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Math 871 Topology I
Worksheet 4 solutions

1. Let X = [0,1] x [0,1] € R%. Let T, be the subspace topology X inherits from
R?, and let 7 _ be the dictionary order topology on X. Show that T, and T _ are
incomparable topologies.

Note: to avoid confusion between points and intervals, let us write
JA,Bi={r € X | A<z < B}
for the open interval from A to B.

Solution. First, we give an element of 7 _ that is not in 7. Consider the points
A=(3,1)and B=(3,3) in R%. The interval |4, B[ is a line segment, which can also

o 3]

be written as
In particular, this is contained in the line z = % Consider the point C' = (%7 %), which
is in the open interval |A, B].

In R? with the standard topology, we can take the basis
B = {Ja,b[x]c,d[| a <b,c <d}.

Any basic open |a, b[X]c, d[ containing the point C' will in particular have a < % <b
and ¢ < % < d. Thus we can choose e € R such that

1
5 >e> max{a,0}

and the point D = (e, 1) has
D €]a, b[x]c,d[NX but D e D ¢]A, B].

Now By, = {]a,b[x]c,d[NX | a < b, c < d} forms a basis for T, and we just proved
that no such basic open neighborhood of C' is contained in |A, B[. We conclude that
|A, B[¢ T o1,, though by definition this is an open set in T _.
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Now we give an element of 7, that is not in 7_. Now consider

1 1
V:[O,l]x |:07§|::[RX:|_17§|:QX675ub

Fix the point P = (%, 0), which is in V.

0

In the dictionary order topology, any open neighborhood of P must contain an interval
of the form |A, B[ for some points A < P < B in X. Write A = (ay,a,) and

B =

(by,by). Since it is not possible for a, < 0, then we must have a; < 1; informally,

A must be to the left of P. In particular, the interval |A, P[C | A, B[ contains the point
(ay,1), and is therefore not contained in V. We have thus shown that there are no
open neighborhoods of P in J _ that are contained in V', so V' ¢ T _.

2. Let Y C X and let 7 and T’ be topologies on X such that T’ is strictly finer than T .
Let Ty and T% be the corresponding subspace topologies on Y.

(a)

(b)

Prove that T4 is finer than Ty

Solution. Let U € Ty.. By definition of the subspace topology, U =V NY for
some open set V € J. Since V € T C T’, we conclude that U € T+,.

Give an example showing that 77, might not be strictly finer than Ty

Solution. Let X = R, Y = Z, and let T be the standard topology while T is
the discrete topology. Then T is strictly finer than T, but

{nf=n—-1n+1)NZeTy

for all n € Z, and thus Ty is the discrete topology. One can now check that
T is also the discrete topology, or simply note that the discrete topology Ty is
already the finest topology of all, so 7§ cannot be strictly finer.

3. Consider R under the included point topology with included point 0.

(a)

Find {0}.

Solution. Given any point z € R and any open neighborhood U of x, by defini-
tion of our topology 0 € U, and thus U N {0} # (. We conclude that = € {0},
and thus {0} = R.
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(b) Find {1}.

Solution. Note that U = R\ {1} is an open set in this topology, as it contains
0. We conclude that {1} is closed.

4. Let Y be a subspace of X and S is any subset of Y. Show that
5 =5 ny.

Solution. (C) Since 5 is closed in X, then 5¥NY is closed in Y. Since S C 5~ ny,
then v x

S CS nY.
(D) Let y € §X MY, and consider an arbitrary open neighborhood V of y in Y. By

definition of the subspace topology, V.= U NY for some U > y open in X. Since
—X
y €S ,then UNS is nonempty. Since S C Y, we conclude that

VNS=UNnY)nS=UnNnS

is nonempty. Since this holds for all open neighborhoods V of y in Y, we conclude
that y € gy.

5. We say a topological space is T}, if for every pair of distinct points = and y, there exists
an open neighborhood U of x such that y ¢ Y or there exists an open neighborhood
V of y such that = ¢ V. Note that if X is T}, then it is also 7,,. Given an example of
a T}, space that is not T}.

Solution. Let X = {a,b} and

J = {@, X, {a}}
Note that this is a topology: for example, because it is the excluded point topology
with excluded point b.

To show the space (X,T) is T, we just need to consider the only two distinct points,
a and b. We can take the open neighborhood U = {a} of a, and indeed b ¢ U.

On the other hand, {a} is not closed since its complement {b} is not open. Since points
are not closed, we conclude that this space is not 7.

6. A topological space X has the T, 1 property if for every pair of distinct points a and

b, there are open sets U and V such that a € U, b € V, and U NV = (). Show that if
S is a subspace of a T}, 1 space X, then S is also T, 1.

Solution. Let S C X and fix distinct points @ and b in S. Since X is TQ%, we can find
open sets U and V in X such that a € U, b € V, and UNV = 0. Moreover, A=UNS
and B =V NS are open sets in S with a € A and b € B. Since ZS = ANS, then

2nB =@AnS)N(BNS) = (AnB)ns.
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Now A CU and BCV, so B
ANBCUNV =0.

We conclude that ZS N ES = 0.
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