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Math 871 Topology I
Problem Set 8 solutions

1. Consider the box topology on ℝ𝜔, and let 𝐴 be the subset of ℝ𝜔 consisting of all the 
sequences whose terms are strictly positive:

𝐴 = {𝑥 = (𝑥𝑛)𝑛⩾1 ∈ ℝ𝜔 ∣ 𝑥𝑛 > 0 for all 𝑛 ⩾ 1}.

(a) Let 𝑧 = (0)𝑛⩾1 ∈ ℝ𝜔 be the constant sequence equal to zero. Show that 𝑧 ∈ 𝐴.

Solution. Suppose that
𝑈 = ∏

𝑛⩾1
𝑈𝑛

is a basic open neighborhood of 𝑧, with each 𝑈𝑖 = (𝑎𝑖, 𝑏𝑖), so

𝑈 = (𝑎1, 𝑏1) × (𝑎2, 𝑏2) × ⋯ .

Since 𝑧 ∈ 𝑈 , then 0 ∈ (𝑎𝑖, 𝑏𝑖) for all 𝑖, so 𝑏𝑖 > 0 and there exists 𝑐𝑖 ∈ (𝑎𝑖, 𝑏𝑖) such 
that 0 < 𝑐𝑖 < 𝑏𝑖. Let

𝑐 = (𝑐1, 𝑐2, …).
Then 𝑐 ∈ 𝐴 ∩ 𝑈 . We conclude that every open neighborhood of 𝑧 intersects 𝐴
nontrivially, and thus 𝑧 ∈ 𝐴.

(b) Show that there is no sequence of elements of 𝐴 converging to 𝑧.
Hint: given any sequence (𝑎𝑛)𝑛⩾1 of elements of 𝐴, let

𝑎𝑛 = (𝑥𝑛,1, 𝑥𝑛,2, 𝑥𝑛,3, …) = (𝑥𝑛,𝑖)𝑖⩾1

and consider the open set

𝑈 =
∞
∏
𝑛=1

(−𝑥𝑛,𝑛, 𝑥𝑛,𝑛).

Solution. Note that for each 𝑖, we have 𝑎𝑖 ∈ 𝐴, which means that its 𝑖th entry 
𝑥𝑖

𝑖 is positive. Thus, the set 𝑈  defined by

𝑈 =
∞
∏
𝑛=1

(−𝑥𝑛,𝑛, 𝑥𝑛,𝑛)

is an open neighborhood of 𝑧 in ℝ𝜔. Note that 𝑥𝑖,𝑖 ∉ (−𝑥𝑖,𝑖, 𝑥𝑖,𝑖), and so by 
construction, we have 𝑎𝑖 ∉ 𝑈 . As this is true for all 𝑖 ⩾ 1, it follows that the 
sequence (𝑎𝑛)𝑛⩾1 does not converge to 𝑧.

(c) Show that ℝ𝜔 with the box topology is not metrizable.

Solution. We showed in class that if 𝑋 is metrizable and 𝑥 ∈ 𝐴, then there 
exists a sequence of elements in 𝐴 converging to 𝑥. By part (a) above, 𝑧 ∈ 𝐴, 
but by part (b), there does not exist a sequence of elements in 𝐴 converging to 
𝑧. We conclude that ℝ𝜔 is not metrizable.
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2. Let 𝜌 be the uniform metric on ℝ𝜔. Given 𝑥 = (𝑥𝑛)𝑛⩾1 ∈ ℝ𝜔 and 0 < 𝜀 ⩽ 1, let

𝑈(𝑥, 𝜀) =
∞
∏
𝑛=1

(𝑥𝑛 − 𝜀, 𝑥𝑛 + 𝜀).

Let 𝑧 = (0)𝑛⩾1 ∈ ℝ𝜔 be the constant sequence equal to zero. Show that 𝑈(𝑧, 1) is not 
open in the uniform topology.

Solution. Consider the sequence given by

𝑦 = (0, 1
2

, 2
3

, …) = (𝑛 − 1
𝑛

)
𝑛⩾1

.

Note that 0 ⩽ 𝑦𝑛 < 1 for all 𝑛, so 𝑦 ∈ 𝑈(𝑧, 1). We will show, however, that for all 
𝜀 > 0, the uniform ball 𝐵𝜌(𝑦, 𝜀) is not contained in 𝑈(𝑧, 1). Fix 𝜀 > 0. Then there 
exists some integer 𝑁  such that 𝑁 > max{1

𝜀 , 1}. Define 𝑥 = (𝑥𝑛)𝑛⩾1 ∈ ℝ𝜔 by letting

𝑥𝑛 = {
1 if 𝑛 = 𝑁
𝑦𝑛 if 𝑛 ≠ 𝑁.

Note that 𝑥 and 𝑦 differ only in their 𝑁th coordinates. Noting that

𝑦𝑁 − 𝑥𝑁 = 1 − 𝑁 − 1
𝑁

= 1
𝑁

⩽ 1,

it follows that
𝜌(𝑥, 𝑦) = |𝑥𝑁 − 𝑦𝑁 | = 1

𝑁
< 𝜀,

and thus 𝑥 ∈ 𝐵𝜌(𝑦, 𝜀). However, since 𝑥𝑁 = 1 ∉ (−1, 1), we have 𝑥 ∉ 𝑈(𝑧, 1), and 
thus 𝐵𝜌(𝑦, 𝜀) is not a subset of 𝑈(𝑧, 1). It follows that 𝑈(𝑧, 1) is not open in the 
uniform topology.
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