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Math 871 Topology I
Worksheet 3

1. Let 𝐴, 𝐵, and 𝐴𝛼 be subsets of a topological space 𝑋 for each 𝛼.

(a) Show that if 𝐴 ⊆ 𝐵, then 𝐴 ⊆ 𝐵.
(b) Show that

⋃
𝛼∈𝐼

𝐴𝛼 ⊆ ⋃
𝛼∈𝐼

𝐴𝛼.

(c) Prove or disprove: 𝐴 ∪ 𝐵 = 𝐴 ∪ 𝐵.
(d) Prove or disprove:

⋃
𝛼∈𝐼

𝐴𝛼 = ⋃
𝛼∈𝐼

𝐴𝛼.

2. Let 𝑋 be an ordered set in the order topology.

(a) Show that (𝑎, 𝑏) ⊆ [𝑎, 𝑏].
(b) Give an example of an ordered set 𝑋 and interval (𝑎, 𝑏) such that (𝑎, 𝑏) ≠ [𝑎, 𝑏].
(c) Show that in ℝ with the standard topology, (𝑎, 𝑏) = [𝑎, 𝑏] for all 𝑎 < 𝑏.

3. In the finite complement topology on ℝ, to what points (if any) does the sequence ( 1
𝑛)

converge?

4. Consider ℝ with the included point topology with included point 0.

(a) To what points (if any) does the constant sequence equal to 0 converge to?
(b) To what points (if any) does the constant sequence equal to 1 converge to?

5. Show that a subspace of a Hausdorff space is Hausdorff.

6. For each of the following topologies on ℝ, determine which ones are 𝑇1 and which ones 
are Hausdorff:

(a) 𝒯1 the standard topology.
(b) 𝒯2 the finite complement topology.
(c) 𝒯3 the lower limit topology.
(d) 𝒯4 = {(−∞, 𝑎) ∣ 𝑎 ∈ ℝ} ∪ {∅, ℝ} the infinite ray topology.
(e) 𝒯5 the discrete topology.
(f) 𝒯6 the indiscrete topology.

7. Show that the line with two origins 𝐿 = ℝ ∖ {0} ∪ {01, 02} is a 𝑇1 space.
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8. Consider following collection of subsets of ℝ:

𝒯 = {𝑈 ⊆ ℝ ∣ ℝ ∖ 𝑈  is a countable set } ∪ {∅}.

Note that finite sets (including the empty set) are considered to be countable.

(a) Show that 𝒯 is a topology on ℝ.
(b) Let (𝑥𝑛) be a sequence of real numbers. Show that if (𝑥𝑛) converges in (𝑅, 𝒯), 

then it must be eventually constant.
(c) Show that every convergent sequence in (ℝ, 𝒯) converges to only one limit.
(d) Show that (ℝ, 𝒯) is not Hausdorff.

9. Consider real numbers 𝑦 and 𝑥𝑛 for all 𝑛 ⩾ 1.

(a) In ℝ in the standard topology, prove that (𝑥𝑛) converges to 𝑦 if and only if for 
all 𝜀 > 0 there exists 𝑁 ⩾ 1 such that |𝑥𝑛 − 𝑦| < 𝜀 for all 𝑛 ⩾ 𝑁 .

(b) In ℝℓ, prove that (𝑥𝑛) converges to 𝑦 if and only if for all 𝜀 > 0 there exists 𝑁
such that 𝑦 ⩽ 𝑥𝑛 < 𝑦 + 𝜀 for all 𝑛 ⩾ 𝑁 .

(c) In ℝdiscrete, prove that (𝑥𝑛) converges to 𝑦 if and only if there exists 𝑁  such that 
𝑦 = 𝑥𝑛 for all 𝑛 ⩾ 𝑁 .
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