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Dimension and height

The main goal of this worksheet is to provide a hands on refresher on dimension and height.

Hands-on examples

(1) Let 𝑘 be a field. Find, with proof, the heights of the following ideals.
(a) The ideal (𝑥𝑦, 𝑦𝑧, 𝑧𝑤) in 𝑘J𝑥, 𝑦, 𝑧, 𝑤K.
(b) The ideal (𝑥2, 𝑥𝑦) in 𝑘J𝑥, 𝑦, 𝑧K.
(c) The ideal (𝑥𝑦, 𝑥𝑧) in 𝑘[𝑥, 𝑦, 𝑧].
(d) The kernel of the ring homomorphism 𝑓 ∶ 𝑘[𝑎, 𝑏, 𝑐, 𝑑] ⟶ 𝑘[𝑠, 𝑡] given by

𝑓(𝑎) = 𝑠3 𝑓(𝑏) = 𝑠2𝑡 𝑓(𝑐) = 𝑠𝑡2 𝑓(𝑑) = 𝑡3.
(2) For each of the following rings, find all the possible heights of maximal ideals:

(a) The maximal ideals of ℤ[
√

−13].
(b) The maximal ideals of 𝑘[𝑥, 𝑦, 𝑧]/(𝑥𝑦, 𝑥𝑧).

(3) Let 𝑘 be any field. Find, with proof, the dimension of each of the following rings:
(a) 𝐴 = ℤ[𝑥](13).
(b) 𝐵 = ℤ[𝑥](13,𝑥).
(c) 𝐶 = 𝑘[𝑥, 𝑦, 𝑧]/(𝑥𝑦, 𝑦𝑧).
(d) 𝐷 = 𝑘[𝑥, 𝑦, 𝑧, 𝑤]/(𝑥2, 𝑥𝑦, 𝑦𝑧, 𝑧𝑤, 𝑤2).
(e) 𝐸 = 𝑘[𝑥2𝑢, 𝑥𝑦𝑢, 𝑦2𝑢, 𝑥2𝑣, 𝑥𝑦𝑣, 𝑦2𝑣] ⊆ 𝑘[𝑥, 𝑦, 𝑢, 𝑣].
(f) 𝐹 = ℤ[

√
−17].

(g) 𝐺 = 𝑘[𝑠2, 𝑠𝑡, 𝑡2] ⊆ 𝑘[𝑠, 𝑡].
(h) 𝐻 = 𝑘[𝑠3, 𝑠2𝑡, 𝑠𝑡2, 𝑡3] ⊆ 𝑘[𝑠, 𝑡].
(i) 𝐼 = 𝑘[𝑠3, 𝑠2𝑡, 𝑡3] ⊆ 𝑘[𝑠, 𝑡].
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