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Math 871 Topology I
Worksheet 1 solutions

1. Let (𝑋, 𝒯) be a topological space, and let 𝐴 be a subset of 𝑋. Suppose that for every 
𝑥 ∈ 𝐴, there exists an open set 𝑈  such that 𝑥 ∈ 𝑈 ⊆ 𝐴. Show that 𝐴 is an open set.

Solution 1. By assumption, for each 𝑥 ∈ 𝐴 there exists 𝑈𝑥 ∈ 𝒯 such that 𝑥 ∈ 𝑈𝑥 ⊆ 𝐴. 
In particular, note that

𝐴 = ⋃
𝑥∈𝐴

{𝑥} ⊆ ⋃
𝑥∈𝐴

𝑈𝑥 ⊆ 𝐴.

Thus these containments must all be equalities, and 𝐴 is a union of an arbitrary 
collection of open sets.

2. Prove that the finite complement topology on any set 𝑋 is indeed a topology.

Solution 2. By construction, ∅ is an open set. Moreover, 𝑋 is open since its comple-
ment is empty (and thus finite).
Let 𝑈  and 𝑉  be two open sets. If one of them is empty, then so is their intersection, 
which is thus open. Consider two nonempty open sets 𝑈 = 𝑋 ∖ 𝐹  and 𝑉 = 𝑋 ∖ 𝐺, so 
that 𝐹  and 𝐺 are finite. Then

𝑈 ∩ 𝑉 = (𝑋 ∖ 𝐹) ∩ (𝑋 ∖ 𝐺) = 𝑋 ∖ (𝐹 ∪ 𝐺).

The union of finite sets is finite, and thus 𝐹 ∪ 𝐺 is finite. We conclude that 𝑈 ∩ 𝑉  is 
open.
Finally, let {𝑈𝛼}𝛼∈𝐼 be a collection of open sets indexed by a set 𝐼 . If one of them is 
empty, then it can be omitted from the collection without affecting the union, so we 
may assume that all the 𝑈𝛼 are nonempty. Thus each 𝑈𝛼 is of the form 𝑈𝛼 = 𝑋 ∖ 𝐹𝛼
for some finite 𝐹𝛼. Then

𝑈 = ⋃
𝛼∈𝐼

𝑈𝛼 = ⋃
𝛼∈𝐼

(𝑋 ∖ 𝐹𝛼) = 𝑋 ∖ ⋂
𝛼∈𝐼

𝐹𝛼.

The arbitrary intersection of finite sets is finite, and thus 𝑈  is an open set.

3. Show that the infinite ray topology on ℝ, with open sets

𝒯 = {(−∞, 𝑎) ∣ 𝑎 ∈ ℝ} ∪ {∅, ℝ}.

is indeed a topology.
Hint: you may need to use the Completeness Axiom for ℝ, which says that

Every nonempty, bounded above subset of ℝ has a least upper bound.
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Solution 3. First, note that 𝑋 and ∅ are open sets by construction.
Moreover, given two open sets (−∞, 𝑎) and (−∞, 𝑏) for 𝑎, 𝑏 ∈ 𝑅, note that

(−∞, 𝑎) ∩ (−∞, 𝑏) = (−∞, 𝑐) where 𝑐 ∶= min{𝑎, 𝑏}.

Therefore, the intersection of two open sets is open.
Consider a collection of open sets {𝑈𝛼}𝛼∈𝐼 indexed by a set 𝐼 , and let

𝑈 = ⋃
𝛼∈𝐼

𝑈𝛼.

If 𝑈𝛼 = ∅ for some 𝛼, then it can be omitted from the collection without affecting 𝑈 . 
If 𝑈𝛼 = ℝ, then 𝑈 = ℝ ∈ 𝒯 is open. So assume 𝑈𝛼 = (−∞, 𝑟𝛼) for all 𝛼 ∈ 𝐼 . Now 𝐼
could be the empty set, though in that case 𝑈 = ∅ ∈ 𝒯 is open. Let us assume 𝐼 is 
nonempty, and consider

𝑆 = {𝑟𝛼 ∣ 𝛼 ∈ 𝐼}

which is now necessarily nonempty since 𝐼 is nonempty. We consider two cases: 𝑆 is 
bounded above and 𝑆 is not bounded above.
If 𝑆 is not bounded above, then we claim that 𝑈 = ℝ. On the one hand, 𝑈 ⊆ ℝ by 
construction. Let 𝑥 ∈ ℝ. Since 𝑆 is not bounded above, there is some 𝛼 such that 
𝑥 < 𝑟𝛼. But then 𝑥 ∈ 𝑈𝛼 ⊆ 𝑈 . Thus 𝑈 = ℝ is open.
Supposed 𝑆 is bounded above. It is also nonempty, so the Completeness Axiom applies, 
and thus 𝑆 has a least upper bound; let’s call it ℓ. We claim that 𝑈 = (−∞, ℓ). Since 
𝑟𝛼 ⩽ ℓ, we have 𝑈𝛼 ⊆ (−∞, ℓ) for all 𝛼 ∈ 𝐼 , and hence 𝑈 ⊆ (−∞, ℓ). Let 𝑥 ∈ (−∞, ℓ). 
Then 𝑥 < ℓ and hence 𝑥 is not an upper bound of 𝑆. This means that there exists 
𝛼 ∈ 𝐼 such that 𝑥 < 𝑟𝛼, and thus 𝑥 ∈ 𝑈𝛼 ⊆ 𝑈 . This proves that 𝑈 = (∞, ℓ) and 
hence 𝑈 ∈ 𝒯 is open.

4. Let 𝑋 be a set and let 𝒯 and 𝒯′ be two topologies on 𝑋. We say that 𝒯 is finer than 
𝒯′, or equivalently that 𝒯′ is coarser than 𝒯, if 𝒯′ ⊆ 𝒯. Note that two topologies 
can also be incomparable. Compare the following topologies on ℝ:

(a) 𝒯1 the standard topology.
(b) 𝒯2 the finite complement topology.
(c) 𝒯3 = {(−∞, 𝑎) ∣ 𝑎 ∈ ℝ} ∪ {∅, ℝ} the infinite ray topology.
(d) 𝒯4 = {(𝑎, ∞) ∣ 𝑎 ∈ ℝ} ∪ {∅, ℝ}.
(e) 𝒯5 the discrete topology.
(f) 𝒯6 the indiscrete topology.
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Solution 4. Here is a hierarchy with the finest topology on top, where all lines indicate 
strict comparisons:

𝒯5

𝒯1

𝒯2 𝒯3 𝒯4

𝒯6

Here are some notes on these comparisons:

• Note that 𝒯1 is always the finest topology on any set, and 𝒯6 is always the 
coarsest.

• The standard topology is strictly coarser than the indiscrete topology, since not 
every set is open in the standard topology. In fact, note that for example all open 
sets in the standard topology are infinite, so any nonempty finite set is open in 
𝒯5 but not 𝒯1.

• The set {0} is open in 𝒯5 but not in any of the other topologies.
• The set (0, 1) is open in the standard topology but not in 𝒯2, 𝒯3, or 𝒯4.
• The set ℝ ∖ {0} = (−∞, 0) ∪ (0, ∞) is open in 𝒯2 but not in 𝒯3 nor 𝒯4.
• The set (−∞, 0) is open in 𝒯3 but not in 𝒯2 nor 𝒯4.
• The set (0, ∞) is open in 𝒯4 but not in 𝒯2 nor 𝒯3.
• If 𝑈 ∈ 𝒯2 is nonempty, then 𝐹 = ℝ ∖ 𝑈  is finite, say 𝐹 = {𝑎1, … , 𝑎𝑛}. For every 

𝑥 ∉ 𝐹 , note that
𝜕𝑥 = min

1⩽𝑖⩽𝑛
{|𝑥 − 𝑎𝑖|} > 0,

so we can choose a positive real number 𝜀𝑥 < 𝜕𝑥. Then 𝑥 ∈ (𝑥 − 𝜀𝑥, 𝑥 + 𝜀𝑥) ⊆ 𝑈 , 
so 𝑈  is an open set in the standard topology. This shows that 𝒯2 ⊆ 𝒯1.

• Let 𝑈 = (−∞, 𝑎) be a nontrivial open set in 𝒯3. Note that for every 𝑥 ∈ 𝑈 , 
we have 𝑥 < 𝑎, so we can choose a positive real number 𝜀 < |𝑎 − 𝑥|. Then 
𝑥 ∈ (𝑥 − 𝜀, 𝑥 + 𝜀) ⊆ 𝑈 , so 𝑈  is open in the standard topology. This shows 
𝒯3 ⊆ 𝒯1. Similarly, one can show that 𝒯4 ⊆ 𝒯1.

5. Show that the line with two origins is a topological space.

Solution 5. Note that the entire space 𝑋 is open by definition. Let 0 ∈ {01, 02}. I 
𝑈 = ∅, 𝑈 ∖ {0} = 𝑈  is open in 𝑋 ∖ {0} (in any topology!).
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Let 𝑈1 and 𝑈2 be two open sets. If one of them is empty, then 𝑈1 ∩ 𝑈2 is empty and 
thus open. Assume that 𝑈1 and 𝑈2 are both nonempty. Then 𝑈1 ∖ {0} and 𝑈2 ∖ {0}
are open in 𝑋 ∖ {0}, so

(𝑈1 ∩ 𝑈2) ∖ {0} = (𝑈1 ∖ {0}) ∩ (𝑈2 ∖ {0})

is open in 𝑋 ∖ {0} since it is an intersection of two open sets.
Finally, consider a collection of open sets {𝑈𝛼}𝛼∈𝐼 indexed by a set 𝐼 . If one of these 
is empty, then we can remove it from the collection without affecting the union, so let 
us assume that 𝑈𝛼 is nonempty for all 𝛼. Then 𝑈𝛼 ∖ {0} is an open set in 𝑋 ∖ {0} by 
definition, and thus

(⋃
𝛼∈𝐼

𝑈𝛼) ∖ {0} = ⋃
𝛼∈𝐼

(𝑈𝛼 ∖ ∖{0})

is an arbitrary union of open sets of 𝑋 ∖ {0}, and thus open in 𝑋 ∖ {0}. We conclude 
that the union of these open sets is open in 𝑋.
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