
Previously ,on Homological Algebra :

• HomRCM, - ) : R-mod → R-mod is left exact

• HomeC-, M ) : R- mod → R-mod is left exact

• Mope- : R-mod → R-mod is right exact

g. .
I

HomRCI,-1 is exact⇐ I is pge#e ⇐ If
A→ B→ 0

Free ⇒ projective

lhm_ For every module M , there exists projective I suchthat I→ M .

A ses is split of it is isomorphic to

0→ A A④CÉ c → o

inclusion projection
of 1stfactor onto 2ndfactor

f- 8
⇐ 0 → A → B → c → 0 9-f- = ida
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←→ o→ A →f B 8- c → o gr= rideF-
- - .

'

r



thm I is projective ⇐ every 0→ A → B → I→o splits .

Idf 0 → A →f B -9 I → o ses

I projective ⇒ zh, / I ⇒ h is a splitting
← 11

B g→
I → o

suppose every ses 0→ A→ B→ I→ 0 splits
I

coven tf
B p→c → 0

free *
I→ I M O → borst → F I → 0 splits

f-
- -

.
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Ffree ⇒ FR-mod map F B such that

he
⇐

- -

-

.

F ⇒ I

g :
e e-

'

'g.
•
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If
B
→p

C → 0

set g := g^h .
then

pg
= pg^h=fEyh=f .

☒



AnR-module M is a direct hemmed of Nif A①MEN for some A.

Him I is projective ⇐ I is a direct summand of a fee module .

If I is fg , I projective⇐ I direct summand of Rn

free

Irioof ⇐ ) I projective , I _% I [F-Rnrffg )

0→ knit → F I I → 0 Ses → splits
i. F I I ① her Tl

⇐ ) I direct summand of The free module F
it : F → I

,
i : I→ F Tui = idp

projection
,

inclusion

A
F ⇒I g := hi
hi

. If
É → c → o

is a hfttng off
p

pg = phi I fñi
= f ☒I

ph= fit ñi=idp

Corollary
• Every direct summand of a projective module is projective
•

Every direct sumof pugedtves is projective .



Infective ⇒ free

Example 12=246 = (2)④ (3) =) Ip projective
or

I J
fg free modules have on elements ⇒ I

,
-0 not fee

tnm (Rom) local ring . Every fg projective R-module is free

Stefan free ⇐ projective over a local ring

Isaf I fg projective , n=µCI )
←
minimal generating set

F.= Rn I= Ramat - . . + Rmn
Oh
,
. . -

,
rn I 1- team,+

. . . + ruMu

{ma
, :-, mn} minimal generating set ⇐ basis for IfmI

Cry . - , rn ) C- Ken it → 9 , . . .

,
he C- 7

so her it c- N F

I projective ⇒ o→ knot → F E I → o splits
←

-

g
-
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FE im j ④ beer it

NAK
Kerk E M F ⇒ Ken it I Mfker it) → Kent = 0

.

-

. it is an in and I is projective .



Injecting
I

I is injective ⇐ FT
'

i.g
o→ A→ B

tenuua I injective ⇐ HOMRCJI ) is exact .

Pioof Homrc -E) left exact

Hompf-SI) exact ⇐ for every 0
→ Ai→B

,
it is surjective

⇒ for every f- HOMRCB,I ) HomRCAF)
there exists g g i. - - -

- → f
☒

Leiuma Ii injective for all i ⇒ a-Ii isyedvei.

Idea : to map into a product is to map into each factor .

1h1 If M④N=E is ergative ⇒ M
,
Nare injective

sketch M

TO
→A → B



Branchlets E is injective F. and only if for every ideal I,
every R-module map I→ E can be extended to R

E

f f
"

. g

o → I R

IIF this is aspecial case of the definition, so we only
need to show this condition implies ingenuity

E

f-To
→ M → N Assume MEN

✗ : = { CA, g) 1 ME A e-N submodule
, g extends f- }

=/¢ because CM
, f) EX

✗ is partially ordered by
CA
,g) ←CB,h ) : = A c- B and h /* = g

Claim can apply Zorn's Lemma.to/Reca-llZoen1sdeuuua-If S is a partially ordered set
and every chain in s has an upper bound,tons

has a

maximal element
.



Why we can apply Zorn's Lemma :

(An
, g.) s CAA, ga ) a- . . -

A : = Ñ Aj 8- E

E- 1

a - go.ca) if a c-Ai

this CA
,g) is an upper bound for ourchain .

: By Zorn's deriving ✗ has amaximal element, say CA,g) .

Claim A =N .

Suppose near, nett .

I.= 2 RER 1 rn c- A} is an ideal

I h_ E is an R-module map
e - gCrn)

By assumption, this he extends to RIE .

A-+Rn 4- E is an R-modmap
atan- gcalthcee)

is well-defined : if anEA, hoc) = gcrn)
✓

and it extends g !
So A=N by maximally 4

,
☒



Corollary R Noetherian
{Mi} ; impolite → ④ Mi is injective

i

Ttroof ④ Mi
t

0 → I→ R

R Noetherian =) I = Car
,
. . -

, an)

f-( ai ) = ( bij )j bijfo only forfmtelymanyj

be :={ jlfcai)j= bijfo for some i}
FCI ) c- ④ Mj = It Mj injective

jek f jek
fault !

so f extends to R- → Mj - ④ Mj
jen j


