
• F is a subiomplex of a- if
• In is a submodule of Gn

•
- - - → Fn+ , → Fn

f f

→ " '

is a map of complexes

- - - → Gn+ ,→ Gn → . - -

the quotient of a- by F is the complex
Anti dm

" ' → GnH/Fnn→ Gn Itn → Gn-i/Fm, →
" '

where dn is the map induced by the differential on G .

f : F → a- map of complexes
the barrel off , kerf, is the subcomplex of I

dnt I
- - - → Ker fn+ , → kerfndn-skerfn.in - - -

the image of f , im f is the subcomplex of G

- r - → im fn+ , em find em fn, → . - -

the coked off is the quotient complex
adorer f := Glim f



A Comix in chCR) is a sequence of complex maps
. . . → on dn→ en

- '¥
. . .

where da, din -=O for all n .

A short exact sequence les) in chCR) is an exact complex

o → A ft B G c -so in chCR)

so really , a commutative diagram

i i i
O → Ait , ' Biti Cit , → O

t t t
O → Air Rj Ci→ O

t
o → Ai. , s Bla

,
Siesta

,
→ o

! ÷ ÷

where the rows are exact and the columns are complexes .



Snakebite

A commutative diagram of R-modules with exact rows .

i' p
'

A
'
- B

'
- c

'

→ o

f t g f ht
O → A → B - C

i p

induces an exact sequence

kerf → Ker g → her he Is Cokerf → Oberg → Cokerh

Kerf - -→ berg--→ her he

t
i
,
t

p
' t

, a

A
' - B

'
→ cyft fer

O → A → B - C
i p

t t t
> Cokerf -- → Coker

g
- - ⇒ Cokerhe

2 (d ) : = at irn f e Coker f
let b'c-B

'

be suchthat pcb)) = c
' (p is surjective)

let ac- A be such that iCa) = gcb
' )

2 is called the connecting homomorphism .



① kerf → Ker g → beer he

are restrictions of a
' B'Is c'

and exactness in the middle is preserved

② A is B-P, c restrict to

im f → img → im he so they descend to

Cokerf → coburg→ Coker he

and exactness in the middle is preserved .

Need : ③ 2 is well - defined
④ picker g) = beer 8

⑤ im a = beer (adaerf is Cokerg)
c'Eberle

/ p
' I

A b'EB
"

→ c'E C
'

ft Ig I

a

EIA → gcb
')EB pts

° ⇒ gcb
'
) E Ker p=imi

atimf C- Cokerf

③ fix c'E kerb , ba
'

, ba
'
E B
'
such that pcb,

' ) =pCba
'

) = c'
.

Want to check : 2 does not Append on be
'

, ba
'

.



Note : p
'
(bi - ball = 0

,
so it's enoughto check

267=0 independently of the choice of b'EB
'
with p'Cbl1=0

b
'
E keep

'
= im i

'
⇒ ica

') = b' for some a'EA
'

then a:=fCa
') satisfies

ica) = icfca 'D= g i'ca't -_gas)
so 26 ) = at nm f =f ca

' ) trmf = O in Cokerf

④ picker g) = beer 2 ,
b

• If b
'
E berg, then

o , Fog ⇒ 2 (p'Cb ')) = O

• If c
'
E C
'

has 2 Cd) = O
,
let b'EB

'
with p

'

Cb')-d

l l P
'

,
A EA b

"
i- c

l -

f i 18I
. u

a c- imf Is gcb
')

Must have aErm f ⇒ let a'EA
'
be suchthat fCall =a

then

gitai) = ifCal ) = ica) = gcb
' )

→ b
'
- i'ca') E berg , and

p
'(b'- i'ca'D= pkb') - plica') = pkb ') = c'

Fo o:c
'

Ep
'

Cheng )



⑤ im a = beer Cooker f is Coker g)
• Given a c-A

, if at em f e Ker (Cokerf cdserg)

icat im f) = O ⇒ i ca) e im g ⇒ iCal = gcb
')

for some b'EB
so 2 CpCb' l ) I at em f

by definition
⇒ at unfe im 2

b
'
I→ c

'
• Given at imf E im 2 ,

I
a 1-, god)

i cat im f) = iCal t im g
= g Cb

') tim g
= o in coburg

Da

theorem (Long Exact sequence in homology )
Given a short exact sequence in chCR)

O → A f→ B I c→ 0

there is a long exact sequence in R- sarod
- - . → Hn+, Cc ) I Hn CA ) → Hn CB) → Hn CC) Is - - -



Iroeof For each n, we have short exact sequences
fn gn

O → An→ Bn → Cn → O

• f.g take cycles to cycles , so we get
0 → Zn CA ) I Zn CB) -8ns Zn CC ) exact .

• f,g take boundaries to boundaries , so get exact

Anfimdn Bnlimdnt , ⇐ Glim dnt , →
°

Let F= BB, orC .

im ( Fn ← In
-e ) E Zn⇒ ( F )

so induces
dn

In → Zno
,
CF )

that sends im dnt , too , so get an induced map
dm

so :

Fntimdnte
→ Zn-ice )

Anfumdn, → Bntumdntt → Glumdnt ,→ o

dnf dnf dnf
O→ Zn,CA ) → Zn, CB) → Zuma Cc)



Apply the Snake Lemma :

Ker ( Fn/emdn+, & Zn, CFI ) = biff = Hn CF)

Coker (Fn/emdn+, & Zn-i CF ) ) = Znif = Hm ,Ce)
imdn

so we get exact sequences
HnCA ) → HnCB) → HnCc) -83 Ha, (A)→ Hn. , (B)→ Hn. ,Cc)

glue these together . is

connecting homomorphism :

CE Ker dnt E Cute ⇒ FbEBn+, gnn (b) = C
-

b ¥ c
seeyectue

dnt'T
fn

-

Fcc) =at um dnta 1- dnt, Cb)


