
A long time ago, in a quarter far far away . . .

R Noetherian ring ⇐ every ideal in R is fg
⇐ every ascending sequence of ideals stops

M Noetherian R-module ⇐ every submodule of M
is fg

⇐ every ascending chain of submodules stops

R Noetherian ring : M Noetherian ⇒ Mfg

quotients , submodules of Noetherian modules are Noetherian

canomcalexa-ruplesk-LME.ge#andkEm,;=-iknD- are Noetherian

rings
R ring
M R-module

A prime I is associated to M if
• I = annp.cm) for some me M
I
• 12/2 as M

nsscm) : = associated primes of M

Facts • Mfo ⇒ Asscm) = 0
• R Noetherian

, Mfg ⇒ Asscm) finite
• Zhodeorsors on M = U I

IEASSCM )



• Men (M ) c- Ass (M)
on
minimal

primes

I is a minimal prime of M if I is minimal over anncm )
the minimal primes in nsscm) are precisely the menuual primes of M

Dimension

dem (R) : = sup { n I Io E . - - g- In , Ii prime
in R}

ht CI) : = hep { n t Io 9- . . . 9- In-_I , Ii prime m R}
ht CI) : = men } ht (e) / I c- MenCI) }

c-

minimal primes containingI

Note : CR
,
m) local dem (R ) = htcm)

Krull 's Height theorem at Caa
,
. .

, rn ) ⇐ n

Note : minimal primes of R have height 0

htcr) = 1 ⇐ x not in any minimal prime of R

dem (KTM
,

. . .

>Rd]) = d



Idea ✗ EAL variety ← ideal Icx) c- R= KEM
,

. .

>nd)

dim (X ) = dem ( PYI ) codemcx) = htct)

geometric
idea algebraically

defined

eg :

✗¥ ⇐ I= Cny,NZ,ZZ)
= Cosy)nCy,z)nCBZ)

dem 1 htI= 2

Golem 3- 1=2 dem (12/1) = 1

Previously , on Homological algebra
CR
,mis) local/ graded , Mfg Cgraded) R-module

BICM ) = dimpc Tori? Gym) = dimp.CExtfs.CM,k ))

corollary pdemrcm ) ← pdempnck)

Koszidcomplex k (r) : = 0 → R&R→ 0

RCI ) = k Cnn
,
. nn ) : = KCR

,
. . -

, Nn. , ) % KERN )
RCI ;M)=R(24

,
. .

> Rn ; M ) : = RCM
,

. .

> Rn) ④RM

O→R→Rn→ . . - → RC? )→ . . .→ Rn→R→0
i

the matrices have entries ± ni



ith koszul homology Hick; M ) : = Hi ( k Cz; M ) )

theorem If oh, . . .

, xD
is regular sequence on M,then Hite; M1--0 for i>0

⇒ the koszul complex is a minimal free resolution for Rlcx, d)

Corollary (Hilbert syzygy theorem) R= KIM, . . -, ✗d)
Every fg graded R-module M has pdemp.CM) Ed

Ploof ×, , . . .,×d is a regular sequence
⇒ the Kostal complex on oh, . nd is a minimal free resolution for

K = R/(✗n, . . -, ✗d)
•

°

. pdempck ) = d

thus pdempncm ) s pdempfk ) Ed .

theorem
gym,y,

Noetherian local ring
or

fg graded b-algebra, Ro=k,m=R+
ofMfg (graded) R-module

If Hick; M 1--0 for all i> 1 , then I is a regular sequence on M

Iriof Induction on n

n=L is an easy
remark from before .



NII :

o→ HHM.ynn.im/NnHjCm,...,q.,;M)→ "£" " >% :^) → amHj(q
,
. . ,z;,µ)

Cnn)-10

-
= 0

by assumption

⇒ Hj(M,.;MiM)- = o and Ann Cnn) = 0
Hj Cnn;-Pm;M)

Nn Hjtoh, . %, ;^)

⇒ Hj(oh
,

. . ,nni, M) = Nn Hjtoh, . %, ;^)
NAK
→ Hjtoh, . %, ;^) = 0 for all j

induction
⇒ m

,
. .

, any regular on M

also have AMA Gg . . ,z;,M)(%)
=°

E-

Mcm
,
nmlm

Coolies Local/graded case

• order doesn't matter

• m, . .

, an regular → MY . .

,
and" regular



theorem If M, . . ., rn is a regular sequence on R,

ht Cm
,
. . .

> Rn ) E n .

Indef Induction on n
.

n : z regular ⇐s 2g not a zeodvrsor

→ a- not in any associated prime
⇒ se
,
not in any minimal prime

→ ht Cm ) 7 1

Krull's Height theorem → htCm)=1

n an regular on 121cm
,
. .. >an-, )

ht ( cnn.im/cm,..,xm) ) = 1
induction

hypothesis
⇒ ht (M

,
- .

;
Nn-1) =n-1

•: ht Cog
,

. .

,
an ) = n . (

Notice that we only get
htcm

,
. ..in) >n

,
but KHT)

finishes thejob

Reforges crim,b) regular local ring
if demcr)=d and Mcm ) =D



Ideas Geometrically , think about varieties of dimensional
that embed on Adalso very nice and smooth)

Loealezatonbem R regular ?⇒ Re regular ?
Is regularity a local property ?

theorem (sene) (Bryk ) Noetherian local ring Mcm) =s

damn for?Ck, k) ) > (F)
Ideas Fi minimal free resolution of K
For each i

, kick ) is a direct summand of Fi

Conjecture (Bnuchsbaum - Eisenbud, Horrocks )
open !(Rizk) Noetherian local ring of dem

d

M Artinian R-module of finite projective dimension

paicm) = dunk ( Torii cists)) 3 (! )

there's lots of evidence for the BEH .
the strongest evidence is

theorem (Walker
,
207) Totalpankcoryectue

R Noetherian local ring , charts

Mfofg R-module of pdemp.CM) < no , c
= htCann M )

-213;CM) I 2°
i



theorem (Auslander-Buchsbaum
,
Sene)

(Bryk) Noetherian local ring of dimensional .
TFAE : ① pdempfk ) < 00

② pdempfm) < 00 for all fg R-module M

③ 3 is generated by a regular sequence
④ z is generated by d elements

Iroif
② → ① Take M=k ① ⇐ ②

IT
① ⇒ ② because pdemp.CM/tpdempCk) ③

③→ ① the koszul complex on a minimal generating
set for 2g is a minimal free resolution for K

See : Reminders

Irimettvodance
In
,

. . .

,
In prime ideals

I ideal

IE I , U - - - U In → I C- Ii for some i
n

Equivalently, I ¢ Ii for all i ⇒ I¢ U Iiit 1

Fancy Iremettooidance
Ii
,

. . -

, In prime ideals seer
,
I ideal

(a) + I 4- Ii for all i ⇒ Fry c-I nty -4 Ñ Ii
f- I



① ⇐ ②
IT

④⇒ ③ By= Cm, . . -, Nd ) ③ ⇐ ④

Claim 01 g- Cml ECM, Na ) E- - . E. (oh
,

. . -

, nd ) are distinct primes

(⇒ nn
,
. . .

>nd is a regular sequence)

induction D=0 : my = (24 ) = Co) nothing to show

d 3g not a minimal prime

Prime Avoidance ⇒ M ¢ U I
Ic-Men (R )

canfind y , = out Maka + - - - + rd Nd ¢ U

Ic-Men (R)

M = ( Yn , Ka,
- -

; Nd)

→ can assume on = y, not contained in any
menuual prime

Krull's Height theorem → atCu) ⇐ 1 ⇒ dem CRAM)) > d-±

knee's Height theorem ⇒ height@1cm, ) ⇐ d-1
11

⇒ dem (RICK, ) ) = d- 1

Induction Hypothesis -⇒ c%m , ,
oh

>
↳Km ) , . . -, c"g¥

distinct primes

→ CM ) E Cm, %) E - -
- € CM

,
. . .

> Nd ) distinct primes



Claim R is a domain (⇒ co) also prime)

{ g- ¢ minimal prime → z prime I 9- Ca )
(g) prime

24¢12

ye I c- Cm ) → y = rn, → re I
YEI

•

°

.
I = I Csg )

If I= 0 ① ⇐ ②

④

① ⇒ ④

clae-mpdemp.lk ) < no ⇒ pdempfk) sd .

Assume the claim holds .
then

Bick) = demktoriRCK.br ) = (
Mcm)

i ) for all i

on
= 0 IT
for i> d

⇒
for i >d

→Mcm ) =D

But dem (R) = height (m ) ⇐ Mcm) =D

•

•

• Mcm) =D



pnofqdaim-pdemp.lk ) < no ⇒ pdempfk) ⇐ d.

Assume pdempfk) > d

Y , , . . -

, Yt maximal regular sequence on R → ted

→ Every element in M is a zhodeorsol on Rlcyn
,

. .,y+)
→ me Ats (Rhys

,
. .,yt ) )

Pym = k→ Rlcyn
,
. . Yt )

Ses O → k→ RKy , , . .,y+) → M → 0

I - ④Rk

- - -→ Tor¥+
,
(Msk) → Torii ( Kir ) → Toff ( RKY,, . . ,yt ) , K)→

" '

pdemp.fr/cy,,...,y+))=tsdspdemRCr )

- - -→ Tor¥+
,
(Msk) → Torii ( Kir ) → Toff ( RKY,, . . ,yt ) , K)→

" '

on
=0 ¥0

for irpdempfk) for i.= pdempfk)

Bret Tork (kik) =/ 0 ( ! ) ↳
pdempnck)

☒



Corollaries
•

Every regular local ring is a domain

• R RLR → pdempn (k) = dem CR )

corollary R regular local ring ⇒ Re regular
Exercise show that every IID is a regular ring

RYang
Depth I ideal M R-module

theorem Allmaximal regularsequences on Mmsoe Ihave the same length
the I- depth of M is

depth,=M : = length of a maximal regular sequence on M inside I

depth M := depthm M when Crim ) is local

Reward depth R e dem R

theorem R Noetherian
, Mfg R-module , I ideal , k ruth (2)Mfm

depthIcm) := min { it Ext:'( R/±, M ) to }

depth(a) CM ) : = max { el Hice; m) = o forall i > n -r}
CHI

kCz ; M ) : O - R - R

"

→ . . . → R → R(%)→ . . .

HCE; M ) : I 1=0



depth (R) a- dem CR )
More generally , depth CM) E dem CR)

cohen-MAYingcr.mn) Noetherian local ring
R is Cohen- Macaulay if depth (R ) = dem CR )

depth R E dem CR) ⇐ embolism (R )

± ±
Cohen-Macaulay regular

M is Cohen - Macaulay if depth (m ) = depthCM)

Examples
• Every regular ring is Cohen- Macaulay
• Every 1- dimensional domain is Cohen - Macaulay
• KENKaa,

is Cohen-Macaulay but not regular
• KEN
,Y ,2-Dkny,yz)

is not Cohen- Macaulay .

• Things wth nice singularities are Cohen-Macaulay
eg

rings ofmvauantsofafnete group a-acting on Kim, nd], drank✗ I a- I



Facts about Cohen - Macaulay rings and modules :

• Iensscm ) ⇒ depth (M) ± dem CRII )

• M Cohen- Macaulay ⇒ depth CM) = dem(12/2) forall Ic-Asscm )
→ M has no embedded primes

• Cohen -Macaulayness localizes

• R Cohen-Macaulay
I prime

dem (R)- heightCI) = dem (12/2)


