
Last time All rings are commutative and have 1-

categories
• objects Ca)
+

• arrows At B with source A and target B
suchthat :

• ArrowsAt B and B Is C can be composed to make
an arrow A tf B

and composition is associative

• For evey object As there is a special arrow 1a E HomaGA)

A A ft B = Aft B
,
B -81 A ¥ A = B -87A

Not. the collection of all arrows A→ B is Hong (As B)

Example
1) Set : objects are all sets , arrows are all functions
2) Grp : groups and group homomorphisms
3) Ab : abelian groups and homomorphisms
4) Ring : rings and ring homomorphisms
5) Top : topological spaces and continuous functions
6) R- mod : R-modules and R-module homomorphisms
also known as : Mod(R) (vs modCR ) = fg R-modules)



Another example
-

X partially ordered set
we can regard X as a category

objects nEX

amore if n e y ⇒ Hong Cn, y) singleton

if n f y
⇒ Homqcn,y)

= 0

Special types of arrows .

-

• fE Hong CA,Bd is an iso = isomorphism if there exists

g E Homq CB,A)
suchthat off = IA , fg= 1a

•fE HomqCB, C) is monic or a monomorphic if
A÷, Bt' C fgifga ⇒ gig,

• fEHomq (AB) is epi or an epumorphusm if
A f- B÷, C off = Gaf ⇒ gigs



Functors B,D categories .

A covariant functor F:B→ D is a mapping thatassigns
• to each object c in 8, an object Fcc) in D

• to each arrow ffg in B , an arrow Cf) in D

FCB)

SET :

① I(ta ) = IFCA)

② ICfg ) = Fcf) Ffg ) for all composable arrows fg

A Contravariant functor F : 8→D flips all arrows :

• to each object c in 8, an object Fcc) in D
FCA)

• to each arrow f -1 in B
,
an arrow TECH in O

B FCB)
such that :

① FCIA ) = IfCA)
A FCA)

② f-Cfg) = f-Cg ) F Cf) 81 TFCg)
B ND FCB)

f t T Fcf )
C

FCC)



A contravariant functor 8 → D
11

a covariant functor 89'→ D

where 89 is a category obtained from 8 by flipping allthe arrows
A- A

so an arrow f f in B = an arrow Tf in GOP
B B

Examples of Functors-

① Forgetful

Grp → Set : forgets the group structure

R-mod→ set : forgetsthe R-mod structure

② Identityfunctor &→ 8

③ Localization fix ring R, Mei: tyslecatiue subsetwat

w
''

: R-mod - W'
'

R -mod

M i- w
' M

M W
-'M ⇒MwfL 1- wtf t I

N w
-'N fcm )
=



special types of functors : G, D locally small . I :b - D is

faithful Hong CA, B ) → Hong CHAI, FCB)) all injective

fell Hong CA, B ) → Hong CHAI, FCB)) all surjective

fullyfaethfd full and faithful

emending fully faithfully and uyecteve on objects

A- subcategory 8 of D is full af for all objects As B in 8
Hang CA,B ) = Hogg(BB ) .

Equivalently, the inclusion functor f-D is full

Example
① Ho is a full subcategory of a-up
② the forgetful functor R-mod→ Set is faithful, notfell .

Fft : G →D functors
A new transformation y : I⇒ a- is a mapping

object CE f '→ Ya E Hong ( FCC), GCC ))



such that FCA ) %-) a-CA )
A

forall arrows ft in B
Nb Fcf)f t a-Cf)

B FCB)→ GCB)
713 Commutes

q is a n#isomorphism if ya is an in forallA .

Nate
,
a- ) : = natural transformations from F to a-

can construct a functor category Db with :

• objects all functors a→ D

• arrows all natural transformations between suchfunctors

Example Id : Grp → Grp , ab : Grp→ Erp
G- 1-3 Gab= AYEasG]

the mapping it : Id
⇒ ab is a natural transformation :

a-↳ Esta
. quotient map

£ gab
a-
ab

f I fab for all a- Is H

H → Hab group homomorphism .

FH



Homfunotas B locally small category
the covariant functor
Hom
@
CA
,
- ) : f → Set

B 1- Hom
q
CA
,
B )

B

ft
↳

HOME,fbB)
a g
I

Hong (Agc ) a fog

Hong CA,f) = : f* g
A-→ B
- If

f*Cg)=fg
'
-

→ c

the contravariant
-

Hong C-, B ) : f - set

A 1- Hong (BB)

A
~,

HOME B) F

ft T I
C

Hong GB) F g
f-

A→ C

Hom
@
(f. B) = : f* Ffg) - off I 1g

B



Yonedatemma 8 locally small category
F : 8→ set covariant functor
Fix an object A in G

there is a byecton
Nat ( Homq CA,

- )
,
F ) Eg FCA )

this correspondence is natural in both A and F.

Ireof y i Hom
q CA,
- I ⇒ e

Hom
q CA,

A )¥ FCA )

1A '- TAC 1a) =il

set 8 Cy) : = ya ( ta) = u . Why is 8 infectednegative ?

Fix an arrowAt, × . if natural transformation gives
Homa (Ag f )

Hong CA, A )- Hom
q CA,X )

↳

1A l- f
A- / In t / Tx
v
1- II v

FCA) - FCX)
F Cf)

I = 9×0 Horny CA,f ) Cta ) = Y× (f ) I

= Fcf) o YA ( 1a ) = FCf) (u) ↳



so :

• y is completelydetermmed by patta) :

if Cf) = FCf) ( Ya CIA ) )

so the values of y are set for any X, f from Yalta )

o: different choices of u= ya Cta ) ⇒ different if
⇒ 8 is infective

o: given any n E FCA ), setting y× Cf ) = Fcf ) (u)

gives a natural transformation y with Ky)
= u .

⇒ 8 is surjective


