
Siderite :Uneversalpoperteeswe've all seen constructions satisfying a universal property .

these are best explained by examples :

Example

① Inducts {Millie ± collection of R
-modules

the pocket of the 3Mi}ie± is the R-module

I Mi = { Cmi )i⇐ : mi E Mi }
LEI

wth the following universal property :

given anR
-module Nand R-module homomorphisms N tis Mi

there exists a unique
R -module homomomorphenn f such that

N -

f
- → IT Mi

LEI

f. a-j
commutes for¥

Mj
all jet

where Tj : if Mi → Mj is the projection onto the jth factor

Stoyan Mapping into a product⇐ mapping into each factor



② Directs {MillieI collection of R
-modules

the direct sum of the 3mi}ie± is the R --module
-

④ Mi = { Cmi )i⇐ : mi e Mi
, Mj-0 for

all but finitelymany j }LEI

wth the following universal property :

given anR
-module Nand R-module homomorphisms Mi N

there exists a unique
R -module homomomorphenn such that

N ←
F
- - ⑦ Mi

LEI
- commutes forf) Tig all jet
j Mj

where Lj : Mj → ④ Mi is the inclusion of the jth factorLEI

Stoyan Mapping out of a direct sun ⇐ mapping out of eachfactor

Note when I is fmte, ie Mi = ie⑦± Mi

and we may write Max .
. . x Mn (directproduct)
a

M
,
④ . . . ④ Mn (direct sum)

when I is infinite the constructions are different .



Freeptmodeele the freeR-module on Zbi}.net
is theR-module I meth the following universal property :

given an R
-module M and a function f : I → M

,

there exists a unique R-module homomorphism f : F→M

such that
i -s bi

I - F

/

commutes

¥
ma
'

'

f

re
, I Cbi ) = fCi ) .

we say F is the free module on I Coe Zbi}⇐I )
and Zbi} is called a basis .

Slogans to define a map outof a free module is to define
any function (of sets) on the basis elements

Realslogan_ The basis elements form an actual basis
(there are no relations between them

,

and they generate F)

⑦I I
we saw in the Winter that F E to R = R or R

ifI



Et(categorytheory) B category
ZMiy.net a collection of objects in G, indexed by a set I
the product of 2Mi}i⇐ is the object IT M .

iEI
N

together with arrows IIe Mi Mj
meth the following universal property :

green arrows N
firs Mi there exists aunique arrowf
f

such that
N - - → IT Mi

IEI Commutes
.

f) taj
&

Mj
Examples
-

. the product in R-mod is the product of modules .

• In top, the product of topological spaces is the set product
with the tycoonoff topology
with the basis of open sets III. Ui E ifXi where⇐ =Xi for all but finitely many is all Ui open )
• If I is

a partially ordered set, when we vow I as
a

category we have products = greatest lower bounds

• In Fields
,
there is no Q x ZYP



coprolitecategory theory) 8 category
3.Millie± a collection of objects in G, indexed by a set I
the coproduct of 2Mi}i⇐ is the object ¥,Mi

together with arrows Mj I Mi
LEI

meth the following universal property :

green arrows Mi N there exists aunique arrowf

f
N ← - - - I Mi

such that
ieI

\ T Lj
commutes

.

J
Mj

Example
• In R-mod

,
the agaoduct is the direct sum

• In set
,
the agnoduct is the dugoutunionof sets

• In Gip, the agnoduct is the free product
• If Iis a partially ordered set, andwe view itas a category,

agnoducts = least upper bound



trudged (category theory) Concrete category)
I'

Let 8 be a category with a faithful functor F: B→ Set

Let x be aset

/

the fee object on X is an object A in f

together with an infective function of sets X
is FCA )

that satisfiesthe following universal property :

for any object B in 8 and any function of sets x Es FCB)
there exists aunique arrow

A -8, B such that

A X is FCA)

g ! \f, IFCg)x

B FCB)

Example In R-mod, free modules

when we talk about adjoint functors :

a forgetful functorto set has a left adjoint that is the
free functor .



Uneaty (formal definition)
& locally small category
A university for an object c in 8 consists of :

• a representable functor F : 8→ set

• a uneveisalelement X E FCc) such that

F is naturally isomorphic to
HOME (G- )
Hom
qC-, c)

via the natural no corresponding to X by the Yoneda byecton .

Exariyole the universal property of the preheat xexxa
is encoded in

• the representable functor Hong,q (DC
- I
,
Cxn
,Xa ))

• represented by X, x Xa
•Ma ( In

, ta )
E Hom8×8 (DCX, x Xa ), (Xn, Xa ))

s : 8→ 8×8
where X Cx

,
X )

f- 1 I Cf,f )
y Ct

,
Y )



Unwrapping this, it says :

Hong C-, xnxxa) ± Homqiy (DC- 7,44 , Xa ))

by the natural isomorphism y given by

Hom
q (Y, xnxxa)

-4
, Homqiy (SCH,# , Xa))

f- 1- SCf)
*

( th,
11

idy (Tun
, Ty

) o Dff)

Yy Cf ) = Cg , , ga ) means

tyxnxxs commutes
E ft Xa

* a

q is a byecton
⇒ for every ga ,ga there exists a unique f

such that the diagram commutes .

( that's the universal property of the product ! )



Back to R-mod
-

:

HomRCM,- )
and are additive functors R-mod→ R -mod

Hompl-,N)

theorem there are natural isomorphisms

HomRCM, LI Ni ) I Hom
,
CM
,
Ni)

Homr(& Mi , N ) € it Home (Mi,Ni )

T : R- mod → S - mod covariant additive functor

• T is leftexact if
0→ A→ B→ C exact⇒ o →TCA ) → TCB)→ TCc) exact

• Tis rightest if
A→ B→ c→ O exact⇒ TCA ) → tCB)→ TCC) → O exact

• T is exeat if
O→ A→ B → c→ O Ses ⇒ O→ TCA)→ T CB)→ TCC)→ O



T : R- mod → S - mod contravariant additive functor
• T is leftexact if
A→ B→ c → o exact ⇒ O →T(c)→ TCB) →TCA) exact

• T is rightest if
O→ A→ B → c ⇒ TCC )→ TCB) → TCA)→ O exact

• T is exeat if
0 →TCC)→T CB)→TCA ) → O exact

Remer :

Equivalently, we can start with a ses in all the conditions

• Left exact = turns kernels into kernels Cookernets)

• Right exact = turns Cokernets into Cokernets (kernels)
T

• Exact = Left exact t right exact (contravariant)



theorem (Hom is left exact )

• For every short exact sequence
O → A f- B

-8
, c → O

and
every R

- module M
,

O → HomRCM ,A ) ¥ HomRCM, B) ¥ HomeCM, C)

is exact

• For every short
exact sequence

O → A f- B
-8
, c → O

and
every R

- module M
,

g* f
't

O → HomRCM , c ) → HomRCM, B) → Home(M,A)

is exact

Indy covariant version :

① f* is ergative

Let HE Hompncm,A ) .

fwyectve
f* Ch ) = O ⇐ fo h = O ⇒ h=Ofmono



② im f* E Ker g*

For all he Hom,z(M,Al, g*f* Ch ) = go fo b = O
on
= O

③ Ker g* E im f*

Let he Hom RCM, B) , g*Ch)
= o ⇐ go h = 0

For all men
, g @ cm )) = o ⇒ hcm ) E Ker g = im f

choose aEA such that f Ca ) = h(m), and
set

k (m) : = a .

• fmyectue⇒ for each m a unique a ⇒
k is well-defined

• Exercise : K E Hom
p
(M
,
A) def ofa

• f*Ck) satisfies f*Ck) cm) = fckcml) = fca)
E h (m)

⇒ f.* Ck) = h .

D

warring Hom is net right exact in general



Example 0 → z Es Q Es Q/z → 0

I Homz (212,
- )

o → Homz (242,2) ¥ Homz CZK, Q) Homz (2/2,92)

Claim it not Suzette
• Homz (2/2, Q ) = O (IN a

,
2a=O ⇒ at O)

• Homz ( 242, 12 ) to

1 ↳ I t Z is ok !

so actually, our exact sequence is

O → o → o → Homz (242, Qlz)
-

I 242 V

Also
,
when we apply Hom

z
C-
, 2) , we get

o → Homzcoyz,Z )¥ Homz (Q,z) Homz (2,2)
on an

=O Z

⇒ f* not suyechte !


