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Long Exact sequence in homology-
A short exact sequence in chCRI

i p
O → A → B→ c → O

induces a long exact sequence
- - - → Hm, CC)

& Hn CA) Hn CB) PI Hn CA ) Is Hm , Cc) → . .
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Iaf LES in homology ⇒ exact rows

is Pa
HnCA ) → Hn CB)→ Hn Cc)
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④ : to compute a' hncc) , we :
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Our choice of a in ④ satisfies
dn Cb

'
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Comments
-

:

① the LES in homology can often be used to find the
homology of a particular complex by fitting it into

a

Ses of complexes with some well -known or easier
to

understand complexes .

② Later we will see how LES naturally popin everywhere .

In particular, we will study denied functors such as
Tor and Ext

,
which are constructed Mathe homology of a

particular compass and which must then
induce a LESfrom

any SES .

③ Any LES breaks into SES :

. . . → Cut,¥ Cu § Cue, → - - - LES

breaks into
O

y kerfn = im futz = her (Cn→ Cokerfn)
berfn
I

am ¥
Cn Tn en-,

so

↳
Cokerfnt, O→ kerf→ Cn→ Coker fun→ O

n

→ o
is exact .



Amoy category with

• objects R-modules

° arrows R-module homomorphisms

Notation Hom
,
CM
,
N) : = Home-mod CM, N)

this is a locally small category , so Hompem,
N) is a set .

It also has mode additional structure

Green R-modules M
,
N
, HompnCM,N) is an R-module via

r

I ifeng.rs ( m '- r semi )
wth addition (ft g) Cm) = fcm) t g cm)

O : O -map

Exercise Show HomRCM,N) is indeed an R-module .

Exercise

① Honk CR, M ) E M

② HomRCRII, M) E@ :M I) = {MEM / Into}



Homp.CM, - )
Hom,af, N)

: R
- mod → R- mod

one additive functors .

A functor
T : R - mod → S -mod is additive

tf t (ft g ) = Tcf )
t Tcg )

for all f.ge Hempen,N)

deiuna T : R -mod → S - mod additive functor

① TCO - map ) =
O - map

② TCO - module ) = O -module .


