
Math 906 Worksheet 3 UNL

Worksheet 4: Gorenstein rings

Our zoo of rings

(1) Let 𝑘 be a field.
(a) Give an example (with proof) of a complete intersection ring 𝐴 that is not

regular.
(b) Show that

𝐵 = 𝑘J𝑥, 𝑦, 𝑧K/(𝑥2 − 𝑦2, 𝑥2 − 𝑧2, 𝑥𝑦, 𝑥𝑧, 𝑦𝑧)
is Gorenstein but not a complete intersection.

(c) Let 𝑘 be any field. Show that
𝐶 = 𝑘J𝑥, 𝑦K/(𝑥2, 𝑥𝑦, 𝑦2)

is Cohen-Macaulay but not Gorenstein.
(d) Give an example (with proof) of a noetherian local ring 𝐵 that is not Cohen-

Macaulay.

Gorenstein rings

(2) Is ℤ[𝑥, 𝑦]/(𝑥2 − 𝑦2) a Gorenstein ring?

(3) Let 𝑘 be a field. For each of the following rings, determine which ones are Gorenstein.
(a) 𝐴 = 𝑘J𝑥K/(𝑥3).
(b) 𝐵 = 𝑘J𝑥, 𝑦K/(𝑥2, 𝑦3).
(c) 𝐶 = 𝑘J𝑥, 𝑦K/(𝑥3, 𝑥2𝑦, 𝑥𝑦2, 𝑦3).
(d) 𝐷 = ℤ/(4).

(4) Let 𝑘 be a field. For each of the following rings, determine which ones are regular,
complete intersections, Gorenstein, or Cohen-Macaulay.
(a) 𝑘J𝑥, 𝑦, 𝑧K
(b) 𝑘J𝑥, 𝑦, 𝑧K/(𝑥 + 𝑦 + 𝑧)
(c) 𝑘J𝑥K/(𝑥2)
(d) 𝑘J𝑥, 𝑦K/(𝑥𝑦)
(e) 𝑘J𝑥, 𝑦K/(𝑥2, 𝑥𝑦)
(f) 𝑘J𝑥, 𝑦, 𝑧K/(𝑥3, 𝑦3, 𝑧3)
(g) 𝑘J𝑥, 𝑦, 𝑧K/(𝑥3 + 𝑦3 + 𝑧3)
(h) 𝑘J𝑥, 𝑦, 𝑧K/(𝑥𝑦3, 𝑦4, 𝑦3𝑧)
(i) 𝑘J𝑥, 𝑦, 𝑧, 𝑎, 𝑏K/(𝑥, 𝑦, 𝑧) ∩ (𝑎, 𝑏)
(j) 𝑘J𝑥, 𝑦, 𝑧, 𝑎, 𝑏K/(𝑥2, 𝑦3, 𝑧4) ∩ (𝑎5, 𝑏6)
(k) 𝑘[𝑥, 𝑦, 𝑧, 𝑎, 𝑏]/(𝑥, 𝑦, 𝑧) ∩ (𝑎, 𝑏)
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