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1. Find the closure of (0,1) in R,.

Solution. Recall that the open sets of the form [a,b) with a < b form a basis for this
topology. Consider any basic open neighborhood U = [a,b) of 0, and note that we
necessarily have 0 < b. Thus U N (0,1) # 0, so 0 € (0,1). Now for any real number
x < 0, the open set U = [z,0) is a neighborhood of  but UN (0,1) =0, so = ¢ (0,1).
Finally, if x > 1, then U = [z, 2 4+ 1) is an open neighborhood of z but U N (0,1) = 0.
We conclude that (0,1) = [0,1).

2. Let X be a topological space and consider A C B C X with the subspace topologies.

(a)

Show that if A is dense in B and B is dense in X, then A is dense in X.

Solution. First, note that a subset S of Z is dense in Z if and only if every
nonempty open set U in Z has U NS # ().

Suppose A is dense in B and B is dense in X, and consider any open set U in
X. Since B is dense in X, V := U N B # (). Moreover, U N B is by definition
an open set in B (with the subspace topology). Note moreover that AN B = A
since A C B. Since A is dense in B and U N B is a nonempty open set in B,

UNA=UNBNA)=UNBNA=VNA+.

We have thus shown that every nonempty open set U in X intersects A nontriv-
ially, and thus A is dense in X.

Show that if A is not dense in B, then A is not dense in X.

Solution. If A is not dense in B, then there some nonempty open set V of B in
the subspace topology of B such that V N A = (). By definition of the subspace
topology, V' = U N B for some open set U in X. Since V is nonempty, then so is
U. Since A C B, then AN B= A, and

UNA=UNBNA)=UNBNA=VNA=0.

Now U is a nonempty open set in X that does not intersect A. We conclude that
A is not dense in X.
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3. Let X and Y be topological spaces and consider A C X and B C Y. Show that in
X x Y with the product topology,

Ax B=A x B.

Solution. (C) Let (z,y) € A x B, let U be a neighborhood of z in X, and let V' be
a neighborhood of y in Y. Then by the definition of the product topology on X x Y,
the product U x V' is an open neighborhood of (z,y) in X x Y. Since (z,y) € A x B,
any open neighborhood of (z,y) must intersect A x B, and thus

UxVNAxB=#0,

so there is some (a,b) € U X VNAXx B. Thusa € UNAand b € VN B. Since U
and V were arbitrary open neighborhoods of x and y respectively, we have shown that
any open neighborhood U of z has U N A # () and any open neighborhood V of y has
V N Bf). Therefore, a € A and b € B, and thus (a,b) € A x B. We conclude that

Ax BC A x B.

(D) Let (x,y) € A x B, sothat + € Aand y € B. Let U x V be a basic open
neighborhood of (z,y) in X X Y, so that U is an open neighborhood of x in X and
V is an open neighborhood of V in Y. Since z € A, we must have U N A + 0,
so in particular there is some a € U N A. Likewise, V N B # (), and there exists
some b € V N B. Therefore, (a,b) € (U x V)N (A x B). We showed that any basic
open neighborhood W = U x V of (z,y) intersects A x B. On the other hand, any
general open neighborhood W of (z, y) is a union of basic open sets, at least one which
is a neighborhood of (z,y), and which must then intersect A x B nontrivially. We
conclude that any open neighborhood W of (x,y) intersects A x B nontrivially, and
thus (x,y) € A x B. This shows that

Ax B=AxB,

as desired.

4. Let X be a topological space and A C X. The boundary of A is defined by
Bd(A)=ANX\ A.

(a) Show that A™ and Bd(A) are disjoint.

Solution. Since any subset is contained in its closure, X \ A C X \ A, and thus
X\NXNACXN\N(X\A4) =A.

Therefore, X \ X \ A is an open set (since it is the complement of a closed set)
contained in A. Since A™' contains any open set contained in A, we conclude
that

X\NX\ACA™,
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Thus A™ N X \ A = ). Therefore,
AP NBd(A) = AN (ANX\NA) CAMNX\NA=0
as desired.
Show that A = A™ UBd(A).
Solution. (C) Let z € A. If z ¢ Bd(A), then z ¢ X \ A. We showed in (a) that

X\ X\ AC Aint,

Thus z € A™. We conclude that A C A™ U Bd(A).

(D) We have N
Aint g A g A
and -
Bd(A)=ANnX\ACA.
Then

APt UBd(A) C A.
Show that Bd(A) = ) if and only if A is a clopen set.
Solution. ( =) If Bd(A4) = 0, then by (b)
A= A,

In general, B

Aint g A g A,
so we conclude these must all be equalities. In particular, A = A is closed, and
A = A is open.

( <= ) By contrapositive. Suppose that Bd(A) # 0. By (a), A™ and Bd(A) are
disjoint, so it follows that

A = A"t UBd(A) D Aint.

Since A™ C A C A and A™ C A, we have that Airi C Aor AC A, or possibly
both. If A™ C A, then A is not open. If A C A, then A is not closed. In
particular, A is not clopen.
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