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1. Consider the box topology on R¥, and let A be the subset of R consisting of all the
sequences whose terms are strictly positive:

(a)

A={r=(z,),> €RY |2z, >0forall n>1}.

Let z = (0),,»; € R be the constant sequence equal to zero. Show that z € A.

v=1]v.

n>1

Solution. Suppose that

is a basic open neighborhood of z, with each U, = (a,, b;), so

U = (ay,by) x (ag,by) x -

Since z € U, then 0 € (a;,b;) for all i, so b; > 0 and there exists ¢; € (a;, b;) such
that 0 < ¢; < b;. Let

c=(cy,Cq,...).
Then ¢ € ANU. We conclude that every open neighborhood of z intersects A
nontrivially, and thus z € A.

Show that there is no sequence of elements of A converging to z.
Hint: given any sequence (a,,),; of elements of A, let

ap = (xn,hxn,Q’xn,?ﬁ o) = (xn,i>i>1

and consider the open set

-

U= <_'rn,n7xn,n)‘

Il
—_

n

Solution. Note that for each ¢, we have a;, € A, which means that its ith entry
z! is positive. Thus, the set U defined by

oo
U= H<_ajn,n7 xn,n)
n=1

is an open neighborhood of z in R¥. Note that =, ;, ¢ (—z,;,7;,), and so by
construction, we have a; ¢ U. As this is true for all ¢ > 1, it follows that the
sequence (a,, ),; does not converge to z.

Show that R¥ with the box topology is not metrizable.

Solution. We showed in class that if X is metrizable and z € A, then there
exists a sequence of elements in A converging to z. By part (a) above, z € A,
but by part (b), there does not exist a sequence of elements in A converging to
z. We conclude that R is not metrizable.
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2. Let p be the uniform metric on R¥. Given = (), € R¥ and 0 < e < 1, let

U(z,e) = H(mn —&,x, +¢€).
n=1

Let z = (0),>; € R* be the constant sequence equal to zero. Show that U(z,1) is not
open in the uniform topology.

Solution. Consider the sequence given by

(0 1 2 ) (n—l)
Y= Y ot — .
2°3 no /s

Note that 0 < y,, < 1 for all n, so y € U(z,1). We will show, however, that for all
e > 0, the uniform ball B,(y,€) is not contained in U(z,1). Fix ¢ > 0. Then there
exists some integer N such that N > max{Z,1}. Define z = (z,,),>; € R* by letting

1 iftn=N
T, =
" y, ifn# N.

Note that z and y differ only in their Nth coordinates. Noting that

N —1 1
yy —ry=l-—F— =5 <L

it follows that

plz,y) = | | s
{L‘, = | —_ = — E,
p\T, Y N YN N

and thus x € B;(y,¢). However, since zy = 1 ¢ (—1,1), we have x ¢ U(z,1), and
thus B;(y,¢) is not a subset of U(z,1). It follows that U(z,1) is not open in the
uniform topology.
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