
Math 906 Worksheet 3 UNL

Worksheet 3: Identifying Cohen-Macaulay rings

Cohen-Macaulay rings

(1) Let 𝑘 be a field. Determine which of following rings is regular or Cohen-Macaulay:
(a) 𝑘J𝑥, 𝑦, 𝑧K
(b) 𝑘J𝑥K/(𝑥2)
(c) 𝑘J𝑥, 𝑦K/(𝑥𝑦)
(d) 𝑘J𝑥, 𝑦K/(𝑥2, 𝑥𝑦)
(e) 𝑘J𝑥, 𝑦, 𝑧K/(𝑥3, 𝑦3, 𝑧3)
(f) 𝑘J𝑥, 𝑦, 𝑧K/(𝑥3 + 𝑦3 + 𝑧3)
(g) 𝑘J𝑥, 𝑦, 𝑧K/(𝑥𝑦3, 𝑦4, 𝑦3𝑧)
(h) 𝑘[𝑥, 𝑦, 𝑧, 𝑎, 𝑏]/(𝑥, 𝑦, 𝑧) ∩ (𝑎, 𝑏)
(i) 𝑘[𝑥, 𝑦, 𝑧, 𝑎, 𝑏]/(𝑥2, 𝑦3, 𝑧4) ∩ (𝑎5, 𝑏6)
(j) ℤ[𝑥, 𝑦]/(𝑥2 − 𝑦2)
(k) ℤ[𝑥]/(𝑥2 − 1)

Other problems

(2) Let 𝑅 = 𝑘J𝑥, 𝑦K/(𝑥2, 𝑥𝑦) and 𝑀 = 𝑅/(𝑥). Find depth(𝑀) and dim(𝑀). What do
these say about 𝑀?

(3) For each of the following ideals 𝐼 , compute grade(𝐼) by finding an explicit maximal
regular sequence inside 𝐼 :
(a) 𝐼 = (𝑥𝑦, 𝑥𝑧) in 𝑅 = 𝑘J𝑥, 𝑦K.
(b) 𝐼 = (𝑥𝑦, 𝑥𝑧, 𝑦𝑧) in 𝑅 = 𝑘J𝑥, 𝑦, 𝑧K.

(4) Let 𝑅 = 𝑘[𝑥1, … , 𝑥𝑑] with 𝑘 a field and consider nonzero 𝑓, 𝑔 ∈ 𝑅. What are the
possible values for depth(𝑅/(𝑓, 𝑔))?
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