
Previously, on Homological Algebra :

Deuvedfu-nc.tn of F : LiffRif/Rif/ 1-if

(G) homology of F ( impolite/projective resolution of -)

using I denied functors
Gives ses 0 → A → B → c - O

,
we get a LES

the left/right derived functors ofI are the only functors satisfying
certain properties :

theorem F.Ii : Ae → 8 left covariant functor between abelian categories
Ti : A → 8 covenant functors satisfying :
① To EF (naturally isomorphic)
② Given a ses 0→A→B-C→0

,
there is a LES

O→ To(A)→ To (B) → To (C) →T, (A) →T,
(B) → . . .

③ TicE) = 0 for all injectors E
then Ti ELIF for all i (naturally isomorphic)
MainE×au_ples Ext and Tor

Tor?CH,N ) : = Hi ( (I -4M ) ④RN) = Hi/ Moya ( Q→~N))
a- a-

projective projective
resolution resolution

Extircm, N) : = Hi (Homp.CM, D= Hi( HomRCI M
,
N ) )

a-

injective projective
resolution resolution



dasttme NEZ
, Many abelian group

Mlnm i=o

Tor? ( 24N , M ) = {Co :µn ) i=i
0 i>2

Ext
"
( Zyn,M ) = {coi.mn

) i = O

Z M/nM i= I

0 i>2

We can also find these from a LES :

0→ z Is z → 21h → O ses

? Hompfym )
LES :

0-sltomz.CZ/nM)-HomzG,M)-sHomzC2sM)-sExt'z(E/n,M)→o
11

211 211

Z T Z E✗¥(25M )
⇐ projective)

so Extlz ( 24N, M) = Coker ( Z →" 2) = Mlnm .

tasyfacts :

• R Noetherian
,

M
,Nfg ⇒ Eat CM

,
N)
,
Toi? CM,Nlfg

• annp.CM ), annp.CN) kill Ext:{CM,N) ,TozL(M,N)



R ring, MR-module

the projective dimension of M is
0→ Ic→ . . .→ Po→ 0

pdemp.CM) : = Mf { c l is a projective resolution of M}

the injective dimension of M is

tnjdemp(M ) := mf {c /
0→ Eo→ - . .→ Ec→ o

is an injective resolution of
M }

In the graded/ local selling,

pojdem (M ) := length of a minimal free resolution

Note pdemcm1=0 ⇐ M projective

esydem CM7=0 ⇐ M hyaline

Ingedive /injective dimension can
be mfmte

Example R= KEN]µ, , M= Rkn) = k = Rtg-

Choral ring )

- . . → R R R Is R → k → 0

pdimpfk) = a



Reward If pdemp.CM/=n < so, then

Toy?CM,-1--0 and Ext CM
,-1=0 for i>n

Also
, nydempfm) = n - ao ⇒ Ext,ÉC- M) -0 for i> n

theorem
-

gym,k,
Noetherian local ring

or

IN-graded k- algebra, M=R+, Ro=k

If M is a fg Graded) R-module
,

Brick) = dim
, ToriRCM, K ) = dink Extipcryk)

Prof F minimal free resolution for M

• . . → Fi Fi-,→
- - - → Io→ 0

I minimal ⇒ all the entries in Yi are in my

Fj @☒ R
= RBI (M ) OR be = KB""

allium !

t
so Yi④pk = take allthe entries of Yi as elements of k = 0

BICM) ROCH)
SO FORK : = . . .

→° k °→ . . . °→ be → 0

⇒ Toy? (Msk ) = k% 'M) ⇒ psicm) = demktori.RCM.br)



HOMRCT-i.sk/--HompCRBiCM),kg-=kBiCM)HompCyi
,
K ) = Tanspose Yi, see all entries in K = 0

HOMRCF, K ) = 0 → KBOCM) °→kBCM) -0, . . .
-9 KBICML, . . .

ExtICM, b) = KB"" ⇒ film) = damn Ext CM,k)
☐

Corollary pdemp.CM ) ± pdemr.fr)

Exercise Bi,j CM )
=

demkctoriRCMNDj-demp.EE/tLCMN1)jHopesanddreanvCan wean explicit monomialfreeresolution of kfnd?

Koszul complex R ring , M R-module
-

• on NER is the complex
k (r) : = 0 → Rts R- o

• on 2=4
,

. . -

, rn is defined by
KCI) = k Cnn

,
. .

,
nn ) : = RCM

,
. . -

, Nn. , ) ④p, kCnn )
• on M with respect to 2=4 , . . -

, rn is

KCI ; M) = RCM
,

. .

> Rn ; M ) : = RCM
,

. .

> Rn) ④RM



EI O → R Is R → 0

KCN
,y )

= ①

0 → R → R - O
-

y

se

R ④ R - R④R
nos double complex f-Y 2I R ← R④ R

N

O O 1 I

→ total complex

Koszul

o- R- R2 €81s R - o complex
onzy

Alternative construction : using exterior algebras-

-

AM = R④ M④ M ④ M ④ M ④M④M ④
n@y+y ④se, NOR>iii. IT on

is M

with product denoted r is a skew commutative algebra :

bra
for a, b

an b = c- , )d8ade8b homogeneous

him : = piece of degree i (M④M )
iTunes

(2)
so R

"

free on basis er, . . , en ⇒ ÑR
"
= R with basis

ein n - - - ^ lis
Ki

,
< . . - < is E n



KIM
,
. . "

, Rn ) : = 0 → ÑR
"
→ Ñ

"

R
"
→ . - - - n'Rn→R → o

= 0 → R → Rn → . - - → RC? )→ . . . → Rn→R→0
i

meth differential
s jtl

dcei
,
n . -

- leis ) = I c-1) nije.mn
. ..AE?n.--neisj--i
pj

delete

so the matrices have entries ± ni

and

kfkn
,

. . .

> Rn ; M ) : = KCN, , :-, Rn )
④RM

Exauiple (z ) ( ? ) (3)

KIN
, y ) = 0 → R → R2 - R→ 0

(1) Cny )

dce
, ) = n

dcea ) = y
dcennea) = Nea +c-1)

'

ya
= Nea - Yee

ith koszul homology of M with respect to z=m, . an

Hick; M ) = Hj ( k Cz; M ) )



Properties : Rung
2=24 , - . -

, an ER

I= (M
;-) Rn )

M R-module

① Hick; M) = 0 for iao or i> n

② Hock ; M) = M / IM

③ Hn Cz ; M ) = Co :
µ
I) = annm (I)

④ Hick; M ) is killed by anncm) for all i

⑤ Hick ;M ) is bulled by I for all i

⑥ M Noetherian ⇒ Hicz ; M ) Noetherian for all i

⑦ Hice ;-) is a covariant additive functor

⑧ Every Ses O → A→ B → c → 0 gives rise toa LES

- - - → Hit, CI ; c) → HiCI;A) → Hick; B) → Hice ; c) → . - -

- - - → H
,
CI; c) → Ho CI; A) → Hoot; B)→ Hoot; c) → 0

.

Sketch : ① Rice;M)=0 for i> n and ciao

② Hocz ; M ) = H ( M
"

M- o)=M/±M



③ Hnk;m ) = H ( o- m Mn- o )
= {MEM / ×, m = -Xzm=xzM= . - - =±×nM= 0}
= (0 :

µ
I )

④ k.dz; M ) = MC
? ) killed by ann CM )

⑤ a c-I → • a is null homotopnc
a= q Nyt . - . + an Hn

Idea : kiln; M )
e'+ " +ohhh-

> kit , (z ; M)

is a nullhomotopy of kiln ; M ) I kick ; M )

⑥ M Noetherian → Mk Noetherian
,

and all its

submodule and quotients
⑦ M f- N m k Cz; M ) É kcz;N)

→ take homology
⑧ KCI )

; free for
all i ⇒ kcn) -0,2- exact

⇒ 0 → k(E) ④RA → K (1) ④RB → KCI)④pf→ O Ses

→ LES in homology , where It
-1
( RCI) -0,2A ) = 0



Remand c= KCM
,
. - .

>Ni ; M)

k(M
,

- . .

, Kit, ; M ) = C④k( Nite, )
so

[KCM, :-) Nite ; M ) ]
n

= Cn-1012 ④ Cn④r ? I Cnt ⑦ Cn1

d
← Cn-PR

ftp.n
"

Niti
d

Cut④12 ← Cn@ R

d / a@r + bos ) = deal or + C-e)
"

a@ doe) + dcb)@Sto
I 0

= dca) @r + C-if"%+, a @ te + dcb)@S

so d = ( de
°

) and
G)
""

%, do

kfki
,
. . .

, aim ;
M ) = Cone ( KIM, . . ,% ; M) ' k(% . % ;M))

we get LES
- - . → Hn Cm, Nijm) s Hn Cnn

,
. .,nijM) → Hnfnn, . . -snit ,; M ) → . - -

→ her (Hnlms . ni;M)→ Hm, (M, . . -> Hit,jM))

{ =im( HNCM, . .,ni;M) HIM, . .-

, no ; M ) ) = Ni+, HIM, . .;ni;M)
⇒ im /Anca, . . ,ni;M)→ Hm, (Ms . -

>Niti M)) = Ken (ni+, )

o→Hn(%i;%jM)-→ Hm ,Cm, . . ,nj+, ; M)→ ann

¥-1K
,
. .,z. ;µ)(%+i)

→ 0

%+iHn(M, . 7¢; M)



Regulaiseguences :

R ring, M R-module

RER is regular on M if um = 0 ⇒ m= 0 forany men

M
,

. . -

, an ER is a regular sequence on M if
• (M
,

. .

, nn ) M f- M

• % regular on %m
,
. .,%, ) M for

each i

Rewards % regular on Mcm
,
. .,%, ) M

⇐ (Cm, . . .

, Ni,) Minaj ) = CM
,

. .

>Ni-1) M

(x;) = 0⇐ am

Mcm
;
. .

> ni-DMExamples

① R=k Em
,
. . .

, an] ,
k field

M
,
. . .

, rn
is a regular sequence on R

② R= KEB y,Z] , k field
my , yz net a regular sequence

③ R= KEN,yZ] , k field
order

matters !
n
,
@- 1)y , Coe

- 1.) 2- is regular, but

@-1) y , ca
-1) Z
,
n is not a regular sequence



Remand her is regular ⇒ kercm FM) = Co :nr) = o

⇐ Hack (r;M )) = 0

theorem 2=24
,
. .

, an regular sequence on

⇒ Hick ;M ) =o for all i>I

Izof Induction onn
.

n=l : Remark .

n : suppose Hjcn,, . . > ni ;M)=0 for all j> 1

LES :

- - - → H.tk
,
. . . ,ni;M)→Hj(m, . sea ; M ) → Hj-1cm, - . > ki ; M ) - . -

0¥ ⇒ =o I
j> I forj-1>-1

☐→Hjcmir-ih.IM/--sHj-,CM,...,ni+ijM)-annH,(q,..,z.;m)(%+d→°
%+iHjGh, . -5k¢;^) j

Ni+ , regular on M/(m,. . .ph/y--HoCM;..ieijM)
ann⇒

Holm , . . ,ni ; m)
(Niti )= 0

0→n?¥?gj;÷÷!÷→Hfm. "in :^)→ anna.gg . . ,%;µj%+d→0

To ÷

by hypothesis
→ HIM , - . -Min ;M)=o



Corollary E-m, . . .

, an regular sequence onR
→ the koszul complex Kcal is a free resolution for 12km

,
. . ,nn,

In The graded/ local case, this free resolution is minimal

Hobatsyzygytheoom k field

Every fg graded module over R= KIM,. . -, nd] has

12ohm ( M ) Ed .

Pref the koszul complex kfm, . . , nd ) is a
minimal free resolution of RKm,. . >nd) =k ( ! ) so

pdempfk) = d

i. pdemp.CM/Epdempfk) Ed .


