapping the definition : Ae is abelian if :
•

every Homoycn,y ) is an abelian group
• composition o

of amour
is bilinear

, meaning
go Cfi +fat = go fit gofa and ( g , + ga ) of = gift gif

• 0-6 has a zero object
• 0-6 has all finite products
• 0-6 has all kernels and Cabernets

°

Every mono is the kernel of its coherence

°

Every epi is the cokernel of its kernel

° For
every

arrow f-
,
the canonical Coker kerf→ kercokerf is an iso



Remand

Inan abelian category, Every arrow factors as f = mono oepr
r

kerf - n f- y → Coker f-
epi I t mono

Coker Reef --→ kercokerf
iso

image of f- is im f- : = Ken Coker f.

Remains the source of emf is the unique object Cup to is)
such that f factors as

a emf⇒ y

Exercise of abelian category
f mono ⇐ been f-=o fepi ⇐ Coker f- = 0

Exercise of abelian category , f mono, g epi
her G-g) = Ker g Coker G-g) = Coker f-

em ffg) = im f = f



0-6 abelian category
A chain) complex in 0-6 Cc

,
2) or C is a sequence

- . . → Cn¥ Cn-,
. - -

of objects and arrows such that 2m ,

° 2n = 0 foralln

A mop of complexes C
£ D is a sequence of arrows suchthat

- . . → on -9 q. , →
. . .

commutesfind Ifni
- . . → In→ In- , →

- "

Sn

chat ) := category of chain) complexes over It
and maps of complexes

denima 0-6. abelian ⇒ Chatto) abelian
sketch :

• ftg computed degreewise : ( g-+g)5- fntgn
• 0 = . . . → 0 → 0 → 0 → . - -

chat)
2nF2ND

• CxD = . . . → Cn ✗ In→ Cm, ✗ In → . - -

• kerf induced by the beerfn+, → Cut , In
universal → I t t

property g- her kerfn → Cu Tn Dn

• f mono ⇐ all fn mono f- epi⇐ all fnepi
• f-= 0 ⇐ all fn=O


