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Problem Set 5

Instructions: For full credit, turn in 4 problems in a pdf file and a .m2 file. You are welcome to
work together with your classmates on all the problems, and I will be happy to give you hints or
discuss the problems with you, but you should write up your solutions by yourself. You cannot use
any resources besides me, your classmates, our course notes, and the Macaulay2 documentation.

Problem 1. Let R be a noetherian ring and let I be a proper ideal in R.
a) Show that there exists an integer n such that (vT)* C I.

(1" =(0).

n=>0

b) Show that if R is local, then

Hint: reduce to the case when I = m, the unique maximal ideal. In that case, let J := ﬂ m”,
n>0
and show that if mJ = Q1 N---N Qs is a primary decomposition, then J C @); for all i.

() I"=(0).

n=0

c¢) Show that if R is a domain, then

d) What if R is not local nor a domain?

Problem 2. For each of the following rings R determine whether the inclusion C[z] C R is integral,
with justification.

a) R = (C[:L‘a Y, Z]/(Z2 - $y)
b) R =Clz,y,2l/(y* — 2% 2% — zy)
c) R=Clz,y,2]/(x® —yz,y? — 22, 2% — xy)

If the answer is no, you might find it helpful to consider properties of the induced map on spectra.

Problem 3. For each of the following rings, compute their dimension in Macaulay2 for some
particular field k of your choice, and then prove that the answer is correct for all fields k.

 k[r,y, 2]
8) R= (23, 22y, zyz)’
'b) R — k[$7 y’ Z7 u’ /U]

(x3u? + yPuv + 2302)°

2

¢) R = k[z*u, zyu, y*u, 2°v, zyv, y*v] C k[z,y,u,v].

d) R= k[(L‘,y, Z]/(‘T2 - yz,y2 - CL‘Z,ZZ - .ny)

Problem 4. Let k be a field and R = k[a, b, ¢,d]/(ad — bc). Find prime ideals P and @ such that
height(P) 4 height(Q) < height(P + @), or show that no such primes exist.
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Problem 5. To answer the following questions, you can use Macaulay2 to help, but you are also
required to explain your answers in the pdf file; you do not need to prove that the results of
your Macaulay2 calculations are correct. You will likely get a warning about computations over C
being inexact; nevertheless, you can believe the results of your calculation. Unfortunately, some
calculations you might try to do will not work — but they won’t prevent you from answering these
questions.

a) Let S = Clz,y]/(zy3,23y), P = (z,y + 1)/(2y>, 23y), and consider the S-submodule N of S?
generated by (z,y) and (y,z). Is Np = 07

b) Let R = Clx,y, 2]/(xy,yz) and consider the R-module M = I/I? where I = (zz). Explicitly
describe Supp(M).

Problem 6. For each of the following ideals, compute their height in Macaulay2 for some particular
field k of your choice, and then prove that the answer is correct for all fields k.

a) I = (a? ab,bc,cd,d?) in kla,b, c,d).
b) I= (IE,Z) in k[xayaz]/(xy - 22)'
c) The kernel I of the ring homomorphism f: k[a,b,c,d, e] — k[z,y] given by

fla)y=2a" fb)=2 flc)=2"y f(d)=ay’ fle)=y"
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