
Lasttme Tonedadeiuma

florally small category
A- object in E
F : 8→ Set covariant functor

then there is a byecton Nat(Hanyang-3, F)
⇐ FCA)

Consequence Set F- = Hong CB,-) .
then

Nat (Hong CA,-7, Hong(B,- ) )
€

, Hong (B,A)

theorem (Yoneda Embedding) B locally small category
op

G- set
a 89

'
- Sette

A 1- Homrff, A) A 1- Homnff,A)

A Hong C-,A) A

ft i- tf fly → Homey?yI)
B HOME C-, B) Hom

@CBs)

are embeddings .

Stoyan Every locally small category embeds into afunctor category to set



• A Covenant functor F : G→ Set is representable if
it is naturally isomorphic to Hang CA, - ) for some A

• A contravariant functor F : 8 → set is rg¥de if
it is naturally isomorphic to Homqf, B ) for someB

EI Id : set → Set is represented by 1 (Singleton)

why ? x set

X E functions I→ X = Hom
setCt, x )

N 1-3 I 1-, 2e

the following commutes :

Hom
set Csx )
€

, ×

fat f f
Hom
set
Ct
,
Y) T Y

=

so our natural isomorphism is

X '→ (HomgetCtx ) X )



@omplexmap1ehainmapAmapofComplexesf.F → G between complexes EG is
a sequence of R-module homomorphisms fn : Fn→ Gn

such that the diagram
. . . → tent, In

£
' Fn-' →

" '

commutes
.

fun t fu f
- ' ' → anti- Gr, dnt Gn-a.

→ - - -

duh

so

fndntz = dnt , fun

tix : O map O : Fn → Gn foralln

identity : en Es En for alln

Def the category of↳ompEf R-module
chCR ) or ch CR- mod) has :

• objects all complexes of R-modules

• arrows all maps of complex

eg chats) = Chez)



Lemme be : F → a- mop of complexes

then h induces R-module homophones
Bench) : BNCF ) → Brat) (recall : HnCH=Fzn{ )
Zn Ch ) : Zn CF)→ Brca)

→ Hn Ch) : Hn CF ) → HNCG)

IIF Fut,
¥ Fu & Fn-I

hate I 1hm I kn- i

Guti→ Gn→ Gn - I
dnt dm

IF

• If a EBNCF ) = im dnt
, say a

= dntecb)
,
BE Fm

,

G

hnca) = his date (b) =dnuhn+eCb) C- im dnte= Bn (a- )

• If a EZNCFI = her dnf, then

dnhn(a) = hun du la) = hut (03=0
-

TO

→ An Ca ) E Ker dna
.

= ZNCG)

"
-

Hn CF) = ZNCFYBNCF, → Zn%zfG)



i
. Hn : Cher) → R-mod is a functor !

F l- Hn CF)

F HnCF)

f- I 1- f HnCf)
a- Hnat)

Def A map of complexes is a quasi- iso if et induces
an iso in homology , so Hn Cf ) is an iso forall

n .

Ex : Z E Z - o is a quasi- is
° I fit to but not an in .

O → 242 - O

Def f, g : F → a- maps of complexes
A homotopy h between f and g is a sequence of maps

hn : In → Gritz

- - - → Ent, In - Fn
- z
- . . .

final t§nLtg ttgn . .
" - → Gmt,¥,

Gn- Guy → . - -

such that Anti hn t hn- i dn = fu - gu foralln .

We say f and g are homotopy



Exercise : Homotopy is an equivalence relation .

Lemme Homotgnic maps induce the same map on homology

Iaf h homotopy between f and g : f- a-

ae Zn Cf) ⇒ fn Cal - gnca)= dntehnca)then- i du¥y E BnCF)
÷. fn - gn is o in homology !
H Cf -g) = 0 ⇒ HCf) = H Cg) Da

Nidehomotgnc = homotopic to 0 ⇒ induce O-map onhomology

f : e-' a- is aH¥y Equivalence if there exists some g : a-→e

such that fog and gf are homotopic to the identity
(so a homotopy equivalence has an inverse up to homotopy)

homotopy equivalence ⇒ quasi- isomorphism

why ? HnCf ) Hn Cg ) = HnCfg) = AnCid ) = id

⇒ HnCf ) , HnCg) are ins of R
-modules

warning quasi- in ¥ homotopy equivalence .


