
Theuously, on Homological Algebra :

• Derived functors : definition
• derived functors give rise to LES from every ses

theorem of abelian category with enough projectiles
F right exact covariant functor

Any ses 0 → A → B → c→ o gives rise to a LES

- - - → ↳ F(c) → L, F(A) → L, F(B) → ↳ F- (c) → FCA)→ FCB) → Fcc) → 0

theorem Ae
,
B abelian categories, 0-6 has enough projective
I ought exact covariant functor
Ti: Ao→ 8 additive covariant functors

Assume :

• Every Ses O→A → B → c→ o in Cto gives rise to a LES

. . .→Try(e)→ T, (A)→T, CB)
→Ticc)→ To (A)→To (B) →To (c)→o

•

To is naturally isomorphic to F

• Tn CI ) = 0 for all projectiles I, n>1 .

then Ti is naturally isomorphic to hit .



Acydicassaublyderuma C double complex in R-mod .

If either

a) C upper half plane double complex wth exact rows

2) C right half plane
double complex with exact columns

then Tot
④
(c) is exact

If either

3) C upper half plane double complex with exact columns
4) C right half plane double complex wth exact rows

thenTottcc) is exact

Iriof 1) ⇐ 2) by switching indexes

3) → 4) by switching indexes

claim 3) ⇒ 2) InCc)

g- >n
In (c)

p,q
:= {

939-
her Ccp,n
£ Cp,n-, ) q=n 1¥

- 0 g- an

there is an obvious mop In (c)
→ C
,
no in homology z n

Given caught half plane double complex meth exact rows

⇒ Inc c) is an upper half plane double complex with exact columns



¥ Tott(TnCc ) ) exact

Note only finitely many nonzero Gzq for each fixedn=p+q
⇒ Tot
"
(Tna) ) = Tot(Tn Cc ) ) exact

Now we claim this implies Tot
④
cc ) is exact .

• If a = Cap
,g) c- Zpltotlcc)) , only finitely many op,g-to

Now pick n < min 29-1 ap,g- to}
then a c-zk(tot④CINCC) )) = Bkctottczncc) )) c-Bpftot'%))

⇒ Hkctote.cc) ) = c-

Now just have to show 3) :

C upper half plane double complex ruth exact columns
want to show : Toticc) is exact

Will show : HocTottcc )) = 0 , all others follow by shifting
ce Zo (Tottcc)) ⇐ c= Cop) , ape C-p,p for each pzo

d(c) = 0 ⇒ d%p) + dh Cop- ,) =o 4

for all p I
←icp-i



Will construct b = ( b
-p,p+,
) b-

p,pti
c- C-

Bptl

DCb) = c⇐ dvcb-p.pt ) + dh( b-p+zp ) = op for all p

→ so ee Boctot
"
cc))

Induction :

MIT
"

set b
,,o=o

c- C-
1,0
(p= -1)

-91
I

V

Notice dcco
,
) = o ( ¥ exact ! ) Go- bzoeCeo

- - - - . . -Fdu . . -
- - - - - - -

⇒ T-bo.IE6,1 : dYbo
,, 1=8,0 so : ↳-1=0

dYbo
,
,
) + dh (bio ) = cop ✓

step
:

suppose we have b-s.gs , -KAP

dYb-s.sn/tdhCb-s+ys)--csdudhtdhdk-o
Now :

v

dYC-p.p-dhcb.pt,,p )) ¥ dtcpltdhdc-b-p.jp )
dYb_p+;p) +dhcb-pi-z.pt)=cPtv= dvccp) + dh (Cp, , - dhlb-pi-z.PH))induction hypothesis

= dvccp) + dhccp-1 ) - dhdhc b-ptzpte )
EF

=dYcp ) + dhccp-it
= (dca))p→ = 0



i. d%
-p,p
- dhcb.pt,,p )) = 0 exact

columns
!

→ c-
p,p
- dhcb-p.jp ) c- bier do =/im do

⇒ F b
-p,pm

:

d~cb-p.pt/--C-p,p-dhCb-p+yp)-:c-p,pti=dTb-p,p+i)tdhCb-p+i,p)
☒

Notation kth suspension of the complex cis

-2k C : = complex D with ⇐"c) n = Cn-k = CEK]
ZIKC= C-1)

k
2C

code CID map of complexes
the cone off is the complex cone(f) meth

cone (f)n := Cna ④ Dn
-zc

Cut → Cn-2correct)

: = (
-2°

h
-f LD ) : ⑦ ④

an ¥3 In-1
2D

Exercise to give a map of complexes cone (f) → E is togive

• a map of complexes DIE

• a nuelhomotopy for gf



Any map of complexes c→fD gives rise to a ses

0 → D → cone(f) → -2C→ o

determined by the canonical arrows in the product= copwdeect

the connecting homomorphisms from the snake derma

Hm ,
(c) = Hnc -2C) -8s Hm, (D)

Huff )
are exactly Hm , (c) → Him (D)

⇒ f quasi- iso ⇐ cone (f) exact .

Anymap of complexes CID gives riseto a double complex :

: :

at 1-2
0 ← 122 ± C2 ← 0

✗ = at 1-2
0← In ←f C,

← 0

at t

i. :

Tott (X ) = cone (f)



Bnalanungtor R ring
M
,
N R-modules

I →~ M
,
Q -4N projective resolutions

For every n,

↳ CM or- ) (N) = Hn ( M OR Q) I Hn (PORN ) = Ln C-④RN) (M )

Irioof : : :

t t t
Io ④ Q2← I, ④Q2← Ia@ Q2← - - -

l t
I ④Q = Io@ Q, ← ¥@Q,← I2④Q ,←

• - .

t
Io ④ Qo← I Qo← I, Qo← - . .

Ii
a. projective

⇒ flat → our rows and columns are exact

except for the 01h rouycolumn

: : :

t tlt¥
M@Q2← Io ④ Q2← I, ④Q2← Ia¥Q2← - - -

t t
R= M④Q1← Io@ Q, ← If@Q,← 12¥Q

,
← • - .

I t t
M① Qo← Io ④ Qo← I,@Qo← Iz Qo← - - -



: : :

I t
Ñ¥Ñf Io @ Q2- I, ④Q2← Ia¥Qa← - - -

t
C =

Io@ Qi ← ¥@Q,← 12¥Q
,
← • - .

t
Io ④ Qo← I#Qo← I%Qo← - . .

t t
Po@ M ← I.④ M ← Ia@ M ← . . .

Tot
①
(c)

Acyclic Assembly demma → Tote ,
are exact

Exercise

Cone (Tot①(I@a) ¥ I ;qN ) = -2 Tot'°(R)

cone (Tot①(I@Q ) *④Q→ Mga) = -2 Tot
④
cc)

then come /I@E) and correct@Q) are exact

→ I@ E
,

a-④ Q are quasi - isos

so Hic IGN ) E H; Got
④ (I ④Q)) E Hi CM@Q )

re



Balancingext R ring
M,N R-modules
I →~M projective resolutionIT

N ⇒ E infective resolutionForevery n,
R
"

Hom,aCM,-1 CN)=H"(Hompfil,E))

EHTHOMRCI.nl/=RnHompf-,N)CM)P=wof
Same idea

,
wth

Hom,zCM , Ed) → Homa (Io , Ed)
→ HOMRCI, , Ed)- Hom,zCIz, E-2)

T T T T

HOMRCM , E
')- Hom,zCIo , E

') → HOMRCI, , E
') - Hom,zCIz , E

')

T T T T

HomRCM ,E)→ Hompnctf ,E°)- HomRCI, ,E°) - HomRCE ,E°)

T T T

Hom ,2CIo ,N)- HomRCI, , N) → HompncIz, N)

theorem Every ses of R- modules

0 → A → B → c → 0

induces long exact sequences



- . . → Tor¥ (M
,
c)→ Tor? CM,A) → Tod} CM, B)→ Toe? CM,c)→ . . .

. . - → Tor? C M,C) → A -0,2M → B @
R
M → CORM → 0

and

0→ HOMRCM,A)→ HompftyB) → HomRCM,c) → ExtLCM,A)→ . . .

• . - → Ext
"

; (M,c) → Ext; (BA) → Ext,LCM, B) → - - -

and

0→ Hompfc, M )→ HompfB,M) → HomRGM) → Ext'R (SM)→ . . .

• - - → Ext
"

; (A)M ) → Ext; CGM ) → Ext,?CBM ) → - - -

theorem R ring
M
,
N R-modules

Toy? (M, N) I Torii (N,M ) for all i

Examples n> 1 integer , M Z -module

Let's compute tofi.CZ/n,M)andExtz?(Zn, M)

0→ z Is z Zln →0

is a projective resolution for Zln .



Toe? (Zln, M ) = Hi / 0→ Moz Z¥ M④zZ → 0)

0→ Moz Z¥ M④zZ → 0

211 211 MOK 1- Mk

0 → M n- M → 0

so : per CME M ) = (o :µn )

Coker CM Is M ) = Mlnm

0
,
i > 2

Tor? ( 24mm) = { co.mn ) , i.=L
Mln M

,
i=o

*

Extiz, (24N, M ) = HYO→ Homz(Z , M )-ns Homzcz, M)→ 0 )
Y 0 1

Homzf, M)
contravariant!

0→ Homz (Z , M ) ↳ Homzcz, M/→ 0

f-↳ f- (1) fyi 12" nfi-n.fi)

0 → M →n M -o

0 1



if 1,0

Ext:(24mm) = { To:µn ) i=o

Mlnm i=1


