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Math 871 Topology I
Problem Set 5 solutions

1. Show that the product of two Hausdorff spaces is Hausdorff.

Solution. Let 𝑥 = (𝑎, 𝑏) ∈ 𝑋 × 𝑌  and 𝑦 = (𝑐, 𝑑) ∈ 𝑋 × 𝑌 . If 𝑥 ≠ 𝑦, then 𝑎 ≠ 𝑐 or 
𝑏 ≠ 𝑑.
Suppose that 𝑎 ≠ 𝑐. Since 𝑋 is Hausdorff, we can find neighborhoods 𝑈  of 𝑎 and 𝑉
of 𝑐 such that 𝑈 ∩ 𝑉 = ∅. Thus 𝑈 × 𝑌  and 𝑉 × 𝑌  are open in 𝑋 × 𝑌 , and

𝑥 = (𝑎, 𝑏) ∈ 𝑈 × 𝑌 and 𝑦 = (𝑐, 𝑑) ∈ 𝑉 × 𝑌 .

Moreover, 𝑈 × 𝑌 ∩ 𝑉 × 𝑌 = ∅.
Similarly, if 𝑏 ≠ 𝑑, then we use that 𝑌  is Hausdorff and find open neighborhoods 𝑈  of 
𝑏 and 𝑉  of 𝑑 in 𝑌  such that 𝑈 ∩ 𝑉 = ∅. Then 𝑋 × 𝑈  and 𝑋 × 𝑉  are disjoint and open 
in 𝑋 × 𝑌 , and

𝑥 = (𝑎, 𝑏) ∈ 𝑋 × 𝑈 and 𝑦 = (𝑐, 𝑑) ∈ 𝑋 × 𝑉 .

2. Show that a topological space 𝑋 is Hausdorff if and only if the diagonal

Δ = {(𝑥, 𝑥) ∣ 𝑥 ∈ 𝑋}

is closed in 𝑋 × 𝑋.

Solution. (⇒) Let 𝑋 be Hausdorff. Given (𝑎, 𝑏) ∈ 𝑋 × 𝑋 ∖ Δ, we have 𝑎 ≠ 𝑏. Since 
𝑋 is Hausdorff, we can find open sets 𝑈  and 𝑉  in 𝑋 such that 𝑎 ∈ 𝑈 , 𝑏 ∈ 𝑉 , and 
𝑈 ∩ 𝑉 = ∅. In particular, 𝑈 × 𝑉 ∩ Δ = ∅. On the other hand, (𝑎, 𝑏) ∈ 𝑈 × 𝑉 , so 
𝑈 × 𝑉  is an open neighborhood of (𝑎, 𝑏) in 𝑋 × 𝑋 that does not intersect Δ. Since 
this holds for all (𝑎, 𝑏) ∉ Δ, we conclude that Δ is closed.
(⇐) Suppose that 𝑋 × 𝑋 is closed, and consider distinct points 𝑎, 𝑏 ∈ 𝑋. Then 
(𝑎, 𝑏) ∉ Δ, and since Δ is closed, there exist a basic open set 𝑈 × 𝑉  where 𝑈  is open 
in 𝑋 and 𝑉  is open in 𝑌  such that

(𝑎, 𝑏) ∈ 𝑈 × 𝑉 and 𝑈 × 𝑉 ∩ Δ = ∅.

The condition that 𝑈 × 𝑉 ∩ Δ = ∅ means that for all (𝑥, 𝑦) ∈ 𝑈 × 𝑉 , we must have 
𝑥 ≠ 𝑦. In particular, 𝑈 ∩ 𝑉 = ∅. Thus 𝑈  and 𝑉  are open sets in 𝑋 such that 𝑥 ∈ 𝑈 , 
𝑦 ∈ 𝑉 , and 𝑈 ∩ 𝑉 = ∅. This proves that 𝑋 is Hausdorff.
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