
Previously, on Homological Algebra :
A abelian category
• An object I is projective if ,

- I

←
' t

HomofCI,- ) is exact ⇐
✗ → y
epi

• An object E is injective if
E

t
"

Homa C-, E) is exact ⇐ ✗
mono

• A Ingedive resolution form is a complex
I = - - . → Ia→ I ,→ Io → o such that

HoCI) = 0, HNCI) = 0 for all n to,
and In is projectiveforalln

•An injective resolution for M is a@/Complex
E= 0 → E° → É → . . . Such that

HYE 1=0 for all nf? It(E) =M, and Enis injective for
all n .

• He has enough projectiles if for every object M there exerts
an epi I → M meth I projective

• He has enough injectors if for every object M there exists
a mono M - E ruth E injective

Exariysle R-mod has enough projectiles and enough injectors



things wewill needtoday :

• I additive functor of→ 8

→ get a functor F : chute) → ChCB )

• Additive functors preserve :#ouotop.es
so if y = ✗ ÷→ Fly) I FCX)

9- r

• A ses O → A
"

B → o splits iff g

• 7 of :B→A wth off = ida
• Fr :c→ Buth gr= idp
• I 0→ A %-) A④C ¥ c → 0

• A injective
or → 0 → A → B → c → o splits

c projective

• Additive functors preserve split short e.☒act sequences
0→ A → B →c→ o split ses

It

0→ FA → FB → Fc→ 0 split ses



Goat : for a ringR, get Long Exact sequences for
Home ( M, -1, Hornet, M ) , and MOR-

• HomeCM,-t.is left exact :

0→ A→ B→ c → O ses

H
o→ HOMRCM,A) → ltoupcm,B)→ Houipcm,c) → ?

• Homrf, M) is left exact :

0→ A→ B→ c → O ses

H
o→ HomRCM,c) → ltoupcm,B)→ Houipcm,A) → ?

• Mtr- is right exact :

0 → A → B → c → 0 ses

It

? → MORA → M ④RB → More →0

Solution denied functors .

I projective Emjedtue I profane
① It

HompfI,
¥
) exact Homing E) exact I@R- exact



Derivedfuntos of 0-6 B 0-6,13 abelian

•

Fought exact covariant functor
If Ae has enough projectiles, the left derived functors ofFace

Lif : 0-6 → B i> 0

{
• Lif CA ) : = HICFCI)) . I →~ A projective resolution

A →f B I -4> a left off
• Lif Cf ) := HiCFCY) ) Q→~ B projective resolution

• I left exact covariant functor
If the has enough injective, the rightderived functors ofFace

Rif : 0-6 → B i> 0

• Rif CA ) : = HICICE )) . A →~E injective resolution
A →f B E -4>I left off{ • Rif Cf ) := HiCFCY) ) B ~→I injective resolution

• I contravariant left exact functor
If Ae has enough projectiles, the right derived functors ofFace

Rif : 0-6 → B i> 0

{
• RIFCA ) : = HICFCI)) .

I→ A projective resolution
A →f B I -4> a left off

• Rif Cf ) := Hicfcy) ) Q→~ B projective resolution



• F contravariant right exact functor
If Ae has enough eryedtves , the left derived functors offare

Lif : 0-6 → B i> 0

ATE injective resolution

{
• LIFCA ) : = HICFCE )) .

A# B E -4>I left off
• Lif (f) := Hjcfcy) ) B→~I injective resolution

original functor
derived

is
Exactness Use functor

1*1
.

Left Hi Covariant

Covenant

Right projectors H
;

covenant

left projectiles Hi contravariant
contravariant

Right eyedtves Hi contravariant

Notes :

LjF= 0
• I exact ⇒ Hjcfccl ) = T-CHi.CC )) ⇒ {pi,==o foralli>0
• I projective ⇒ 0→ I → o ⇒ LIFE) = Ofori > 0

projective resolution
• E nyedtve → 0 → E → 0 → Ri ECE1=0 for i>0

wyectve resolution



Inge : A abelian category with enough projectiles
F covariant right exact functor

① ↳F (A) well- defined up to so for all objects A

② Lif (f) well- defined for every arrow A f- B

③ Lif additive functor
④ Lot = F (naturally isomorphic)

IIoof ① I
,
Q projective resolutions for A

3- maps of complexes -Is Q✗→I

Such that hey = 1-
a ✗4=11

Additive functors preserve homotopres

⇒ F (y) FCX) = 1-
Fca, , ICY / FCP)

I 1-
Fcp)

ltomohgnc maps induce the same map in homology
⇒ Icy) and Icy) induce isos in homology
⇒ Hi(FCI )) Eo Hic FCQ ))



② Fix projective resolutions I# A and Q→ B

Any two lifts y, X of f- I → A

are homohgtnc Y ✗ tf
Q- B

• Additive functors preserve homologues
⇒ Icy) , Fox) are hoiudoprc

• Houeotoprc maps induce the same map in homology

→ Hi CFCY )) = Hi CFCX)) ✓

③ Idea : Lif = Hi . F is a composition of additive functors
④ In → Io → A → o exact

Fright exact
⇒ FCI

,
) → F (Io ) → ECA)→ o exact

⇒ Ho@CI)) = Coker ( FCF ) → FCIO ) ) = FCA)
canonical

(
kerf FCPO ) → 0) = Ifcpo )⇒ em Fca

,)→ FCIO )
= MFA'))exactness ⇒ im For

, ) = Reiff(Io ) % FCA))
epi =Coker beer → FCIO ) → FCA ) = Coker im FCO

,
)



Remade the has enough injective → 0-69?has enough projectiles
F Covariant) left exact → FOP right exact

R
"
F =⇐(-1-90)/9

theorem of abelian category with enough projective
F right exact covariant functor

Any ses 0 → A → B → c→ 0 gives rise to a LES

- - - → ↳ FCC) → 4 FCA) → L, F(B) → ↳ F- (c) → FCA)→ FCB) → Fcc) → 0

P-Iof Fix projective resolutions
I →~ A R Is e

Horseshoe douma ⇒ can construct resolution Q of B st

0 → I → Q → R→ O Ses

⇒ For each n
,

0 → In→ Qu→ Rn→ 0 splits ses

⇒ 0→ FCPN)→ FCQu)→ FCrn) →O ses foralln

⇒ 0 → FCI) → F (Q) → F- (R )→ 0 sees

the LES in homology is the sequence we are looking for



Back-end : Ext and Tor

R sung

Tor? CM,N) : = Li (Mor- ) (N) É ↳C- ④RN) ( M )

Ext CM
,
N ) := Ri Hom,z(M, -) (N) ⇒ Ri Hom,zG, N) (M)

Doublecomptex family of objects 393g}p,gez
together with arrows dh : Cp,g- → Cp-got and d

? Cp,g-→ Cp,q-1

satisfying dhdh= 0
,

dÑ=o
,
d.TL?---d0dh--o

: i

do I t
" -

← cp-yq.tl#Cp,q+l ← ' ' -

du f
" - ← cp.gg É et

137
← - . -

do I
: !

the totalcomplex of a double complex cis the complex Toticc)
Tot⑦(c) i. = ⑦ Cp

, g-n

p+q=n

with differential d :=dh + do



theProduct total complex of C is tot
"-
Cc) ruth

Tot"Tc)n = I Gzq and differential D= dhtd
"

p+q=n

Mostumportantexaruples R- mod

① tensor product double complex of cand D

@④D)
p,q

= Cp 922 g-

dh := 2C -0,21, do := C- 1)
P

Ic@ROD
tensor product total complex = tensor product of cared D

(C@D)n := ④ Cp ④1227
p+q=n

d( no y )
= 2cal @y +C-1)

Pa -02cg)
NEG, y c-Dq

② Hom double complex of C and D in chcr)

HOMCSQ)p
, g-
= Hompfc- p, Dg )

with differentials Homrcc-p, Dg ) → HOMRCC-p-1,2g)
f - f o Dc

and Hompccp, Dq ) → Hom,a( C-p , 129--1 )
f- 1- G)

Pitt' 2Dof



Internaltom complex of cand ☒ = Tot HOMCGD ))

Horn (GD ) = IT HomeCap , Dot )
n

p+q=n

with differential d.(f) = fo 2C+ C-15+9-+121
>

of

Rewards

1) ZOCHOMCGD ) ) = Hancher) (GD)

because :

fr
o - cycle # Ck→ D-

k
c- HomeCcr , Dr ) suchthat

f. 2° - 2% f = dcf) = 0

2) Bo CHOMCSD )) = hornotopos of maps c-2

because
fr

o-boundary ⇒ Ck→ D-
be

c- HomeCcr , Dr ) suchthat
his

7 Ck → Date c- Homrcck , Qktn)

meth dch) = f ⇐ fn=2?hk - ha, 02
'


