
one more thing about tensors :

R Is ring homomorphism
⇐ s is an R- algebra⇒
s is a ring and an R-module over -s:=fcrts

)
stop- : R- mod → 5-mod is an additive functor .

Def the functor above is called Extensonofsealars
f ! : R- mod → S - mod

Def the restriction of scalars functor

f* : S-mod → R-mod

M -
New M as an R-mod

e- M : = foe) - M
M

81 1- new gas a homomorphism
N

of R- modules

theorem ( Extension of scalars, Restriction of scalars )
form an adjoint pair



More precisely :

theorem

If M is an R- module, and N is an S
-module
,

HOMRCM, f-
*

N) E Homs ( Mors , N)
211

Homplm, Homs (S,N))

ihemark Horns CS,N ) is an R-module by

af = (s i→ foes) )

idea Restriction of scalars solves the problem
Make an R-module out of a given S

-module

Extension of scalars solves the problem
Make an S -module out of a green R-module



Ireuously, on Homologicaltgeba :

• Hompfm, - ) is a left exact covariant functor
• Homrf, M ) is a left exact contravariant functor
• MOR - E - ④RM is a right exact covariant functor

Longtermtoal Measure thefailure of these functors to be exact

Shottermgoal when are they exact ?

Def An R-module I is projective if
I

8 !
If

A€ B → O

P

For every surjective map A → B and every map
If→B

there exists g : I→A making the diagram commute

so this says p* (g) =p og = f

we say g is a lifting off



thm Free ⇒ projective
Iriof .

.

F Let {bi}i⇐ be a basisfor F .

If
A B → o p ca;) = bi for some ai c-A
P

F free ⇒ there exists R-module map g : F-→A induced by
gcb;) := ai ☒

Corday For every R-module M, there exists I→ M wth I projective
(free)

Ioof M= I R mi → ¥0, R → M
i.c-I

Cri) 1-> -2 rimi
i.C-I

thm-Homp.CI, - ) exact ⇐ I projective

IIF Home CI ) is left exact always, so
0→A→B →c→ O Ses

⇒ 0→ Hornpipe,A) → HOMRCI,B)→ HOMRCI,C) exact

Horn,aCI , - ) is exact if and only if
BP→ c → 0⇒ HOMRCB,I) # HOMRCSI) → 0

⇐ every c
# P lefts to B-91



0→ A → B → c →0 is a split short exact sequence
if it is isomorphic to

0 → A → A ④ C →p
C → 0

i

where .

• i is the inclusion of the firstfactor
•

p isThe projection onto the secondfactor

Sphttengdemma 0 → A f→ B -9 c → 0 ses of R
-mods

€ .

^ F- .

'

1-FAE ! 9

① there exists of
:B→A such that off = rda

② There exists r : C → B such that gr
= ride

③ the short exact sequence splits
(r
, g- are called splittings for our ses)

Iioof ③ ⇒ ①
,
②

If the sequence splits, say
take

0 → A £-3 B 8- C → 0

ins at b I cI 9- := a-
'

stab

0→ A → A①C→ C→ 0 e.= b-
'

ice
i.I

.
.

.

: I . :
IA Ic



① ⇒ ③ 0 → A¥-1
.

:B
↳c- 0

9- off = ida

Every BEB can be written as

b = (b- fqcb)) + fq (B)
on✓
Eimf EAKer 9-

IT

④b) - 9-f- 9- (b) = 0)
I

so B = her g- + im f

Abo
, if g- Ca) c- borg then a= off(a) = 0 .

→ B = kerf ⑦ emf I been g- ④ A

claim Keng E C

Keng n Keng
= Ken g- Aim f- = 0

→ Bu,
-8, c

kerf
-8
, c is injective

It is also suyedtve :

Green CEC
, gcb)=c for some BEB, but b=f(a) + bea

⇒ c= gcb ) = gfca) + gck) = gck) knot

¥0



So Y :B
±→ imf ④ beer of A ④ C is an roo

b 1- Cfqcbl
,
b-fqlb ))- (9-(b), gcb))

Now

0 → A f- B 8- c → o

11 91 It is an roo

o → A
→~ AOC p→

c → 0

• yfcal = (g- flat, gfca)) = (go ) = i. Ca ) ✓
% ¥

• py (b) = p( g- (b),g¥ ) = gcb) ✓

②⇒ ③ Every be B can be written as

b= (b-rgcb))
-

rgcb )
- on

c- rinkEbner g
IT

gcb) - grgcb) = 0
on

1

⇒ B = Keng timer

If KCC ) c- berg , then c= gr (c) = 0 .

F-
⇒ B = borg ④ imr I Aioimr



Alf : negative ⇒ imr.EC

@(c) =o ⇒ c= gr -63=0)

so A ④ C ¥-13
Ca
,
c) 1- f-(a) +rcc)

so o → A i→A④CP→ c → 0

11 ✗ t 11
o → A → B → c → o

f g

• ✗i(a) = ✗ Circa.jo/--f(ica) ) ✓

•

g ✗ Ca,c)
= g (fea) +rcc )) = gf(a) +grcc)=c✓

= I
☒

Not
every ses splits !

E± : 0 → Z I z → 242 → 0 is not split !

2¥ 20242
or
or

no2-torsion has2torsion



Warming
Not

every
ses

0 → A → A ④C → c → o splits

Example 0 → 242 f- 2T¢) -8s %) → o

1- - 2

1 1- 1

is not split ! 2%4 , ¥ 2/(27102%2)

M = ④ (2%2) ④ 2%41 )
IN

so

24¢, ④ M E M I 24cg) ④ M

Cf, 0 )
0 → %) → 24¢) ④ M → 2%2) ④ M → 0

F-
-

g-
-
' Cg, id)

this is not split : any splitting g- would restrict to

24¢, → 2%2, that splits the originalsequence

Warding the splitting lemma is false in Grp .



Examine 0 → Az 53
% 2/2 → 0

inclusion

• this is not spat : Sg ¥ Az ④ 212
non-abelian abelian

• but u : 212 → Sz satisfies sign on -_idzg
1 1- any 2-cycle


