
Previously , on Homological Algebra :
keytxaruple

Ae is an abelian category nf : R- mod

• 0-6 is additive Homa are all abelian groups, 0 bilinear,& has a zero object and all finite products)111

agnoducts
• 0-6 has all kernels and cokernels

• mono ⇒ kernels and epi→ cokernel

• the canonical arrow A f- B is an iso

it
tt Cokerkerf -iQ→ kercokerf

Every arrow f factors as f-= mono oepi

image um f- = Ken Coker f-
A↳ B

A f- B
t Tim f epi} Ino

Cokerkerf -iQ→ kercokerf imf

Given an abelian category 0-6 :

• chute ) is an abelian category • 0-69
>

is abelian



¢, 2) in chattel

object object
Bncc) := im an

Zn (c) : = her 2n
cycles

boundaries

Reward the abelian category C ±DIE suchthat gf=o
Claim there is a canonical arrow emf → Keng

c f- a 8- E

epii
,/ T
imf berg

yo info goin = 0 → go Imf = 0

⇒ emffactors uniquely through borg

A sequence of arrows
cf→DIE is exact if

• gf=0{
• the canonical arrow Keng→ imf is an no

I

Keng = im f- CID -8, E
it

tmf
-

i
-

Keng



Exercise o→ A f→B exact ⇐ f mono

B -8,c-0 exact ⇐ gepi

0→ A ¥ B Kc → o exact

⇐ • f- mono og epi
• f=imf= brag • Cokerf- g

Consequence : A abelian category
cc
,
2) in Arcot )

an 2n+,=o =) get canonical arrow Bncc)→ Zncc)

nth-ltomoh-gyqc-Hr.CC/:--targetcdaer(BnCc1-ZnCcl)
(0-6--12-mod : Coker (Bnc )- Zncc)) = Z-ncckz.cc, )

cokes ✗
Bncc) ✗→ Zncc )- Hncc)

Hn ( c#D) = Boff)t I Zncf ) It !

Bncc)# Zn(D) cokap- Hnctd)
comes from Zncc)

% toolmakerPo Zncf)an

Inca



Exercise Hn : Chato) → It is an additivefunctor

Ae abelian category
f, g maps of complexes in ACA)

A homotopy between f- and g is a sequence of arrows

In hn_ a-
n+,

such that him Sntsn+fin = fu- gn

Exercise Homotgnc maps induce the same map in homology

theorem 0-6 abelian category , x abject in It .

Ae → Ab and It → Ab

Y ↳Homofcniy) y 1- Hornet (yin)
are left exact functors

Pioof Enough to show : Hornet cos- ) left exact
because HomeroC-, a) = Homofop Cos- )

0→ A f- B & C → o exact inNewts
:-O → Homa (N,A) Homey Cm,B) Homctel?c) exact

in Ab

• f mono ⇒ f.✗ C- ) is injective
• gf= 0 → g*f* = Cgf)* = 0* = 0



• Keng* = im f* in Ab :

he Homey Coe, c) gh=g*Ch1=0

f mono → f-= imf =p Keng
exactness

gh=o → h factors uneguly through brag --f
→ h c-im f-*

'

☐

Exercise of abelian → 0-6 abelian

Yonedatnibeddengforabehomcalegouieo
Ae locally small category
Ae- Abate

"

:= Contravariant functors 0-6→Ab
n 1- Homey %)

is an embedding into a full subcategory , and it reflects exactness :

if Homa C-in ) → Homology ) → Hornady2-) is exact
,

then n → y → z is exact



Irioof • Infective on objects because Homs all disjoint
Nat (Homalin) , Homa fig ))→ Horn

# Cosy )

7 1- % c.tn)

is a natural byedton by the old Yoneda trauma

this says our functor is full and faithful !

Reflects exactness :
Hom
# C-in)
¥ Homoff,y)

# Homoff, 2- ) exact
\

→ gf = g*f * ( In ) = 0
I

Also need : Keng =emf inAb

t

g*Cheng 1 = go bier g
= o → Keng e Keng*= em f*

⇒ Keng factors uniquely though f.
→ Ker g factors through im f- , say by 4

a f- y 8→z
using universal properties ofIT kernels/cokernels, show

imf Is Keng
¥ ✗ and y are inverses



Corollary Ae¥-8 adjoint pair K,R) of additive functors
between abelian categories

thm (Freyd- Mitchell Embedding theorem)
of small abelian category

there exista (possibly non-commutative) ring R
and an exact

, fully faithfull embedding
cte → R -mod

the snake trauma and LES in homology hold in any abelian category

towandsderivedf-n.tn Ae abelian category
• An object I is projective if i I

←
'
'

I

HomofCI,- ) is exact ⇐
✗ → y
epi

• An object E is infective if I ,ytHoma C-, E) is exact ⇐
mono

• A Ingedive resolution for M is a complex
I = - - . → I

,
→ I

,
→ Io → o such that

HoCI) = 0, HNCI) = 0 for all n to,
and In is projectiveforalln



•An injective resolution for M is a@/Complex
E= 0 → E° → Et → . . . Such that

HYE 1=0 for all nf? It(E) =M, and Enis injective for
all n .

• He has enough projectiles if for every object M there exerts
an epi I → M meth I projective

• He has enough injectors if for every object M there exists
a mono M - E ruth E injective

Exariysle R-mod has enough projectiles and enough injectors

theorem If He has enough pgedtues, every object hasa projective resolution

If Ae has enough iryedtves, every objecthas an injectiveresolution

Pioof %
rug?Iryectvesidual@e.s

- → Io Es M → oIa - 11¥ T
per20

0

% ↳
0

At each step, an = her on→
° En

,
En epi

im on = im ( beer 2m, 0 En ) = em (Ker 2m, ) = her 2m ,
↳ ☒



theorem of abelian category
CI
,
07 in on

>☐
Cert ) ruth Ii projective foralli

CQ
, 8) projective resolution for N

Io E- M arrow in the with E2
,
= 0
,

M Is N

there exists a map of complexes I
Is Q suchthat

Io ↳ M

hot
Qo-

wtf
commutes

which is
unique y§ to homotopy

Horseshoedeiuuea the abelian category
I projective resolution of A
R projective resolution of C

o → A f→ B -8s c→ O Ses in Clt

there exists a projective resolution Q of B and lettings
F and G of f and g crespectively ) such that
0→ I F→ a Es R→ o is a ses en Arcot )

: :

t I
I, Q, R

,

I t t
Io → Qo → R

t Fo f % I
0 → A F B

→ c → o

g



IIF Notation : ① denotes the product = coproduction the
f-④g := unique arrow iffy guy

N

ffog Y
Qn := In ④Rn projective flu

z Lg
Fn : In→ Qn

,
Gn : Qin→ Rn canonical arrows

step Io
y ,
, Ro projective

a

root too set § : = (f-%) ⑦To
→ A f- B←g→ C → 0

Io Qo# Ro

Universal property at 09¥ ' too
of the coproduct

⇒
0 → A f- B g-

c → 0

Commutes

IiveLeuuua_ → OF epi
P

Snakebird → ses O→ her on → Reid?→ her2nR→o

Induction Repeat the base case to

0 → In+1
F¥ Qnti Rn+70

aint ton:

0→ heroin→ her2?→ been 2£→ 0

☒

Deal 0-6 enough injections , O→A→ B- c→ o exact

*→ Ea , C → Ec injective resolutions
→ there exists an nyectwe resolution ofB and ases

0 → EA → EB → Ec→ 0


