
dasttme :

Hompnf,M)
and are additive left exact functors

Homp.CM,-1

meaning thatfor every short exact sequence
0→ A → B → c→ 0

of R-modules, the sequences
0 → HOMRCM,A) → Home CM,B) → Hompfm,c)
and

0→ Homp, (SM)→ HomRCB,M ) → Home CA,M)
ane exact .

However
, Hompfil, -7 and Hompnf, M) are not necessarily exact .

lensorpwducts

M
,
N R-modules

A function f : M ✗N → L is R- bilinear if:
• fcmtm, n) = fcm,n) + f- (Msn ) forall m,MEM,new
• fcm, ntn

') = fcnsn) +fcmgn
') for all MEM, n,n'c-N

• form, n) = fcm, rn) = rfcm,n) forall RER,mem,new



E✗am_ple the product on R is an R-bilinear function 12×12→ R

Def M
,
N R-modules

the tensor product MORN is the R-module MORN
together with an R-bilinear map T : M✗N → Morn

satisfying the following universal property :

for every R
- bilinear function f : M✗N→ A , there exists a

unique R-module homomorphism § : MORN→ A such that

MQZN -
- I

commutesIT '

→

MxN → A

f-

this universal property is encoded in the representablefunctor
Belen (M✗N;-) : R- mod → set

L 1-1 R-bilinear maps M✗N→ L

A

ft 1-> postcomposition with f
B

Na

T C- Berlin(M ✗N
,
Morn)



tnm Given
any R

-

'modules M
,
N
,

M@RN exists

sketch

I := free module on M×N

Cm
,
n'+n'I - (mon) - (mid) min

'EM

s:= ( Cm +mln) - cmon ) - cmsn ) ( n,nieN
Crm
,
n ) - rcm,n) RER )

Cm
,
rn) - rcmon)

MORN := FfsMxN-tF1sCMnJ1-mx0nm@noo-Cm.n) + S in Ffs

check : those satisfy our universal property ☒

Def A simpleton in MORN is an element of theform mon .

the simple tensors generate M④RN, but they aret allthe elements .

so everyelement
in MEN is of the form É

,
Mixon;

such expressions are riot unique .



Warring sometimes M④rN are unexpectedly 0

• to define maps out of Morn, usethe universal property.
• to show

M@pnNfqgveanonzeioR-bdenearmqpMxN-A.two
R-module maps M④rN →A arietta same if they agree on

simple tensors .

Lemuria lhetensorproduct is unique up to
is

.

deinrna A# C
,
B * D R-module maps

there exists a unique
R-module homomorphism

f- ④g : A@RB→ CORD
a@ b 1- g-(a)④ gcb)

Levene (fa④ga) (f. ④g.) =

Cfafi7@Cga8i7Levuma_f.gesos-sfogio0theo_emMx0pi.R
- mod→ R-mod and -ORM : R-mod→ R- mod
A M@p.A A A@RM
ft l→ .fr@f f t '→ If@1
B

M☒ipB
B BORN

are additive covariant functors .



Lumina there is a natural isomorphism M④rNEN④rM

Lenya ¢-0,2B) ④RC E A ④RCB ORC)

HI there is a natural isomorphism
M ④pfq.N.ie) ¥ ④ (MORN;)

i.EI

on both M and the family {Ni}ie± -

tevuma there is a natural isomorphism between

ROE and Id : R-mod→ R-mod .

Sketch R ✗ M → M is R- bilinear

@ , m) 1- rim
and suyectve

→ induces homophone R@RM * M

M ¥ Reform is an inverse to pm
m 1- 1- ④M

R -0,2M
-4ms M

the diagram vogt tg commutes

R④RN 1- N
UN ☒



Example
① 242oz Q = 0

a @ p = a ☒ It = @a)④ PI = 0

%
all simple tensor 0 ⇒ tensor product is 0

② Qlz 99/2 = 0 because all simple tensors are 0 :

+ 2) • (9-+2)
= + a) ④ (9-+2)
= +2) ① b (5-+2)
= (3+21) ④ @ + 2) = 0

%
③ 22 Oz 2422 =/ 0 because

22 × 2/22, → 21/22
(a) b) → ate

2

is Z - bilinear
,
so d- induces an R-module homomorphism

22 Oz 2422
f- 2422

and g- (2×01) = 2-4--1 =/ 0



theorem Mor- is right exact, meaning thatfor every ses

0 → A É, B P→ c → 0

we get an exact sequence
MTORA^ M ORB More → 0

IIF ① 4- ④p ) Goi) -0

( Op ) ( lori) = 1 ④ pi = 0
To

② mop is surjective
Given any M

, -0Gt . . . + Mn④ on C- M④rC ,

pick b
,,

bn c-B such that pcb;) = Ci. Cpsuyedtve)

then Corp) ( M,@b, + - . . + Mn ④ bn) = my@at - . - +Mn④on .

③ brer Crop ) = im a ④ p )

Let I := imcrxop ) c- Ken (1-④p ) .

nxop induces a map µ@RB/±
¥ M⑦rC

Consider the canonical projection it : Mor B→ M④rB/I

By construction : 9- it = 1- ① p



M ✗ C f- M④RB/I
CM
,
c) → m @ b

where p (b)= c

• f- is R- bilinear (exercise)
•f is well - defined :

if pcb) =p(b)) =c,then
b- b' c- Keep = im i→ m@(b-b

'
) c- im (1@ if = I

so M④ b- mob
'

c- I

⇒ fondues R-module map M④rC M④rB/±

Claim §9_=idM④rB/I
n

§ 9-(É, mi ④ b;) = §fÉmi④pCbi)) = -2m;@ biin

Condon : 9- is ergative

9- it = 1- ⑦ p 9- injective

⇒ kercnxop ) = benefit ) ¥ bent = ima①i )



But tensor is not necessarily exact

Example 0 → z Q É Qlz → 0

Apply 2422oz - :

2/2×02,21 242 ④zQ → 242oz Qlz→0

am IF
I 21/2

Hom-b-nsoradyunction-there.is a natural isomorphism

HompfMORN, I) I HOMRCM, HOMRCN,I))

f- 1- (m i→ (n → f-Cmon)))
moon → gcmlln) I g

what does this mean?

It says C-④RM , Homrcm,-)) is an adjoint pair .

two covenant functors to D form an a¥aer if
a-

Hong CFCC), D) I Homq CC, a-CD)) naturally on GD .

we
say

F is afort of G, a- is a reorient off



"the slogan is "adjoint functors arise everywhere
" "

Mac Lane

idea An adjoint functor is a way of giving the most efficient
solution to a problem in a functional way

Example

Idiom Given a set I,what is the most efficient functional way
of getting an R-module out of I ?
Solution take the free R-module on I, ER .

Fact R-mod set
Free

( Free
, Forget ) form an adyomt pair .


